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ABSTRACT 

The presented hydrodynamic-analytical subsurface flow model is intended to fill the 
gap between cumbersome numerical modeling of the infiltration process and the application 
of inadequate empirical infiltration models. It is based on both the Richards equation 
together with the Laplace equation, which are mathematically developed and integrated 
in order to obtain an analytical solution. The new model is especially designed for predicting 
infiltration and soil moisture distribution due to varying combinations of irrigation 
parameters. This is achieved, amongst other things, by a comprehensive consideration of 
the hydraulic soil characteristics. The field ofmodel application encompasses the simulation 
of the infiltration process and soil water flow during the wetting phase, providing the 
option of both saturated or unsaturated soil surfaces as upper boundary conditions. The 
prognostic computation of the transient infiltration process by the proposed model is shown 
to be highly accurate and, is, last but not least, relatively easy to apply. 
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HYDRODYNAMIC-ANALYTICAL MODELING 
FOR IRRIGATION ANALYSIS 

1. INTRODUCTION 

The purpose of irrigation is to cater for a particular moisture profile in the vicinity of the root zone of plants. 
The individualized form of this profile is characterized by the plant requirements and represents a plant-specific 
parameter which varies for different crops. On the one hand, such a transient soil moisture distribution is 
controlled by the fixed and given natural properties like the soil characteristics and the climatic conditions; on 
the other hand, it is dependent upon irrigation parameters such as the duration, frequency, and intensity of 
water application, which not only affect this process but can also be positively influenced in order to achieve 
the potentially best type of on-field irrigation efficiency. In many cases, the desired solution may additionally 
include the choice of cropping pattern as an optimization variable. 

A realistic prediction of the infiltration process, taking into account its transient character during water 
application under changing conditions, is a first prerequisite of such investigations. This cannot be provided by 
the widely used empirical infiltration formulae as, e.g. the Kostiakov formula, the parameters of which have even 
been shown to be time-dependent [1]. On the contrary, the prognostic computation of the infiltration process 
requires full use of the information about the soil, which can be exclusively exploited by physically based models, 
such as by one of the various types of numerical solutions of the Richards equation [2, 3]. However, numerical 
modeling of irrigation phenomena on the field scale encounters serious problems. As with surface irrigation, 
for example, the flooding of dry areas always creates discontinuous infiltration processes with sharp wetting 
fronts, which are difficult to handle numerically due to the extremely high risk of instabilities and substantial 
truncation errors. The high computational effort for a repeatedly required solution, e.g. when attempting to 
optimize sprinkler irrigation parameters or computing infiltration during border or furrow irrigation [4], also 
represents a severe burden on this type of approach. 

Being derived from physical considerations and avoiding numerical methods for solving partial differential 
equations, the well known, quasi-analytical series solution of Philip [5] seems on a first glance to satisfy the 
requirements for an application to irrigation hydraulics. Nevertheless, from a critical viewpoint it has to be 
admitted that the determination of the coefficients to be obtained from a (numerical) solution of a system of 
ordinary differential equations is not as simple as it seems. For the envisaged practical application, especially in 
the context of a prognostic computation of the infiltration process, this approach unfortunately involves some 
other restrictive disadvantages: 

(i) At the soil surface, only a flux boundary condition can be used. 

(ii) 	Saturation, often occurring due to water application in the upper soil layer, cannot be taken into account. 

(iii) 	The series solution diverges after some time and, thus, is only applicable within an often regrettably short 
time interval (as short as 20 min for sand [6]). 

(iv) 	The application of the series solution requires sound knowledge in mathematical and numerical calculus. 
The aforementioned disadvantages are most likely the reason why these approaches are rarely used in the 
current practice of determining irrigation strategies and/or irrigation parameters. 

This contribution develops a physically based analytical infiltration model designed for predicting infiltration, 
as well as the transient distribution of soil moisture due to varying combinations of irrigation parameters, or, 
using a flux condition, to calculate the time required to saturate the soil surface and the depth of saturation. 
The physically based development, using the Richards equation in the domain of the unsaturated subsurface 
flow and the 1D-Laplace equation for saturated flow, leads to a reliable and accurate description of the flow 
phenomena by an unconditionally stable algorithm which in addition, relatively easy to rUll. It applies to 
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4 

3. INFILTRATION DURING SURFACE OR SPRINKLER IRRIGATION 

In this Section, analytical solutions for the cumulative infiltration, the infiltration rate, and the extension of 
the saturated zone near the soil surface are presented. They are based on the mass balance by expressing the 
cumulative infiltration I = I(t) as: 

0 0 (t) 

I(t) = [{it + J z(8, t)d8 . (5) 
0, 

For predicting the transient distribution of soil moisture for various applications in irrigated agriculture, a 
careful consideration of the hydraulic soil characteristics is a first prerequisite. This requires an adequate soil 
model which defines the functional relationships [{ (8) as well as D(8) in such a way that these functions reflect 
the hydraulic soil properties and, at the same time, allow for an explicit integration of Equation (5). The 
corresponding mathematical development is summarized in Appendix 1. 

3.1. Solution for a Ponded Soil Surface 

By employing the results derived in Appendix 1, a relationship between the cumulative infiltration I(t) and 
the infiltration rate q(t) can be obtained for a ponded soil surface, i.e. 8 0 (t) = 8 0 . Considerable mathematical 
calculus leads to: 

(6) 

where S denotes sorptivity, [{s is the hydraulic conductivity at saturation, and ;3, Us are parameters of the soil 
characteristics with 0 < ;3 < 1 and Us > 0 (see Appendix 1). 

Equation (6) still contains the unknown depth of saturation zs(t). The determination of zs(t) is performed 
by using the ID-Laplace equation, which describes the flow in the saturatc.d region 0 < Z < zs(t). Based on the 
boundary conditions defined in Section 2, one obtains: 

Z
'IjJ(z,t) = ho+('ljJs-ho) (7) 

Zs 

for the pressure head 'IjJ( z, t) in the saturated area. Applying Darcy's law for saturated conditions 

} ' d' !!:kq(t) = -[{s + '\. s, an usmg az = for the gradient, yields for the transient depth of saturation: 

ho - 'ljJs
zs(t) [{s---­ (8) 

- [{s 

With this relationship and Equation (A-14) it is now possible to determine the infiltration rate from Equation 
(6) in terms of the parameters of the hydrodynamic soil characteristics and, among them, the global sorptivity 
S which as well is relatively easy to derive from on-site measurements or standard laboratory experiments: 
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q 
dI 
dt 

(9) 

52 - 2G"s(I{s - Ki)(8s - 8d dq 
2[q - Ks + f3(I{s - Kd](q - Ks) . dt . 

Finally, Equation (9) can be integrated by separating the variables leading to the result of this first case, namely 
the analytical infiltration formula for a ponded soil surface: 

(10) 

The constants a and b are determined by the hydrodynamic soil characteristics and the water depth at the soil 
surface: 

a (Ua) 

- 2G"s(I{s - Ki)(8s - 8d
b ( lIb) . 

2(1 ,B)(Ks - Ki )2 

For a given ponding time t Equation (10) can now be solved iteratively for the infiltration rate q q(t). Finally, 
the cumulative infiltration I(t) is easily obtained from Equation (6). 

3.2. Solution for a Flux Condition at the Soil Surface 

Let us now consider the case of a given flux condition q(t) = qo at the upper boundary, characterized by the 
cumulative infiltration: 

I(t) qat. (12) 

In this case two of the questions to be answered refer to the existence of a saturated zone, i. e., whether and 
at what time saturation at the soil surface will occur and, secondly, how the transient location of the zone of 
saturation advances with time [10]. 

If the water available at the soil surface is less than the value of the saturated hydraulic conductivity obviously 
no saturated zone will form, thus, its extension Zs = 0 and the moisture at the soil surface will always remain 
below its saturated value, i.e. 8 o(t) < 8 s . 

If the flux available at the soil surface is greater than the value of the saturated hydraulic conductivity, i. e. 
qa > K s, then the time to saturation ts of the soil surface has to be evaluated. Taking t = t s , Zs (t s) = 0, and 
8a(t s) = 8 s in the mass balance (5), the expression for the cumulative infiltration (12) yields: 

(13) 
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For t > ts and 8 0 (t) = 8.~, the mass balance (5) and the cumulative infiltration (12) can likewise be used to 
determine, together with Equation (13), the transient extension of the zone of saturation: 

(14) 

4. 	PREDICTION OF THE TRANSIENT SOIL MOISTURE DISTRIBUTION 
DURING IRRIGATION 

4.1. Soil Characteristics 

For the prediction of the transient soil moisture distribution the soil characteristics given in Appendix 1 have 
to be specified. The following relationships quantifying the hydraulic conductivity f{ and the diffusivity D will 
be used throughout the remaining part of this paper: 

f{.). (1- 13)·8*f{(8) (15) 
t 1 - 13 . 8* 

0"c (1 - j3)(I{s - f{dD(8) 
(8 s 8 i )(1 138*)2 

(16) , 

using the expression: 

8* (17) 

for denoting the relative soil moisture content 8*. The mathematical development of Equations (15) and (16) 
is given in Appendix 2. 

The functional relationship f{(8) defined by Equation (15) is well suited for representing this kind of relation­
ship for a broad variety of soils and corresponds to current soil models (Figure 2). The diffusivity function used 
in this approach is confirmed by a broad variety of observations and corresponds to other state-of-the-art types 
of diffusivity functions (Figure 3). The soil model, formed by Equations (15) and (16) additionally provides the 
rather unique possibility of a direct comparison between an analytical solution and numerical models. 

4.2. Analytical Solution for the Soil Moisture Profile 

The application of the aforementioned defined soil model to the basic equation for the analytical solution 
Equation (3) enables an analytic evaluation of all its integrals. This procedure involves considerable mathematical 
transformation work, leading to the analytical formula for the transient soil moisture profile: 
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Figure 2. Conductivity Values for Varying Soil Moisture Obtainedfrom a Field Experiment [11]. 

( --- Fitted curve according to Equation (15); - - - - fitted curve according to Brooks and Corey [12J). 


.0 .1 

Figure 3. Diffusivity as a Function of Water Content for Pachapa and Chino Soil [13J. 
(--- Fitted curve according to Equation (16); - - - - fitted curve according to Gardner and Mayhugh [14]). 
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7 

8* (1 - /38*) 0"c (q - K d
z(8, t) = zs (t) + 0"c In 0 + --}-,--:--'----:--.....:..---:--­

8 0(1 - /38*) q - ii (1 /3)(I<s - Ki)8'O 

.1 [(q - /<d(l- /38*) - (1 - /3)(I<s - Ki)80 . 8 0] 
n (q _ Kd(1 - /38(;) - (1 - /3)(/<s Kd8(; 8* 

O"s(1 w)(Ks-Kd N+l( l-W) 
(18) 

+ -q---1\-'"i-_-(O:-/i-'s-'---}-<-:'"d-:'-(1---/3)........ ........ rr 1 + -;;­8-0"'-:-/(0:-1-/3-8-=--0) . k:= 1 

. N _ k (1 - 8*)k+l-w - (1 - 8(;)k+l-w(N)L k'( 1) k+l-w . 
k:=O 

The analytical solution (18) employs the time-dependent relative soil moisture at the soil surface expressed 
as: 

(19) 

and still contains the depth of saturation zs, which both have to be determined from the boundary conditions. 

4.3. Soil Moisture Profile for a Ponded Soil Surface 

In the case of a ponded soil surface with a prescribed ponding depth, the relative soil moisture at the surface, 
defined by Equation (19), equals unity and, thus, in the analytical solution (18), 8'0 = 1. The transient 
infiltration rate q = q(t) is determined by the analytical infiltration formula for a ponded soil surface (10), so 
that the depth of saturation can now be directly calculated on the basis of the ID-Laplace equation together with 
Darcy's law for saturated conditions, which results in Equation (8). Thus, all the parameters in the analytical 
formula for the transient soil moisture profile are determined and the moisture distribution for a ponded soil 
surface can be calculated iteratively from Equation (18). 

4.4. Soil Moisture Profile for an Unsaturated Soil Surface 

In the case of a given flux at the upper boundary, i.e. q(t) = qo, we first consider the case that qo ~ Ks 
which indicates that the soil surface always remains unsaturated and ZS O. The relative soil moisture at 
the surface 8 0 is obtained by inserting Equation (18) into the mass balance equation (5) and integrating the 
resulting relationship. This leads to: 

0"3(1- w)(I<s - [{d(8s 8d N+l ( 1- w) 
+ qo - [{i (I<s - Kd(1 - /3)80/(1'- /380) . g 1+ -k- (20) 

N+l (N + 1) k 1 - (1 - 8 0)k+l-w'f; k (-1) k+l w ' 
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which provides for any given time t the corresponding value of 0 0, Now, all the parameters in the analytical 
formula Equation (18) for the transient soil moisture profile are evaluated and the moisture distribution for the 
unsaturated soil surface can be calculated. For the upper limit of very long infiltration times, this yields the 
relationship 

0~(t = +(0) (21 ) 

which can be used directly for a relatively easy determination of (3 from data obtained by a standard experiment. 

4.5. Soil Moisture Profile for an Unsaturated/Saturated Soil Surface 

In the case that the given flux at the soil surface qo > f{" this excess of the flux boundary value over the 
saturated hydraulic conductivity will result, after some time t", in the saturation of the soil surface [10]. During 
the time interval 0 < t < t" the value of z" equals O. The relative soil moisture at the surface 0 0 can be 
calculated from Equation (20). After some time t > t" of applying the prescribed flux, saturation occurs and 
thus 0 0= 1. The transient depth z,,(t) of saturation is then given by Equation (14), while the time t" required 
to saturate the soil surface is given by Equation (13). 

Thus, the parameters 0C;(t) and z,,(t) in the formula for the transient soil moisture profile are determined 
for both saturated and unsaturated boundary conditions and can be used in Equation (18) in order to evaluate 
for any depth z the corresponding relative moisture 0* 0* (z, t). For the soil moisture Equation (17) directly 
provides 

(22) 

5. MODEL APPLICATIONS 

In order to demonstrate the applicability of the analytical approach developed in this paper several examples 
will be presented. Cumulative infiltration and moisture profiles for three different soils are compared to results 
obtained by a numerical solution of the Richards equation employing the finite-difference scheme LOCl.B3 
[15]. Additionally, soil moisture measurements of Touma and Vauclin [16] have been used to validate the new 
model. The comparisons have been performed for ponding conditions as well as for given infiltration rates (flux 
conditions) . 

The soil parameters and the initial and boundary values are listed in Table 1. The parameters for the sandy 
clay ("Yolo Light Clay") have been determined from measurements published by Haverkamp [6]. The sandy 
loam located near Texcoco (Mexico) has been characterized by Rendon et al. [17]. Data for a sandy soil near 
Grenoble (France) have been obtained from Touma and Vauclin [16]. 

In Figures 4-9 ponding conditions are considered, i. e. the soil surface is initially saturated. In the first 
example, infiltration in a sandy loam soil near Texcoco (Mexico) is modeled for a ponding depth of ho 3 cm. 
The results presented in Figures 4 and 5 indicate that the differences between the analytical and the numerical 
solution are definitely negligible within a ponding period of 90 min. 

A similar result is obtained for "Yolo Light Clay". Figures 6 and 7 show an excellent coincidence of the 
numerical and the analytical model during 10 h of ponding (h o = 3 cm). 

Finally, the new approach has been validated against measurements of cumulative infiltration and soil mois­
ture for a sandy soil from Grenoble (France). In the ponding experiment [16] there was a constant water depth 
ho = 2.3 cm for 24 min. Figures 8 and 9 indicate that the analytical model is able to reproduce the measured 
values with high accuracy. For cumulative infiltration, there are even slightly larger deviations between the mea­
surements and the results of the finite difference approach which seems to have some difficulties in approximating 
the sharp moisture front. 

June 1998 The Arabian Journalfor Science and Engineering, Volume 23, Number 1C. 53 



G. H. Schmitz and R. Liedl 

Table 1. Input Data for the Computation of Infiltration and Soil Moisture Distributions 
in Sand, Loam, and Clay. 

sand loam clay 

Ponding depth (Figures 4-9) ho (cm) 2.3 3.0 3.0 

Flux (Figures 10, 11) % (cm/h) 8.3 3.0 

Flux (Figures 12-14) % (cm/h) 20.0 10.0 0.7 

Moisture content at saturation E)
s (-) 0.312 0.4 0.495 

Initial moisture content E).
1 

(-) 0.08 0.1 0.2376 

Conductivity at saturation Ks (cm/h) 15.4 4.0 0.04330 

Initial conductivity K j (cm/h) 0.0006 0.0625 0.00003 

Air entrance pressure 'tis (cm) -0.1 -24.25 -10.0 

Sorptivity S (cm/Vb) 8.0678 6.2099 0.5175 

Parameters of the soil model (-) 0.8802 0.6584 0.8497 

I~ (cm) 

(-) 

(-) 

9.0004 

0.8 

3 

5.7030 

0.5878 

6.6446 

0.4004 

16 

14 

......... 

12 

5000 

ponding time (s) 

Figure 4. Cumulative Infiltration in Sandy Loam. 
Numerical model; - - - analytical model). 
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Figure 5. Soil Moisture Profiles in Sandy Loam for Ponding Conditions. 
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Figure 6. Cumulative Infiltration in Sandy Clay. 
Numerical model; - analytical model). 
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Figure 7. Soil Moisture Profiles in Sandy Clay for Ponding Conditions. 
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Figure 8. Cumulative Infiltration in Sand. 
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It should be noted that, in the examples presented, the analytical model produces soil moisture fronts which 
are steeper than the fronts obtained by the numerical model. This might be attributed to the property of all 
finite-difference or finite-element methods to flatten high gradients ("numerical dispersion"). 

Next, model results for given infiltration rates are presented. Moisture profiles for an unsaturated soil surface 
(qo ::; Ks) have been modeled for the sandy loam (Figure 10) and for the Grenoble sand (Figure 11). Both 
examples indicate that there is a good coincidence of the analytical and the numerical approach. Additionally, 
for Grenoble sand the measured values of the soil moisture can be reproduced quite accurately. It should 
be added that, according to Equations (21) and (22), the analytical model predicts a maximum soil moisture 
content which is approximated for very long times. Here these limits are 8(t = +ex) ) = 0.369 for the loam and 
8(t = +00) = 0.290 for the sand. Both long-term limits have not been reached during the simulation periods of 
2h (loam) and 30 min (sand). 

The results of the analytical model and the finite--difference method, namely the soil moisture profiles for an 
unsaturated/saturated soil surface, show excellent agreement (Figures 12-14). In these cases, infiltration rates 
qo > Ks are applied (Table 1) causing saturation of the soil surface after ts ~ 17 min for the loam (Figure 12) 
and for the clay (Figure 13) and after ts ~ 21 min for the sand (Figure 14), according to Equation (13). For the 
Grenoble sand, the analytical model is once more validated by using experimental data of Touma and Vauclin 
[16] for an observation period of 0.5 hand qo 20 cm/h. It is found that the analytical model can predict the 
measured values even better than for the non-saturated case (Figure 11). 

These very encouraging results for a broad variety of soils lead to the conclusion that the infiltration model 
presented in this paper is a highly reliable tool for predicting cumulative infiltration and transient soil moisture 
distributions. It should be added that it is also superior to numerical models with respect to computational 
effort. In the examples considered, computer time could be reduced by a factor of about 100, and the iterative 
procedures used to solve Equation (10) for the flux or Equations (18) and (20) for the moisture content converge 
quickly and are absolutely stable, so that any difficulties associated with numerical methods are avoided. 

moisture content 

Or-~~------~~------~------------------~ 
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Figure 9. Soil Moisture Profiles in Grenoble Sandfor Ponding Conditions. 
(---Analytical model; numerical model; *datafrom [16]). 
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Figure 10. Soil Moisture Profiles in Sandy Loam for an Infiltration Rate ofqo =3 cmlh. 
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Figure 11. Soil Moisture Profiles in Grenoble Sand for an Infiltration Rate ofqo = 8.3 cmlh. 
( ---Analytical model; - - - numerical model; *data from [16J). 

58 The Arabian Journal for Science and Engineering, Volume 23, Number 1C. June 1998 



----

----

.11 

r-----------------------~--~~ 

• 
• e 

II 

• 
u 

G. H. Schmitz and R. Liedl 

moisture content .. .... 

.. 

.. 
Figure 12. Soil Moisture Profiles in Sandy Loam for an Infiltration Rate ofqo =10 cmlh. 
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Figure 13. Soil Moisture Profiles in Sandy Clay for an Infiltration Rate ofqo = 0.7 cmlh. 
(--- Analytical model; - - - numerical model). 
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Figure 14. Soil Moisture Profiles in Grenoble Sand for an Infiltration Rate ofqo 20 cmlh. 

( ---Analytical model; - - numerical model; * data from [16J). 

6. SUMMARY AND CONCLUSIONS 

A realistic prediction of the infiltration process during water application under a multitude of varying con­
ditions is strictly reserved to physically-based models which alone are able to exploit measurable information 
about the specific hydrodynamic characteristics of the soil. The presented subsurface flow model is therefore 
derived from both the Richards equation and the Laplace equation, which are mathematically developed and 
integrated in order to obtain an analytical solution. The new model allows one to take into account a prescribed 
ponding depth or infiltration rate at the saturated/unsaturated soil surface, and provides information about the 
transient infiltration and soil moisture distribution, including the time to saturation of the soil surface and, in 
case of saturation, the increasing depth of the saturated domain. 

The difficulties associated with the application of numerical methods (e. g. FEM, FDM) for describing irriga­
tion processes on the field scale mainly relate to numerical instabilities and substantial truncation errors, which 
arise from discontinuous wetting processes together with the propagation of sharp wetting fronts. Thus, this ta..'3k 
should be performed by a hydrodynamic-~analytical model. However, taking into consideration the development 
of the soil moisture after irrigation, i. e. during the rather smooth redistribution process, the application of 
numerical methods (e.g. FEM, FDM) usually does not encounter any problems. Therefore, for long-term sim­
ulations of surface irrigation cycles in the course of optimizing on-field irrigation over longer periods, a coupled 
analytical-numerical approach could be favorable. The discontinuous infiltration processes with sharp wetting 
fronts and repeatedly required solutions during border or furrow irrigation could be taken on board by the 
analytical model part, while the rather smooth redistribution of the soil moisture after irrigation can easily be 
taken over by a common numerical model. 

60 The Arabian Journalfor Science and Engineering. Volume 23, Number lC. June 1998 



G. H. Schmitz and R. Liedl 

Therefore, the hydrodynamic-analytical subsurface flow model presented in this paper has been developed for 
predicting the infiltration and the transient distribution of soil moisture with respect to various applications in 
irrigated agriculture. Irrigation generally aims to establish a special form of moisture profile in the vicinity of the 
root zone of the plants. This root zone represents a plant-specific parameter which varies with the different crops 
in question. In the light of the fact that such a transient soil moisture distribution is controlled by the given 
natural soil characteristics, a careful consideration of these hydraulic soil properties by a realistic soil model was 
an important criterion for the development. 

Its high computational efficiency suits the new approach for frequently required solutions, e.g. for the op­
timization of sprinkler irrigation parameters or computing infiltration during border or furrow irrigation. The 
prognostic computation of the transient infiltration process by the proposed model was shown to be an accurate 
method and it is, last but not least, relatively easy to apply. 

APPENDIX 1 

The diffusivity seen in Equation (3) has a major influence on unsaturated flow phenomena. Its functional 
relationship with the soil moisture 8 is often approximated by exponential functions. Due to the limited flexibility 
of these functions, this approach cannot provide satisfactory results for all soil types. A higher flexibility, allowing 
a more general and realistic consideration of the hydraulic soil characteristics, can be achieved by defining the 
diffusivity function D(8) by a superposition of two non-negative, steady-growing functions [18]: 

(A-I)D(8) 

\,yhile the restricted ccmponent Dc(8) grows with increasing moisture from Dc(8 i ) up to the finite value 
Dc(8s), the unbounded function Ds(8) starts at Ds(8i) = 0 for growing towards infinity at 8 = 8 s (Figure 
A-I). \,yithout affecting any physical considerations, a further of flexibility can be introduced by defining 
the free parameter Us > 0 such that: 

0. 

(A-2)J(8 - 8d Ds(8)d8 
0, 

with Ks = conductivity at saturation. Equation (3) yields with the diffusivity approach of Equation (A-I): 

0 o(t) 

z(8, t) Zs(t) + J - [K(8) - I<i] + F(8,t)[q(t) 
o 

(A-3) 
0 o(t) 

+ J - [K(8) - Kd + F(8, t)[q(t) - Ki ] 
o 

The following approximation refers to the flux-concentration Equation (4) at the saturated soil surface. Due 
to the fact that the infiltration process here is governed mainly by gravity [19], the investigations of Elrick and 
Robin [20] and Parlange et al. [21] recommend expressing the components of F(8, t) referring to the bounded 
and unbounded diffusivities Dc and Ds as: 
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8- 8 iF(8, t) Fc(8, t) (A-4)
8 o(t) - 8 i 

and: 

Ko(t) - K(8)
F(8, t) Fs(8, t) 1 (A-5)

q(t) - Ki 

where Ko(t) K(8o(t)) denotes the conductivity at the soil surface. This yields the basic equation for the 
analytical solution, which reads: 

E>o(t) 

z(8, t) zs(t) + J [K(8) 
E> 

(A-6) 

E>o(t) 
1 J Ds(e)d8.+ q(t) J<o(t) 

E> 

9. asI soil moisture content 

Figure A-J. Diffusivity 0(8) as Superposition ofthe Components Dc (8) and Os (8). 
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Considering the case of a ponded surface with a given water depth, the relevant expression for the flux­
concentration relationship is: 

Fc(8) (A-7) 

because 8 o(t) = 8 s at the saturated soil surface. Inserting now the basic equation for the analytical solution, 
Equation (A-6), into the formula for the cumulative infiltration Equation (5) provides, together with the condition 
(A-2) referring to the free parameter 0"$: 

(A-8) 

The further development employs the sorptivity 5, introduced by Philip [22]. To assure consistency with the 
diffusivity approach, it is simply decomposed analogously: 

(A-9) 

without applying any restrictive conditions to the components of 5. Defining f3 as a necessary free parameter in 
the ]{(8) function with 0 < f3 < 1, the relationship between conductivity and diffusivity [6, 21]: 

]{(8) - ]{i 
(A-10)

]{s - ]{i 

employs the two components of the sorptivity as follows: 

(A-ll) 

(A-12) 


In Equation (A-12) it is mainly the soil moisture values near saturation which contribute to the value of the 
integral (Figure A-1). This is because Ds(8) approaches infinity at saturation, resulting in a value of Fs(8, t) 
of approximately one. This yields together with Equation (A-2): 

(A-13) 
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Using the decomposed sorptivity from Equation (A-g) the component Se can be expressed as: 

(A-14) 

The integral in Equation (A-B) can now be evaluated explicitly by simply employing the relationship (A-I0) 
between conductivity and diffusivity yielding Equation (6). 

The determination of the diffusivity parameter as and the conductivity parameter j3 can be executed by 
measurement of the soil characteristics. Comprehensive investigations showed, that for a broad variety of soils, as 
can be approximated with a good accuracy by the constant value as = 7.0 cm. More details on the determination 
of these parameters are outlined in Appendix 2. 

APPENDIX 2 

Philip [22] found the following proportionality between the diffusivity and the conductivity: 

(A-15) 

Thus, the relationship K(8) has to satisfy Equation (A-I0) providing for the proportionality factor a c the 
condition: 

(A-16) 

by using Equation (A-14). Equation (A-16) yields together with Equations (A-I0), (A-14), and (A-15): 

K(8) - Ki 	 E>. )1- j3 dI! de8* . 	 (A-17)
Ks - Ki ( K, - /{i [ de 

This directly leads to the definition of the first part of the soil model, namely, to the required functional 
relationship K(8) as given in Equation (15). 

The second part of the soil model focuses on the determination of the diffusivity function D(8). Its bounded 
component Dc(8), attaining a finite maximum value De(8s) at 8 s, can now be derived from Equations (A-14) 
and (A-15), yielding the first line on the right-hand side of Equation (A-16). 

The definition of the soil model has to be rounded up by an adequate functional form of the unbounded 
component of the diffusivity Ds(8). This functional form has to satisfy the following criteria [23]: 

(i) 	The sum D(8) of the components De(8) and Ds(8) has to correspond to the typical graph of diffusivity 
functions. 

(ii) 	Ds (8) has to feature free parameters for higher flexibility in order to allow a more general and realistic 
consideration of the hydraulic soil characteristics for all soil types. 
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(iii) The function Ds(6) has to satisfy the condition (A-2). 

From the above criteria, the following functional form of the unbounded component of the diffusivity Ds(6) 
is derived: 

d*. (6*)N (A-IS)
(I-6*)W' 

employing the free parameters Nand w, with N representing a positive integer and 0 < w < 1. The value of 
the coefficient d* has to be chosen in order to satisfy the condition (A-2), from which the following relationship 
is obtained: 

1 
6*)N+l

d* d6* 	 (A-I9)
(1 	 6*)wf (

o 

After some mathematical calculus this leads to the expression for the coefficient d*: 

d* 	 (A-20) 

The determination of the soil model parameters from experimentally established K(6) and D(6) relationships 
can be easily executed due to the low dimensionality of the curve fitting problem, while the sorptivity S can be 
evaluated directly from a rather simple standard experiment. 

REFERENCES 

[1] 	 J. Y. Parlange, R. Haverkamp, R. H. Rand, L. Rendon, and G. H. Schmitz, Future Development in Soil Science Research. Madison, 
Wisconsin, USA: Soil Science Society of America, Inc., 1987. 

[2] 	 G. Schmitz, R. Haverkamp, and O. Palacios, "A Coupled Surface-Subsurface Model for Shallow Water Flow Over Initially Dry 
Soil", XXIIAHR Congress, Melbourne, Australia, 1985. 

[3] 	 L. Pan, A. W. Warrick, and P. J. Wierenga, "Finite Element Methods for Modeling Water Flow in Variably Saturated Porous Media: 
Numerical Oscillation and Mass-Distributed Schemes", Water Resour. Res., 32(6) (1996), pp. 1883-1889. 

[4] 	 G. H. Schmitz and G. Seus, "Mathematical Zero-Inertia Modelling of Surface Irrigation: Advance in Furrows", J. Irrig. Drain. 
Eng., ASCE, 118(1) (1992), pp. 1-18. 

[5] 	 J. R. Philip, "Numerical Solution of Equations of the Diffusion Type with Diffusivity Concentration-Dependent II", Austr. Journal 
ofPhysics, 10(2) (1957), pp. 29-43. 

[6] 	 R. Haverkamp, "Resolution de l'equation de l'infiltration de l'eau dans Ie sol. Approches analytiques et numeriques", These de 
Docteur es-Sciences Physiques, Universite Scientifique et Medicale de Grenoble, France, 1983. 

[7] 	 R. Haverkamp, J. Y. Parlange, Y. L. Starr, G. Schmitz, and C. Fuentes, "Infiltration Under Ponded Conditions: 3. A Predictive 
Equation Based on Physical Parameters", Soil Sci., 149(5) (1990), pp. 292-300. 

[8] 	 G. Schmitz, R. Haverkamp, J. Y. Parlange, and R. Liedl, "Infiltration bei eingestauter Bodenoberflache. 1. Analytische Lasung der 
Infiltrationsgleichung und praktische Berechnung der Versickerung", Z. fur Kulturtechnik und Landentw., 30 (1989), pp. 121-131. 

[9] 	 J. R. Philip, "On Solving the Unsaturated Flow Equation: 1. The Flux-Concentration Relation", Soil Sci., 116 (1973), pp. 328-335. 

[10] 	 G. Schmitz, R. Liedl, R. Haverkamp, and J. Y. Parlange, "Infiltration bei nicht eingestauter Bodenoberflache: Analytische Lasung 
der Infiltrationsgleichung und geschlossene Berechnung der Feuchteausbreitung in der ungesattigten Bodenzone", Z. for Kulturtechnik 
und Landentw., 31 (1990), pp. 293-305. 

[11] 	 M. Vauc1in, "The Use of Cokriging with Limited Field Observations", Soil Sci. Soc. Am. J., 47 (1983), pp. 175-183. 

June 1998 	 The Arabian Journalfor Science and Engineering, Volume 23, Number Ie. 65 



G. H. Schmitz and R. Liedl 

[12] 	 R. M. Brooks and A. T. Corey, "Hydraulic Properties of Porous Media", Hydrology Paper 3, Colorado State University, Fort 
Collins, Colorado, 1964. 

[13] 	 W. R. Gardner, "Some Steady State Solutions of the Unsaturated Moisture Flow Equation", Soil Sci., 85 (1958), pp. 228-232. 

[14] 	 W. R. Gardner and M. S. Mayhugh, "Solutions and Tests on the Diffusion Equation for Movement of Water in Soil", Proc. Soil Sci. 
Soc. Am., 22 (1958), pp. 197-201. 

[15] 	 R. Haverkamp, M. Vauclin, J. Touma, P. Wierenga, and G. Vachaud, "A Comparison of Numerical Simulation Models for One 
Dimensional Infiltration". Soil Sci. Soc. Amer. J., 41(2) (1977), pp. 194-285. 

[16] 	 J. Touma and M. Vauclin, "Experimental and Numerical Analysis ofTwo-Phase Infiltration in a Partially Saturated Soil", Transport 
in Porous Media, 1(1) (1986), pp. 27-55. 

[17] 	 L. Rendon, R. Haverkamp, G. Schmitz, and 1. Y. Parlange, "Determinaci6n de una ecuaci6n de infiltracfon ffsico-empirica para una 
melga", Apuntes de Ingenierfa, 23 (1986), pp. 55-80. 

[18] 	 G. H. Schmitz, "Stromungsvorgange auf der Oberflache und im Bodeninnem beim Bewasserungslandbau - Grund1agen, Kritik 
der herkommlichen Praxis und neue hydrodynamisch-analytische Modelle zur Oberflachenbewasserung", Versuchsanstalt Obemach 
und Lehrstuhl for Wasserbau und Wassermengenwirtschaft der Technischen Universitiit Miinchen, Report 67, 1989. 

[19] 	 K. M. Perroux, D. E. Smiles, and I. White, "Water Movement in Uniform Soils During Constant-Flux Infiltration", Soil Sci. Soc. 
Amer. J., 45 (1981), pp. 237-240. 

[20] 	 D. E. Elrick and M. J. Robin, "Estimating the Sorptivity of Soils", Soil Sci., 132(2) (1981), pp. 127-133. 

[21] 	 J. Y. Parlange, R. Haverkamp, and J. Touma, "Infiltration Under Ponded Conditions. 1. Optimal Analytical Solution and Comparison 
with Experimental Observations", Soil Sci., 139(4) (1985), pp. 305-311. 

[22] 	 J. R. Philip, "The Theory of Infiltration: 4. Sorptivity and Algebraic Infiltration Equations", Soil Sci., 84 (1957), pp. 257-264. 

[23] 	 G. Schmitz, R. Haverkamp, J. Y. Parlange, and R. Liedl, "Infiltration bei eingestauter Bodenoberflache. 2. Geschlossene Berechnung 
der Feuchteausbreitung in der ungesattigten Bodenzone", Z.for Kulturtechnik und Landentw., 30 (1989), pp. 209-216. 

ACKNOWLEDGMENT 

We would like to thank the Department of Civil Engineering, University of Queensland, Australia, where parts of this 
study were completed by the fIrst author, during a sabbatical leave. 

Paper Received 2 October 1996; Revised 30 April 1997; Accepted 11 June 1997. 

66 The Arabian Journal for Science and Engineering, Volume 23, Number 1C. 	 June 1998 


