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ABSTRACT

This paper introduces and investigates a class of mappings in bitopological spaces
called pairwise 8-irresolute mappings. Several characterizations and basic prop-
erties of pairwise 6-irresolute mappings are given. The interrelation among
pairwise 8-irresolute mappings and other generalizations of continuous mappings
in bitopological spaces are investigated.
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60-IRRESOLUTE MAPPINGS IN BITOPOLOGICAL SPACES

1. INTRODUCTION

The purpose of this paper is to introduce and
investigate a class of mappings in bitopological spaces
called pairwise 6-irresolute mappings. In Section 2,
we give several characterization and basic properties
of pairwise 6-irresolute mappings. In Section 3,
we investigate the interrelation among pairwise
-irresolute mappings and other generalizations of
continuous mappings in bitopological spaces.

Throughout the paper, by a space X we mean a
bitopological space (X, T, ;). By i-Int(4) and
i-CI(A), we shall mean the interior and the closure
of a subset A of X with respect to 7,, respectively,
wherei=1, 2. Also, i, j=1,2 and i #j. A subset S
of X is said to be ij-semiopen [1], if there exists
i-open set U such that UC S Cj-CI(U). S is called
ij-regular open (resp. ij-regular closed) [2] if
i-Int(j-CI(S)) (resp. i-CI(j-Int(S))) = S.

2. PAIRWISE 0-IRRESOLUTE MAPPINGS

Definition 2.1. Let S be a subset of a space X. A
point x is in the ij-6-semiclosure of S, denoted by
ij-sCly(S), if SN j-CI(U) # I for every ij-semiopen
set U containing x. If § = ij-sCly(S), then § is called
ij-8-semiclosed. A point x is in the ij-8-semiinterior
of S, denoted by i-sInt,(S), if there exists an
ij-semiopen set U containing x such that j-C1(U) C S.

Definition 2.2. A mapping f: X—Y is said to be
ij-8-irresolute iff for every point x € X and each
ij-semiopen set V, in Y, containing f(x), there exists
an ij-semiopen set U, in X, containing x such that
f(-CIU)) Cj-CI(V). f is called pairwise 8-irresolute
if it is 12-0-irresolute and 21-8-irresolute.

Theorem 2.1. For a mapping f- X—Y, the following
are equivalent:

(a) fis ij-6-irresolute.

(®) f7UV) CijsInty(f(-CI(V))),  for
ij-semiopen set V of Y.

(¢) f(i-sCly(A)) Cij-sClg(f(A)), for every subset
A of X.

(d) ij-sClo(f"'(B)) C f'(§j-sCly(B)), for
subset B of Y.

(e) f'(ij-sInty(B)) C ij-sInt,(f'(B)), for every
subset B of Y.

every

every

Proof. 1t is straightforward.
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Theorem 2.2. Let f: X—Y be a mapping and
g: X->XXY be the graph function given by
g(x) = (x, f(x)) for every x € X. If g is ij-6-irresolute,
then f is ij-0-irresolute.

Proof. Let x € X and V be an ij- semiopen set of Y
containing f(x). Then X X V is ij-semiopen subset of
X xY containing g(x) [1] and hence there exists
an ij-semiopen set U of X containing x such that
g(j-ClU) Cj-ClI(XxV)=XxjCI(V). By the
definition. of g, we have f(j-Cl(U)) Cj-CI(V).
Therefore, f is ij-8-irresolute.

Remark 2.1. One may give an example to show that
the converse of Theorem 2.2 is not true.

Definition 2.3. A space X is said to be pairwise
semi-T'; if for every two distinct points x and y in X,
there exists an Jj-semiopen set U and a ji-semiopen set
V such that x€ U, y€ V and j-Cl(U) Ni-Cl(V) = .

Theorem 2.3. If f: XY is a pairwise 6-irresolute
injection and Y is pairwise semi-7;, then X is
pairwise semi-T;.

Proof. Let x, and x, be two distinct points of X.
Since f is injective and Y is pairwise semi-7}, then
there exists an Jj-semiopen set V| and a ji-semiopen
set V, of Y such that f(x))€V,, f(x,) €V, and
JCIV) NIi-CI(V,) =J. Since [ is pairwise
6-irresolute, there exists an ij-semiopen set U, and a
ji-semiopen set U, of X containing x, and x,,
respectively, such that f(j-ClI(U,)) Cj-CI(V,)
and fi-CI{U,)) C i-CI(V,). Therefore,
J-CLU) Ni-CIU,) = & and X is pairwise semi-T}.

3. COMPARISON
Definition 3.1. A mapping f: X—Y is said to be
(a) i-irresolute [4], if the inverse image of each
ij-semiopen set in Y is ij-semiopen in X.
(b) ij-semicontinuous [1], if the inverse image of
each i-open set in Y is jj-semiopen in X.

(¢) ij-almost continuous [2], if the inverse image
of each ij-regular open set in Y is i-open in X.

Definition 3.2. [3]. A space X is called pairwise
extremally disconnected if j-C1(A) is i-open for each

i-open set A.
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Theorem 3.1. If f: X—Y is jj-irresolute and X
is pairwise extremally disconnected, then f is
ij-8-irresolute.

Proof. Let x € X and V be an ij-semiopen set of Y
containing f(x). Then f~'(V) is ij-semiopen in X and
x € f7(V). Since X is pairwise extremally discon-
nected, j-CI(f7'(V)) = ji-sCI(f (V) [4]. Moreover,
since f is ij-irresolute, ji-sCI(f (V) C f~'(ji-sCl(V))
[4]. Put U = f~(V), then U is an ij- semiopen set of
X containing x and f(j-Cl(U)) C ji-sCI(V) C j-CI(V).
This shows that f is ij-6-irresolute.

Remark 3.1, In Theorem 3.1 we cannot drop the
assumption that X is pairwise extremally discon-
nected, as can be seen by Example 3.1. Moreover, an
ij-8-irresolute mapping need not be ij-irresolute even
if the domain is pairwise extremally disconnected,
as Example 3.2 shows.

Example 3.1. Let X=Y ={a, b, ¢, d},

TIZ{X» @, {a}' {C}’ {a» C}}’ T?.:{X) @, {bx C}: {a: d}}'
0= {Y’ Qr {b}’ {b» C}} and G = {Y: @, {a}» {d})
{a,d}, {a, b}, {a,b,d}}. Let f: (X, 1,,7)—>(Y,0,,0,)
defined as follows: f(a)=0b, f(b)=a, f(c)=c¢,
f(d)=d. Then f is 12-irresolute but not
12-8-irresolute.

Example 3.2. Let X=Y={a,b,c, d}, 7,={X, &,
{bL{b,cl},  m={X,J {a},{d},{a d}.{a, b}, {a, b, d}},
o, ={Y, O, {a}, {c},{a, ¢}} and o,={Y,J, {a d},
{b, c}}. Let f: (X, 7y, 7,)— (Y, o, 0,) be the identity
mapping. Then (X, 7,,7,) is pairwise extremally
disconnected and f is 12-6-irresolute but not
12-irresolute.

Theorem 3.2. If f: X—Y is an ijj-irresolute and
ij-almost continuous mapping, then f is ij-6-irresolute.

Proof. Let x € X and V be an ij-semiopen set of Y
containing f(x). Since f is ij-almost continuous and
J-CI(V) is ji-regular closed in Y [4], f7'(j-CL(V))
is j-closed in X [3]. Since f is ij-irresolute,
f'(V) is ij-semiopen in X containing x and
VY CFGCUVY).  Pat U=f'(V),
then U is an ij-semiopen in X containing x and
fG-CIU) Cj-CI(V). This shows that f is
ij-B-irresolute.
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Remark 3.2. jj-almost continuousv, ij-irresolute and
ij-6-irresolute are respectively independent as can be
seen by Examples 3.1, 3.2, and 3.3.

Example 3.3. Let X,Y,7,,7,,0,, and o, be as
in Example 3.1. Consider the following cases of
mapping f: X—>Y.

(1) fla)y=a, f(b)=c, f(c)=b, and f(d)=d. In
this case, fis 12-irresolute and 12-8-irresolute
but not 12-almost continuous. .

(2) fa)=f(®)=>, f(c)=f(d)=c. Then f is
12-almost continuous but neither 12-irresolute
nor 12-0-irresolute.

Definition 3.3. A mapping f: X—Y is called:

(a) ij-R-map [5], if the inverse image of each
ij-regular open set in Y is j-regular open in X;
(b) ij-d-continuous [6], if for every x € X and
each i-open set V in Y containing f(x), there

exists an i-open set U of X containing x such
that f(i-Int(j-Cl1(U))) C i-Int(j-C1(V)).

Remark 3.3. [5]. ij-R-map=> ij--continuous =>
ij-almost continuous but the converses are not true.

Remark 3.4. One may give examples to show that
ij-8-continuous and ij-6-irresolute are independent
of each other.

Theorem 3.3. If f: X—Y is an ij-R-map, then it is
ij-6-irresolute.

Proof. Let x € X and V be an ij-semiopen set of Y
containing f(x). Since j-CI(V) is ji-regular closed in
Y, f(-CL(V) = X\f Y(Y\j-CI(V)) is ji-regular
closed in X. Put U=f(j-Cl(V)), then
U is i-semiopen in X containing x and
f(j-CIU)) = f(U) Cj-CI(V). This shows that f is
ij-B-irresolute.

Remark 3.5. The converse of Theorem 3.3 is not
true as shown by the following example:

Example 3.4. Let X, Y, 1,,71,,0,, and o, be as in
Example 3.1. Let f: X—Y be the identity mapping.
Then f is 12-6-irresolute but not 12-R-map.
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From the above discussion we obtain the following
diagram, where A+ B indicates that A does not
necessarily imply B.

> -8 > jj-a.c.

In the diagram, we have abbreviated as follows:
IR = irresolute; C = continuous; SC = semi-
continuous; R = R-map; 6-IR = 6-irresolute;
d = d-continuous; and a.c. = almost continuous.
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