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ABSTRACT

This paper delineates the various failure modes of a RC slab in terms of damage
dominated either by tension cracking in concrete or plastic yielding leading to
concrete crushing. Commonly observed failure modes of such slabs are classified
according to level of each damage component. Such a classification helps separate
the flexure—shear failure mode of RC slabs from the true punching or shear mode
of collapse. The influence of main tensile reinforcement on the metamorphosis in
failure modes is highlighted by use of a non-linear finite element model, using
patch loads where size bear a similar ratio to the size of the slab as the ratio of the
print of a wheel to the size of a deck slab. The implications of this model to
preclude the most probable mode of failure in girder—slab or box-girder deck
systems are highlighted.
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FINITE ELEMENT MODELING OF FLEXURE/SHEAR
BEHAVIOR OF R/C SLABS

1. INTRODUCTION

Several papers addressing various aspects of
flexural and shear failure of reinforced concrete
slabs have appeared in a steady stream over the past
twenty five years or so, but there appears to be a lack
of consensus on the role of the various characteristic
parameters influencing failure. This is reflected in
the conservative approach adopted by the design
codes, with the ACI Code not reflecting the benefi-
cial effect of main reinforcement on punching resist-
ance, and both BS 8110 and ACI neglecting any
contribution of edge restraint to punching capacity.

The influence of several factors on the punching
and flexural capacities of reinforced concrete slabs
has been considered by various authors—with effect
of edge restraint taking precedence over most.
Taylor and Hayes [1] published some test data on
the effect of edge restraint on punching shear in RC
slabs. The results reflected an interesting phenome-
non that the beneficial effect of edge restraint on the
failure load, identified as punching, appeared to
taper off.as the main reinforcement percentage was
increased. Other authors subsequently cited similar
observations [2—4], but the interaction of several
variables in a complex manner continued to preclude
the development of a universal approach for the
design of restrained slabs. An interesting series of
papers by Regan and his coworkers [5—7] has
encompassed a wide ranging study on punching of
RC slabs, discussing influence of several parameters
including arrangement of flexural reinforcement,
slab depth, concrete strength, ratio of reinforcement,
boundary restraint, and size of the loaded area. A
considerable amount of experimental data has been
presented, and a model hypothesized to predict
punching resistance of slabs, using an approach
which may be considered to be an extension of the
Kinnunun—Nylander model [8].

There exists voluminous literature addressing the
flexural response of slabs, especially pertaining to
enhancement of slab strength due to compressive
membrane action [2, 9—11]. Based on the favorable
influence of membrane forces on the strength of
slabs, the Ontario Bridge Design Code [12] intro-
duced an empirical design method using 0.3%
isotropic steel at both top and bottom faces of the
slab.
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In addition to the several predictor models and
results of experimental investigations published,
elegant solutions based on plasticity models for
punching shear and flexural response of slabs also
exist [13—15], showing that the subject of flexural/
punching response of RC slabs continues to attract
considerable attention.

In the work presented thus far, the one serious
limitation appears to be the lack of definition of what
constitutes a true punching failure, and as a con-
sequence, the delineation or demarcation of the zone
that lies between pure flexure and pure punch or the
zone of flexure—shear interactive failure. The one
single observation that has led most experimentalists
to believe that the phenomenon being observed in
the laboratory, for the case of patch loads whose size
bear a similar ratio to the size of the slab as the ratio
of the print of a wheel to the size of a deck slab, is
one of punching is the (inevitable) occurrence of the
sudden displacement of the shear cone relative to the
rest of the slab under application of load, with no
indication of development of full yield-line mechan-
ism, i.e. yielding is localized to the small region of
loaded area. As will be shown, this mode of failure is
peculiar not only to pure shear or punching failure,
but also to a combined flexural—shear failure.

2. MATERIAL MODELING

In order to observe the influence of area of tensile
reinforcement (and other relevant parameters) on
the flexure/shear response of reinforced concrete
slabs, a non-linear finite element formulation was
adopted, using non-linear components of material
response along lines similar to the one adopted by
Owen and Figueiras [16]. The non-linear compo-
nents considered in this model include:

1. Plastic flow of concrete according to a pre-
scribed yield criterion in terms of stress
invariants

2. Concrete cracking, including tension stiffening
3. Shear degradation

4. Crushing of concrete according to a yield crite-
rion in terms of strain invariants

5. Elasto—Plastic behavior of steel reinforce-
ment.
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2.1. Stress Yield Criterion

Mohr—Coulomb yield criterion, which has been
used successfully for shear critical reinforced con-
crete beams [17], was used and expressed in terms of
stress invariants /;, J,, and J; as

2

Flow) = s e
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where sin30 = —3V3J,/(2(J,)*?).

In addition, in order to construct the stress—strain
relationship in the plastic range, assuming normality
of the plasticity deformation rate vector to the yield
surface in the form
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the elasto-plastic constitutive matrix D,, may be
shown to be [18]
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where [D] is a (5 X 5) elastic constitutive matrix, [a]
is the (5x 1) flow vector with
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where {0}’ = {o,, 0, 7,,, 7,., 7,.}. H' is the harden-
ing parameter as obtained from uniaxial compres-
sion test data.

Eliminating 6 in terms of J, and J;, Equation (4)
may be recast in the form
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C, = M(V3 sin 6+ cos 0 sin ¢)/(2J, cos 30) (1)
where M =2/(1—sin ¢).

The casting of the Mohr—Coulomb criterion in
the form of Equation (1) renders convenient the
adaptability of the formulation to either perfectly
plastic models or to strain-hardening models, where
f. can be replaced by the effective stress o,.

Hardening for concrete was incorporated by
extrapolating from results of uniaxial stress—strain
relationship given by the “Madrid Parabola” [16]

c=Egeg— % E, & (12)
e0
where E, is the initial elasticity modulus of concrete,
g, is the strain at peak stress f (= 2f!/E,) and
(o, ¢) represent the stress and total strain in the
uniaxial test. Using the concept of effective stress
and effective plastic strain, Equation (12) was used
to determine the effective stress level o = o, and the
hardness parameter H' = do-/dsp, where ¢, is the
plastic strain component of the total strain, for the
current loading surface position.

Other components contributing to non-linear
behavior of the RC slab including tension stiffening
and elasto-plastic behavior of steel reinforcement
were taken as described in detail in [16], with the
concrete crushing criterion in terms of total strains
expressed as (Von Mises strain criterion)
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[82 + 8; - Sxey + 075 (712); + “/)?z + 'YZZx)]Hz = By (13)

where €, is an ultimate total strain extrapolated
from uniaxial test results and taken as 0.0035. The
material is assumed to lose all its characteristics of
strength and rigidity when €, at a specific (Gauss)
point reaches 0.0035.

3. FINITE ELEMENT MODEL

A computer code ‘FATIMA’ has been developed
for reinforced concrete plates and shells using the
nine noded heterosis element derived from the
degeneration of a three dimensional element, follow-
ing the format outlined in [16]. Five degrees of free-
dom are specified at each nodal point, corresponding
to its three displacements and two rotations of the
normal at that node. This approach reduces to
Mindlin plate hypothesis when applied to plate
bending problems wherein transverse shear defor-
mation is accounted. A layered model is used in
order to observe progressive damage through the
thickness. Stresses, strains and change in the char-
acteristics of material are monitored at Gauss
integration points in each layer. Any material
represented at a Gauss point may remain elastic,
yield, crush or crack. It is possible that the material
may crack in one direction whilst yielding at the
same time. Cracking is allowed to occur in one or
two directions in planes normal to the plane of layer
i.e., the cracking is assumed to be initiated in one
and/or two directions when one and/or two principal
inplane stresses reach the tensile strength of con-
crete. Cracks are allowed to close and reopen in one
or two directions upon unloading and reloading of
the slab. However, the yielding and crushing of
concrete is governed under general state of stress.

Shear failure is attributed to the out of plane shear
degradation due to increased circumferential
cracking. Shear failure is identified by tracing locus
of the damage zones through the thickness.

For the slabs analyzed in this work as a test
example, the depth is discretized into eight layers
and two steel layers. As far as the mesh is concerned,
further refinement did not improve accuracy of
results in terms of ultimate load and cracking pattern.
On the other hand, results are quite sensitive to the
number of concrete layers. Selective integration
scheme is employed using normal 3 X 3 integration
rule for bending and membrane energy terms and
2x2 integration rule for shear terms.
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An incremental and iterative modified Newton—
Raphson scheme is employed for the nonlinear anal-
ysis and the tangential stiffness matrix is recalculated
for the second iteration of each load increment.
Convergence criterion in terms of displacements and
rotations is used separately. For convergence the
maximum number of iterations was set to twenty for
a tolerance of one percent.

4. RESULTS AND DISCUSSION

As a test example, the slabs used by Taylor and
Hayes [1] in their experimental work were adopted
for simulation. The slabs were 890 x 890X 76 mm
(35x35x3in) and experimental loads were
presented for total steel percentages of p = 1.57 and
p=3.14. The slabs were tested as pairs— one
unrestrained and simply supported, with the other of
the pair being restrained.

The slab geometry and finite element discretiza-
tion is shown in Figure 1, with the slab being sub-
divided into eight concrete layers. Steel of equal
amount was placed in two orthogonal layers.

The material properties used in the numerical analy-
sis were: f/=29Nmm™; E,=28460.5Nmm7?;
£,=29Nmm™? g, =0.0035; ¢ = 0.005; ¢, =0.002;
a=0.7; f,=375.8Nmm™; E,=200000Nmm>
E;=2800Nmm

In order to highlight flexure~shear interactive
modes of failure, the ratio of characteristic size
of patch load to slab must be similar to that of
the wheel print to the deck slab. Results are
shown for two cases, one with a patch load of size
50.8 mm X 50.8 mm and the other for a patch load
of size 101.6 mm X 101.6 mm.

Shown in Figure 2 is the spectrum of failure loads
as obtained for values of total reinforcement in the
two directions, p, ranging from 0.3% to 6.28%, for a
patch load of size 50.8 mm x 50.8 mm. Also super-
imposed in Figure 2 is the locus of ultimate capacity
as obtained from ACI and BS 8110 and experi-
mental values as reported in [1].

The behavior may be demarcated into three zones
as given by

0=p=p; : Flexure Mode Dominated Failure
(Zone I)
pi=p=p; : Combined Flexure—Shear Mode
Failure (Zone II)

P> Py : Shear Mode Failure (Zone III).

For p < p; (= 0.75%), the yield line analysis serves
as a lower bound estimate to the capacity of the slab.

The Arabian Journal for Science and Engineering, Volume 16, Number 3.
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Figure 1. Finite Element Discretization for Slab.

The failure loads as obtained from the model in this
zone are somewhat larger than the yield line loads—
this is attributed to the load carrying capacity of
plain concrete (due to its tensile strength) which is
neglected in yield line analysis. Failure in this region
(p = 0.6%) was marked by deep intrusion of tension
cracks, yielding of tension reinforcement along diag-
onal lines and a measure of ductility.

In Zone II (0.75=p =3.5%), the failure load
continues to be influenced by area of steel reinforce-
ment, albeit at a decreasing rate. Here, the yield line
analysis does not reflect the true failure mode of the
slab, as ultimate conditions are marked by decreasing
ductility and lowered level of yielding of steel rein-
forcement. Tension cracking damage intrusion was

The Arabian Journal for Science and Engineering, Volume 16, Number 3.

arrested at lower depths by increased steel percent-
age—leading to increase in ultimate load. This zone
reflects characteristics of a combined flexure—shear
failure mode.

In Zone III defined by p > 3.5%, the failure load
as predicted by the model remains by large unaffected
by increases in steel percentage and becomes
asymptotic to what may be construed to be the true
punching capacity. Tension cracking damage, prior
to sudden collapse, is minimal. Failure is charac-
terized by gross brittle response, with little or no
yielding of reinforcement.

Figure 3 shows the failure load—total reinforcement
variation for a patch load of size 101.6mm % 101.6mm.
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One notes that the zones demarcating flexure and
shear modes have shifted. The collapse load contin-
ues to be influenced by amount of steel (although at
an increasingly lower rate) for p as high as 6.28%,
which corresponds to p = 3.14% in each direction
for isotropically reinforced slabs. For this case, the
true punching capacity was taken to be the collapse
load corresponding to total p = 6.28%, although the
asymptotic value will be reached at a slightly higher
value of p.

In all cases considered, it was interesting to note
the formation of radial tensile cracks first, followed
subsequently by circumferential tensile cracking.
Figure 4 shows the profile of two way cracking for
the slab reinforced with p = 6.28% at a load level
P=0.76 P,. 1t is this two way cracking, accompanied
by shear degradation in cracked zones, that forms the
basis of the interactive shear—flexure failure modes.

4.1. Failure Modes of a Reinforced Concrete Slab

Proceeding on a basis that the various failure
modes of a reinforced concrete slab subjected to a
patch load over a small central zone encompass a
spectrum ranging from pure flexural failure (yield
line solution) to that of pure shear failure (punching
capacity), the primary variable influencing such a
transition is the area of main or tensile reinforce-
ment in the slab. This hypothesis may be supported
with the following sequence of damage occurring
phenomenon in slabs:

1. At very low levels of main reinforcement (weakly
reinforced slabs), initial damage to the slab
occurs in the form of tension cracking in the radial
direction and such cracks propagate upwards with
a low arrest factor.

With increasing load, cracks are also formed in
the circumferential direction with accompanying
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Figure 4. Cracking Profile at PP, = 0.76 (p = 6.28%).
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degradation in shear transfer mechanism. The
damage zone at incipient failure is dominated by
two way tension cracking extending to almost the
full depth, leading to separation along a signifi-
cant portion of the potential punching shear
collapse surface. By virtue of this separation,
failure occurs at a load significantly lower than
the true punching or shear capacity of the panel.
Results for the slab subjected to a central patch
load of size 101.6 mm X 101.6 mm and reinforced
with p=0.6% are representative of this behavior,
with deep intrusions of tension cracking damage
(Figure Sa) prior to eventual collapse. The col-
lapse load recorded was only 31% of the full
punching shear capacity of the panel, with the
latter being defined to be attained for the case
where separation along potential shear collapse
surface is minimized, i.e. a highly reinforced slab.

Failure of weakly reinforced slabs is typified by a
measure of ductility (due to plastic flow of rein-
forcement) and wide cracks—and can be termed
a soft failure since energy is released gradually.
The failure load of such slabs would be close to
that given by a yield line analysis.

. At medium levels of main reinforcement, initial
damage to the slab again occurs in the form of
tension cracking in the radial direction, but the
crack arrest factor is higher due to increased rein-
forcement. As in the previous case, circumferen-
tial cracks are initiated at higher loads subse-
quently. However, as seen in the results for the
case of a slab representative of this case (rein-
forced with p = 3.14% (Figure 5b)), the damage
zone prior to impending failure is not as prepon-
derantly two way cracking as the case of the
weakly reinforced slab. Thus a greater portion of
the potential shear collapse surface remains in
contact and undegraded in shear transfer. The
intact segment of the potential collapse surface is
subjected to high shear and compressive stresses,
leading to plastic flow.

The plastic flow leads to increased strains in the
concrete, which then begins to crush under an
appropriate crushing criterion (in the neighbor-
hood of the load). The final event in the collapse
mechanism is a sudden displacement of the shear
cone relative to the rest of the slab—and it is this
phenomenon which has been misconstrued to
represent a punching or shear failure. This in
reality is a combined flexure—shear failure, with
significant damage components from both modes.

VIARANDN 5
KX
A .
41 77
111 LA S/ Y,
KX X LRAKX vaa VT 77x
(a) p =0.6% , P = 40 kN

NNRN

AAAA S .8 60 XA, T

(c) p=6.28% , Pu = 129.5 kN

- Crushed concrete
Yielded concrete
E2 cracied in one direction
@ Cracked in two directions

_ Probable locus of
failure surface

Figure 5. Influence of Total Reinforcement Ratio p on

Damage Zone at Ultimate Load P,.

Failure of such slabs is typified by decreased
ductility—since there is decreased yielding or
flow of reinforcement, although accompanied by
greater plastic flow of concrete. However, ulti-
mate strains in flowing concrete are significantly
lower than those in yielding steel. The failure can
be termed as semi-soft, because the displacement
of the shear cone as the ultimate event is accom-
panied by a sudden release of energy. The failure
load of such slabs cannot be predicted by either
yield line analysis nor by a pure shear or punch
analysis.

. At high levels of main reinforcement, initial

damage is essentially restricted to minimal ten-
sion cracking, with cracks being arrested prior to
any significant growth. The potential collapse
surface is mostly intact by virtue of compressive
stresses acting across it. Further damage to the
slab can occur only subsequent to plastic flow of
the large, undamaged concrete region culminating
in crushing of concrete. The final event in this
collapse mode is also a sudden displacement of
the shear cone relative to the rest of the slab—

The Arabian Journal for Science and Engineering, Volume 16, Number 3.
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but is different from failure as in (2) in that it is
preceded by minimal tension cracking damage
prior to punching action.

Damage zone for panel reinforced with p = 6.28%
(Figure 5c¢) is construed to be representative of
this mode of behavior, and the collapse load of
P, =129.5kN is taken as a measure of the true
punching capacity of the 76.2 mm (3 in) thick rein-
forced concrete slab, subject to a load distributed
on a central patch of size 101.6 mm X 101.6 mm
(4in X 4in).

Failure of such slabs is explosive and marked by
minimum ductility—since although concrete is in
a state of plastic flow, the tension reinforcement
is mostly in the elastic region. Thus the degree of
plasticity of a composite structure such as a RC
slab must be viewed with reference to degree of
flow of each material component. This reasoning
also explains how punching models based on
plasticity formulation [13, 15] can predict failure
loads of a seemingly overall brittle phenomenon—
queried as an apparent dichotomy by certain
researchers. The failure load of such slabs can be
approximately predicted by punching shear plas-
ticity models [19], in which the basic assumption
is an intact potential collapse surface prior to
failure and which is realized only in the presence
of high main reinforcement. Such failures repre-
sent a pure shear or a true punch failure of RC
slabs.

4.1.1. Influence of Support Restraint

The effect of support restraint on enhancement of
collapse load of the panel was modeled by laterally
restraining the four edges of the slab (u=v =0),
and an increase of 8.2% in the collapse load was
noted for the slab with total p = 3.14%. Figure 6
shows the damage zones at incipient failure, and the
depth of the crushed zone is more of the order of an
unrestrained slab of higher p (Figure 5c) rather than
that of its own counterpart unrestrained case (Figure
5b). Thus the overall effect of support restraint is to

R 7777 A
7777
7777, 777

).Ca7A 49,2 Z I

Figure 6. Effect of Support Restraint on Damage Zone.
(p=3.14%; P, = 112.5 kN; Shading as in Figure 5).

reduce the zone of cracking damage (by virtue of
in-plane compressive forces) and allow a greater
percentage of the true punching capacity to be
mobilized. A restrained slab with a given percentage
of steel behaves as an unrestrained slab of increased
p. It thus followed that the beneficial effect of edge
restraint on the collapse load will taper off with
increase in main reinforcement percentage, as the
two effects basically act in the same way to enhance
the capacity, leading to redundancy. This finding
corroborates the experimental evidence of several
research groups [1-4].

4.1.2. Influence of Shear Degradation

The cracked concrete is modeled to lose shear
stiffness gradually as the cracks become wider,
where according to [17], the cracked shear modulus
G° may be taken as

G =025G(1-¢le,) (14)

with G° =0 if the strain across the crack & exceeds
the fictitious strain .. Results of numerical experi-
ments on shear critical RC beams indicated ¢, to be
in the neighborhood of 0.004 to 0.005.

In order to see the influence of shear degradation,
slabs with two different percentages of steel were
analyzed, for three different cases:

1. No degradation i.e. G°=G
2. Normal degradation (as per Equation (14),
e, = 0.005)
3. Full degradation (i.e. G°= 0 on first cracking.
Results for the various cases are indicated in
Table 1. The percent difference between full degra-

Table 1. Influence of Shear Degradation on Failure Load.

Total Failure Load (kN)
Reinforcement p No degradation ~ Normal degradation  Full degradation ~ % Difference
] (2 ) “4) (2)-(4)/(4)
3.14% 113 99 94.5 19.5
1.57% 94.5 81.3 73 29.5

The Arabian Journal for Science and Engineering, Volume 16, Number 3.
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dation and no degradation is higher for the case of
lower total reinforcement (p = 1.57%), which shows
that the collapse load is more sensitive to shear
transfer modeling across cracks where cracked zones
form a greater component of the potential collapse
surface.

4.2, Implications for Girder—Slab Deck Systems

The results of the previous section have revealed
the close interaction between the amount of main
reinforcement and the true punching shear collapse
mode, which is the highest capacity that the slab can
attain prior to the localized failure. In the case of
girder—slab bridge deck systems where the slab itself
is not too thick, and total slab reinforcement in the
two directions is of the order of p = 2%, the problem
of reduced collapse load by virtue of crack propaga-
tion under repetitive loading becomes real.

In order to simulate this effect, a numerical exper-
iment was carried out. The experiment was con-
ducted on the same panel as used in the previous
section with initial total p =1.57%. It was patch
loaded to 54% of its collapse load, using a central
101.6 mm x 101.6 mm (4inx4in) patch. The
damage zone was recorded (Figure 7) and the slab
unloaded. The steel reinforcement was now increased
to total p=6.28%, and the damaged slab was
reloaded to failure. Failure of this slab occurred at
66% of its virgin strength recorded earlier as 129.5 kN.
The reason for this reduction is that the cracking
damage zone at the initial loading stage exceeded the
cracking damage near ultimate conditions of a corre-
sponding healthy panel (p = 6.28%) loaded mono-
tonically to failure. Thus the full punching capacity
of the damaged slab could not be mobilized due to
presence of extended separation zones over the
potential collapse surface.

The foregoing experiment illustrates vividly that
the propagation of cracks under repeated loadings of
a bridge deck will reduce the collapse load associated
with a localized failure. The localized failure of a
slab reinforced only with main reinforcement is
crack or notch sensitive, and is of unstable type as
opposed to a pure flexural failure which is normally
stable. The latter requires increasing loads to extend
cracking zones further, whereas the shear—flexure
mode of failure in the absence of shear reinforce-
ment is unstable, and highly effected by extent of
tension cracking damage zones.

The philosophy of using minimal main reinforce-
ment in deck slabs [12] should be reconsidered,
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Figure 7. Damage Zone at P/P, = 0.54 kN.
(p =1.57%; Shading as in Figure 5).

especially in areas where repeated loads of high
magnitude are known to occur. Experience has
shown that under heavy service loads, the probable
mode of failure in a girder—slab or box girder deck
system is the localized “pot hole” type of failure [20].
In the absence of shear reinforcement, sufficient
amount of main reinforcement for a given slab thick-
ness should be provided in order to minimize intru-
sion of two way cracking damage and preclude
premature localized failure.

5. CONCLUSIONS

A nonlinear finite element model with compo-
nents embedded to simulate damage due to tension
cracking, shear-compression yielding and crushing of
concrete and elasto-plastic response of reinforce-
ment is seen to simulate realistically the transforma-
tion of failure modes resulting due to variation in
steel percentage p, and also to exhibit enhancement
in collapse load of laterally restrained slabs.

The definition of true punching capacity under
central patch loads of small size is enunciated as the
phenomenon dominated by plastic yielding of con-
crete with minimal tension cracking damage, and is
shown to be approached asymptotically with increas-
ing percentage of main steel reinforcement.

On the other end of the spectrum, at very low
levels of main reinforcement, failure is seen to be
dominated by two way tension cracking and rein-
forcement yielding and constitutes the classical
flexural failure. For low to medium levels of rein-
forcement, the failure modes exhibit damage compo-
nents defined as a flexure—shear interactive failure.

In order to minimize the most probable mode of
failure in thin slabs of girder—slab or box girder deck
systems under repeated cycles of heavy service loads,
an amount of main reinforcement close to maximum
permissible should be provided to pre-empt localized
pot hole types of failure. This philosophy would help
in upgrading bridge deck slabs which may be consid-
ered adequate for conditions at time of design to
meet increased loading requirements of the future.
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NOTATION

E, = modulus of elasticity of concrete

E,E/ = elastic and tangent moduli of steel,
respectively

fe = concrete compressive strength

f; = concrete tensile strength

1y = steel yield strength

) = angle of internal friction

0 = angle of similarity

di = proportionality constant for plastic
vector

0., 0,, 0, = deviatoric normal stresses in x, y, and
z directions

£, = crushing strain of concrete

€, = fictitious cracking strain used to de-
grade shear modulus G

Em, O = tension stiffening parameters.
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