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ABSTRACT

A numerical moment method is presented for solving the problem of radiation of
a monopole antenna mounted perpendicularly on a perfect conducting finite
circular thin disk at its center. The stationary lines of flow concept is first applied to
simulate the disk with a wire grid model. Electric field integral equations of the
Pocklington’s type are then formulated for the resulting wire antenna structure.
These, in turn, are solved by the entire domain Bubnov—Galerkin technique using
Lagrangian interpolation polynomials as basis functions. A finite-width gap model
is used to represent the source at the base of the monopole. The results obtained
show good agreement with other methods available in the literature.
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RADIATION OF A MONOPOLE ANTENNA
MOUNTED ON A CIRCULAR FLAT DISK

1. INTRODUCTION

The behavior of dipole antennas in free space is
well defined to all antenna engineers. A problem of
continued interest is the behavior of such antennas
when they are mounted on or placed near quite
arbitrarily shaped conducting objects like aircraft,
vehicles, ships, and buildings. The characteristics of
interest, in these cases, include the radiation pat-
terns, the input impedance and above all the currents
induced on the surface of the conducting body.

The vertical monopole antenna above a circular
ground horizontal plane is among those problems of
practical importance. It is given special attention
because it is commonly employed in airborne and
ground-based communication systems at a wide
range of frequencies. The electrical properties of
such an antenna depend mainly on the size of the
ground plane and the length and radius of the
monopole. While the effect of an infinite plane can
be easily predicted in terms of images, the effect of a
plane of finite extent poses a much more difficult
problem. The outer edge diffraction of the incident
radiation modifies the currents on the ground plane
and on the monopole from those of an infinite plane
case. This diffraction becomes more and more
significant as the ground plane size decreases.

Different techniques for dealing with the problem
of a monopole above a circular conducting disk,
have been used by different authors. Leitner
and Spense [1] considered the case of a quarter-
wavelength monopole above a circular disk of zero
thickness, using the wave functions of the oblate
spheroid and assuming a sinusoidal distribution of
current on the antenna. Their method suffered from
the serious restriction of using only a quarter-
wavelength antenna, and their solution converged
very slowly for the larger radii screens besides being
of lengthy numerical computations. In an attempt to
determine whether the disk was large enough to be
considered as an infinite screen, and without putting
any restriction on the length of the antenna, Storer
[2,3] used the variational method to solve the
integral equation for the radial component of the
electric field. He found that the effects of a finite
screen decreased very slowly as the diameter of the
screen increased. The input impedance was found
[4] to uphold this conclusion as it approached the
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impedance of the infinite screen case for rather small
values of the disk radius.

Thiele and Newman [5] combined the method of
moments (MM) for the monopole with the geomet-
rical theory of diffraction (GTD) for a disk larger or
comparable to the wavelength. They used a mag-
netic frill representation—for the coaxial aperture at
the base of the monopole—which closely modeled
the actual physical geometry. They obtained agree-
ment with experiment for both cases of the circular
and the octagonal ground planes. However, as the
number of sides of the octagonal disk increased,
their method did not converge to the circular ground
plane case. Also using GTD combined with MM,
Awadalla and Maclean [6] extended the principle of
the fictitious magnetic ring current, used for the
circular ground plane, to the polygonal case, in order
to obtain a good convergence to the circular shape as
the number of sides of the polygon increased. The
use of fictitious edge currents technique in the calcu-
lation of the input impedance was quite satisfactory,
but, when it was applied to the radiation pattern,
poor results were obtained, especially for smaller
ground planes. Through the use of the equivalence
theory, physically real estimated currents on the
circular ground plane were obtained [7] and found
to be useful in finding the radiation pattern,
particularly for small ground planes.

Richmond suggested the sinusoidal—Galerkin
moment method for a monopole at the center of a
circular disk of radius not too large compared to the
wavelength. He considered two cases. In the first
case, the monopole—disk antenna was isolated in
free space [8] and in the second it was placed over
the flat earth [9]. Marin and Catedra [10] discussed
the calculation of the input impedance of a monopole
located at any point on a circular disk and oriented
in an arbitrary direction using the combined tech-
niques of GTD and MM with triangles and pulses as
basis and testing functions. Weiner [11] compared
the different input impedances and directive gains
obtained by all the above methods for arbitrary
antenna dimensions, and considered the best
available results only.

Here in this paper, a technique different than
those mentioned above is presented. The radiation
problem of a monopole antenna placed vertically at
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the center of a perfect conducting finite circular thin
disk is tackled, through the use of the method of
moments [12], in order to find the current distribu-
tion on the antenna structure and hence calculate the
far field pattern. The input impedance is also consid-
ered, mainly because besides being a quantity of
interest in its own right, it is a good indicator of the
overall accuracy in most moment method solutions.
The stationary lines of flow concept is first applied
and simulates the disk by thin radial wires intercon-
nected at the center of the disk. Each of these wires
and the monopole wire, is then represented by a
single Pocklington’s integral equation. The resulting
set of integral equations is solved through the use of
the entire domain Bubnov—Galerkin projective
method. Lagrangian interpolation polynomial basis
functions are used to approximate the currents on all
wires. A finite-width gap model is used to represent
the source at the base of the monopole. The results
obtained show good agreement with the techniques
mentioned above.

2. FORMULATION OF THE PROBLEM
2.1. Problem Configuration

Consider a monopole of length k& located above a
circular disk of radius R as shown in Figure 1. Both
are made of perfect conductors and are infinitely
thin; «a is the radius of the wire and 2t is the disk
thickness. The disk lies in the horizontal x—y plane
and the monopole is put vertically along the z-axis

Y 4

Figure 1. A Monopole Antenna Mounted on a
Circular Disk.
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perpendicular to the disk with its lower end joining
the disk at the center. The monopole is driven at the
base, and 2g is the axial width of the gap across
which a uniform field is impressed to represent the
source of excitation. This width is very small in terms
of wavelength.

2.2, Modeling the Disk by Radial Wires

The surface current J; on a conducting surface
induced by an electromagnetic field may be found by
applying the boundary condition,

J,=AaxH. 1)

Equation (1) states that the current per unit width
J, over the surface of a perfect conductor is equal to
the magnetic field strength H just outside the surface.
The magnetic field and the surface current are par-
allel to the surface and perpendicular to each other;
i denotes a unit vector normal to the conductor.

For an isolated dipole along the z-axis in free
space, the only existing magnetic field component is
the azimuthal component H,. When a flat conducting
plate is put horizontally near the dipole as shown in
Figure 1, a surface current is induced. According to
Equation (1), the directions of flow of this induced
current are perpendicular to H,, i.e. along radial
lines. If it is assumed that the surface current at any
point can change in value but not in the path along
which it flows, then such lines may be described as
stationary lines of flow [13]. The orientation and
distribution of the stationary lines of flow on the disk
help the formation of its wire grid model. Therefore,
the disk shown in Figure 1 may be modeled by a set
of radial wires as shown in Figure 2. Their locations
are directly related to the stationary lines of flow
on the disk, and describe the path along which the
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Figure 2. Modeling the Disk by N Radial Wires.
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surface current flows. The arrows indicate the direc-
tions of current flow. The number of wires must be
chosen to give as accurate results as possible. As
more radial wires are added to simulate the ground
disk, the more effective the screening of the monopole
from the region below the disk becomes, and hence
the closer the solution is to the exact one.

2.3. Electric Field Integral Equations

Consider that the disk is replaced by N radial thin
wires, each having the same monopole radius a, as
shown in Figure 2. The problem, in this case, is
reduced to solving that of a wire antenna structure of
N+1 wires interconnected at a single junction located
at the center of the disk.

By applying the boundary condition requiring that
the tangential electric field on the surface of each
and every wire element is zero, N+1 electric field
integral equations of the Pocklington’s type can be
formulated. Each of these wires, including the
monopole, is represented by a single integral equa-
tion. Similar equations are obtained in a previous
research work dealing with wire scatterers [14].
These equations are,

m=1 Jo

1 N+l piy,
o L[ e Fous) o,
+ﬁ'E£:n(Sn):0
n=12,.,N+1 )

where 1”(s,,) is the current at the source point s,, on
wire element m whose length is /,,, and F(s,, s,,) is,

exp(~j k R,.)
RS

x [m-AR.,(-1-jkR,, +k*R},)
+(lzmn : l’il) (Rmn ) ﬁ)
X (3+j3k R,,— K R},)] &)

F(s,, s,) =

R, is the distance between the field point s, on wire
n and the source point s,, on wire m. It is given by,
RL, = (x,—x,+s,% A—s, & m)

A

+ (Y= YmtS, ¥ h—s,§ m)
+(th—zm+sni‘ﬁ-Sﬂli.ﬁ‘)z-‘ﬂafl (4)

(x4 ¥u» 2,) and (x,,, y,,, 2,,) are the cartesian coordi-
nates of one end of wire elements n and m respec-
tively. rh and f are unit vectors along the wires m
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and n respectively, and show the direction of current
flow along the wire. k is equal to 2mw/wavelength.
E."(s,) is the tangential component of the impressed
electric field along wire n at point s,. Simple har-
monic time dependence at angular frequency w,
exp(jot), is assumed and will be suppressed in all
field quantities. ¢ is the permittivity of the medium.

3. BUBNOV—GALERKIN SOLUTION

3.1. Generation of the Matrix Equation

The solution of the system of integral equations
are obtained through the use of the entire domain
Bubnov—Galerkin  projective  method  with
Lagrangian interpolation functions used as basis
functions [14]. Therefore, the current in (2) is first
approximated by,

L
1"(sn) = L 17" 9,(6,) )

fom
where ¢ is the interpolation polynomial,
(sm_sl)“'(sm_sl"‘l) (Sm_SpH)...(Sm_SL)
(5,751 - (5,— 5,0 (5,=8,41) - (S,— 1)
and the node s, is given by

s,=(p-11L,/(L-1), p=12,.,L,

L is the number of interpolation nodes along the
wire, and ([, p=1,...,L) are the unknown
complex current coefficients to be determined.

by(sn) =

Taking the inner product projection of both sides
of (2) onto the subspace spanned by the basis
functions, the following set of linear algebraic
equations are obtained,

jm L
4 k

m=1p=1

{1y I
X I;IJI:J (bi(sn)Jl d)p(sm) F(sn* Sm) dsm dén}

N vflnﬁ ’ E'im(sn) (bi(slt) dS,,

i=12,...,L, n=12,...,N+1, 6)

where v is the intrinsic impedance of the medium.
The impedance matrix elements of the left hand side
of (6), contain near singular integrand of either of
two types. Diagonal elements, generated when the
source and field points are on the same wire and
approach each other (i.e. s, =s,), involve a singu-
larity of the type encountered before [15]. However,
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off-diagonal elements, obtained when the source and
field points are on two different wires and approach
the junction point (i.e. s,=s,=0), also contain
near singular integrands. These are of two different
forms depending on whether the two wires are col-
linear or are forming an angle between them. The
latter two cases are previously encountered and
treated in earlier research works [14, 16]. At the
junction of all wires at the center of the disk,
Kirchhoff’s current law is applied resulting in an
equation which reduces the number of unknowns of
(6) by one. The appendix shows how this is enforced
during computations.

3.2. Determination of the Excitation Vector

The present problem is on radiation of the
monopole mounted on a circular disk. The source of
excitation is at the base of the monopole. It can be
modeled as a dielectric gap across which a time har-
monic excitation voltage V exp (jot) is maintained,
V being the complex voltage amplitude, and @ the
radian frequency. The base-fed monopole represents
the physical model for the field source on the anten-
na structure under consideration. Mathematically,
this could be represented by the delta-gap model jn
which the voltage V is maintained across an infinites-
imal gap. Despite the immense success of his model
in the far field computations, the delta generator has
been criticized on many occasions, mainly on physi-
cal grounds. An alternative model is the magnetic
frill which appears to be a nearer approximation to
the actual source, as in the case of an infinite plane
structure. The ground plane considered here, is
assumed to be of finite electrical dimension. Hence,
the finite-width gap model is thought to be, more
suitable to the present application. Also, it was
found to be an adequate model for the source for far
field pattern and current distribution computations
on straight wire antennas [15]. The boundary condi-
tions on the impressed field across the finite-width
gap, shown in Figure 1, can be stated in the form,

y
Em=< 8 )
0 elsewhere on the monopole
By substituting (7) in the R.H.S. of Equation (6),
the excitation vector will be a string of zeroes except
at the entry corresponding to the first node, of the

monopole, at which the source is located, as in
Equation (8).
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RHS. =| 0

1 |« corresponds to the first node
0 at the base of the monopole
0 ®)

Here, the excitation voltage has been normalized to
1 volt.

4. RADIATION FIELD FOR THIN WIRES

Once the current coefficients are obtained from
the solution of (6), the far field pattern can be easily
determined. The radiation field at any point in space
is given by the vector sum of the fields of all wire
currents.

Consider one of the wires modeling the disk, as
shown in Figure 3. Its ends are labeled with
(x, y1, 2;) and (x5, y, 2,). The magnetic vector
potential, at point f(r, 6, ¢), expressed in terms of
the spherical coordinates, is,

[ exp(—j k R,)
A= mJ L(sw) 1 Tff ds, (9)

where w is the permeability of the medium, and

@ = ﬁ<x11—xz) 4 y(}ﬁl—)’z) 4 i(zll—zz) (10)

and

R}, = {rsin6 cosd—(x,+s, % - m)}
+ {rsin@ sind—(y,+s,, y - m)}?
+ {r cos0—(z,+s,, 2 - m)}* . (11)
For large values of r, Equation (11) reduces to
R, ;= [r—sin® cos d(x,+s,, X - m)—sin0 sind
“(y,ts, §-m)—cosO(z,+s,z-m)] . (12)

At the far field point, the electric field components
are:
E;= -joA-8
o ! : } (13)
o = TJw A- (b s
where the spherical unit vectors § and ¢ may be
expressed in terms of the cartesian unit vectors as,

0 =%cosd cos6+¥ sind cos0—12 sinf 14
ci)= —Xsind+y§ cosd (14)
Substituting (9) and (14) into (13), considering m

and R, of (10) and (12) respectively, and also
considering the N+1 wires of Figure 2, we obtain
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Figure 3. Calculation of the Radiation Field of a Wire.

N+1

exp( jkr) Z jm 1.(5.)

4w r et

Eﬂ(r3 e’ ¢) ==

-exp(j kq) ds,, - [(R - rh) cos ¢ cos O
+ (§ - ) sind cos 0 —(Z - ) sin 6]
(15a)
ex kry & (im
p RIS [ o

E(b(r, 97 d’) = _.] 4,“, r

-exp(jkq) ds,, - [—(%-m) sind

+ (§ - ) cos d] (15b)

where g =sin0 cosd(x,+s,, & -m)+sinf sind
“(y+5, ¥ -h)+cos0(z,+s,, - M)
The integration appearing in (15) is easily evalu-

ated using a simple Gauss—Legendre quadrature
formula.
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5. NUMERICAL RESULTS

In this section, numerical results are given in order
to illustrate the ability of the present approach in the
analysis of a monopole above a circular finite disk.
Based on the above equations, a digital computer
program, written in FORTRAN and run on the dig-
ital equipment corporation VAX 11/785 computer,
is developed. The problem under consideration is
solved here for the current distribution, input imped-
ance and far field pattern and for different disk radii
so as to allow the comparison with Richmond and
Awadalla’s results. A normalized voltage source of
1 volt is taken to be at the base of the monopole. The
disk is modeled once with 8 wires and a second time
with 16 wires. Their radii are taken to be the same as
the monopole radius. The current on the monopole
is approximated by a second order polynomial while
it is approximated on those wires modeling the disk
by second, third, and fourth order polynomials when
02A<R=<0.5A, 0O5A<R<10\, and 1.0A<R
< 1.4\ respectively.
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The thin circular metallic disk with the monopole
at the center is solved for different values of the disk
radius R ranging between 0.2X and 1.4\. The
monopole length and radius are respectively 0.229 A
and 0.003 \. By modeling the disk by 8 radial wires,
the input impedance of the antenna is computed,
plotted in Figure 4, and compared with that obtained
by Richmond [8]. It is clear that they agree well for
smaller disk sizes and diverge a little for larger sizes.
For more comparisons, another problem is consid-
ered here and compared with another technique,
namely that of Awadalla and Maclean [6]. The input
impedance of a A/4 monopole of diameter %8 inch on
a circular disk of diameter 3 feet is computed and
illustrated in Figure 5. Close agreement is shown
between both results for both the resistance and
reactance components of the input impedance. In
this case, the disk is also modeled by 8 radial wires.

Input Resistance (ohms)

When the monopole length is changed to 0.25\
keeping its radius at 0.003 \, the current distribu-
tions on the radial wires of the circular disk are 02 04 06 08 1.0 12 1.4
computed and plotted in Figure 6 for different disk — RI/A
radii. This has been considered for the two wire (a)
models of the disk. No fundamental difference was
shown between both cases. Although the currents at
the free ends of the wires are not forced to be zero,
yet the current distributions show fairly good zeros
at those ends. Richmond’s results [8] could also be
well compared with our results, however, they are VN o ’\
not shown here for the sake of clarity. It is worth-
while to note that the increase of the number of
wires—modeling the disk—will, of course, improve
the computed current distribution. However, this
will be at the expense of an increase in the computa-
tional time and effort, without gaining much accu-
racy in the far field pattern and input impedance.
Therefore, the upper limit on the number of wires is
decided by answering the following question; “How
much accurate the result is needed and how much
computational time and effort are afforded to spend
to reach such accuracy?” On the other hand, there is
always a minimum number of wires below which the -20
wire grid model is said to be “incorrect”, i.e. giving
inaccurate results. This, mainly, depends on the
monopole and disk dimensions. -7 NS S R S T S T

) o ) ) 02 04 06 0.8 1.0 1.2 1.4
Also, illustrated in Figure 7, is the far field pattern
(E, versus ) for a monopole of length 0.25\ and — R/A
radius 0.0026 A on a circular disk of radius 0.6 \. {b)
The disk is modeled by 16 radial wires. Also shown Figure 4. Input Impedance of a Monopole (h = 0.229\,
for comparison are the results obtained by Awadalla a=0.003\) as a Function of the Disk Radius R.
and Maclean [7]. ___ This Method; x x x Richmond [8].

-10 -

— 3¢

-15 -

Input Reactance (ohms)
t 4
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60

0.0 } ‘ { | I | |
0.2 04 0.6 08
PIA —>
(b)

Figure 5. Input Impedance of a Monopole (h = 0.25\,
a=0.0625in) on a Circular Disk of Diameter 3 feet.
— This Method; ooo Awadalla and Maclean [6].
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1.0

6. CONCLUSION

The surface current, input impedance, and radia-
tion pattern are obtained for a monopole antenna
radiating in the presence of and mounted on a per-
fect conducting circular thin disk. The disk is first
modeled by radial wires using the stationary lines of
flow concept. Then, the solution of the resulting wire
structure is obtained through the use of an entire
domain Galerkin’s formulation. Radial wires are
found to act essentially the same as the continuous
metallic disk surface which they replace without
significant alteration to the results. Discrepancies
shown in the comparison, may be due to insufficient
number of wires modeling the disk resulting in a bad
screening for the monopole, or due to considering
those wire radii equal to the monopole radius. Good
results are obtained for disks with radii about one
wavelength or less. For larger radii, the accuracy
drops off rapidly due to the finite number of quad-
rature nodes used in performing the integrations of
the matrix elements. Also the solution diverges when
more than fourth or fifth order polynomials are
used. Computation is greatly reduced because of the
symmetry of the problem and its chosen model.
Typical CPU time on VAX 11/785 is around 2 min-
utes for an 8-wire disk model and 10 minutes for a
16-wire disk model when second order polynomials
are used on all wires. This is about 10 times (or over)
slower than corresponding runs on the IBM 3083

1.0

©
™

©
o

Current I (p)

©
S

0.2

0 L ] ] ]
0 0.2 0.4 0.6 08

PIR
Figure 6. Current Distribution on the Radial Wires of the
Circular Disk of Figure 2. Monopole Length = 0.25 \ and
Monopole Radius = 0.003 X for Different Disk Radii.

1.0
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APPENDIX

At the junction (i.e. at the center of the disk),
Kirchhoff’s current law must be satisfied. Consider
the N+1 wire structure shown in Figure A, and let
the current on each wire be represented by a quad-
ratic polynomial (i.e. three interpolation nodes on
each wire). Apply Kirchhoff’s current law at the
junction,
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Figure A. Junction of N+1 Nodes at the Center of the Disk.

Equation (A.1) will reduce the number of
unknowns (3N+3) by one. The relation between the
interpolation coefficients of the conjoint structure
and that of the corresponding disjoint structure can
be obtained if we consider (A.1) as a mapping of the
(3N+2) unknowns of the conjoint structure into the
(3N+3) unknowns of the disjoint structure [15]
(Equation (A.2)).

I 1 I,

L 1 I

L 1 L

: = : (A.2)
Ly 1 Ly

Ly,y| |0 0 1001...1 0 0| |Lye

Liniy 1 0 Ly

Ly,s 1) = -

Equation (A.2) may be written in matrix form as

1% =Cre. (A.3)
Substitution of (A.3) into
Zdis Idis - Vdis , (A4)

(corresponding to Equation (6) of the disjoint struc-
ture) and premultiplication by C” yields

CT Zdis C I = CT Vdis (AS)

July 1989



which can be put in the form
Zeon eon — yycon
where,
Ze"=CT'z%C

and

July 1989

M. A. Hassan

yen = CT v, (A.8)

(A.6) Evaluation of (A.7) requires simple row and
column operations on the existing coefficient matrix
Z%_ while to evaluate (A.8), only row operations

(A7) are required on the excitation vector V%, Equation
(A.6) is then solved for the unknown current
coefficients 1°".
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