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ABSTRACT

The problem of the coupling effect between free convection inside a rectangular
enclosure and forced convection outside is investigated. The bottom plate of the
enclosure is isothermal while the two side walls are adiabatic. The enclosure which
is inclined at angles between 40° and 90° has an aspect ratio AR ranging from 1 to
10. The Rayleigh number (based on the height of the enclosure) is in the range
Ra < 8x10* while the Reynolds number of the external flow Re <3x10°. The
accuracy of the numerical scheme used for solving the governing equations is first
verified by solving the standard cavity problem (internal free convection only) and
comparing results with those obtained by previous investigators. The coupling
effect between the internal and external regimes resulted in a reduction in the heat
rate in comparison with the standard problem. The rate of heat transfer is found to
be maximum at AR = 2 and decreases with further increase of AR. The increase of
the inclination angle is found to reduce the heat transfer for AR <4 while
increasing it for AR > 4. The temperature reversals occur inside the enclosure and
are slightly affected by the external flow. The unidirectional flow results in heat
transfer rates lower than those obtained for the corresponding counterflow regime.
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COUPLED CONVECTIVE HEAT TRANSFER FROM
AN INCLINED FLAT PLATE ENCLOSURE

NOTATION

a,, a,, a, Coefficients in Equation (14)

AR Aspect ratio: AR=L/H

G, Specific heat at constant pressure

g Acceleration due to gravity

Gr Grashof number:

B Gr=gBH(T,—T,)/v*

h, h Local and average heat transfer
coefficients

H Height of the cavity

1 Variational functional

k Thermal conductivity

L Length of the cavity

Nu, Nu Local and average Nusselt numbers

Pr Prandtl number: Pr=unC,/k

q, Flux

Ra Rayleigh number:
Ra=pgB H(Ty—T.)/pa

Re Reynold’s number: Re=p UL/pn

T Temperature

u, v Dimensionless velocities in the x and y
directions

U Free stream velocity

X,y Dimensionless coordinates

Greek Symbols

o Thermal diffusivity
Coefficient of thermal expansion
v? The Laplacian operator:

Vi=9%/ax’+a%/ 9y’

L Dimensionless vorticity

6 Angle of inclination

0 Absolute viscosity

v Kinematic viscosity

p Fluid density

Lo} Dimensionless temperature:
é=(T-T.)/(Ty—T.)

Y Dimensionless stream function

Subscripts

H Hot plate

w Wall

© Far away from the enclosure

1. INTRODUCTION

The phenomenon of confined natural convection
has been a source of challenge to theoreticians and
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experimentalists for several decades. Buoyancy
driven flows in confined spaces occur in many
practical applications such as thermal insulation of
buildings, cooling fluids in channels surrounding the
core of nuclear reactors, cooling of electronic equip-
ment, and underground electric cables. Recently,
there has been more interest towards the improve-
ment of the efficiency of flat plate solar collectors by
reducing the heat loss through the cover plates. An
extensive literature survey of such work has been
given by Catton [1] and Karayiannis [2]. The bulk of
this research was devoted to studying the convection
phenomenon within cavities in vertical, inclined, or
horizontal positions. Based on these studies, the heat
losses were calculated assuming isothermal upper
and lower surfaces. Although this assumption led to
great simplification of the problem it does not take
into consideration the thermal interaction between
the internal free convection and the external heat
transfer regime.

The first study on the thermal interaction between
internal and external convection for a vertical square
cavity was carried out by Sparrow and Prakash [3].
In their study, the hot plate was isothermal while the
cold plate was subjected to an external natural con-
vection boundary-layer flow. The range of Grashof
number considered is 10° < Gr< 10" while the
Prandtl number Pr=0.7. The interaction between
the two regimes resulted in about a 40% reduction in
the heat transfer rate. Recent studies of coupled
convection from a rectangular cavity were carried
out by Saidi [4], and Saidi, Tarasuk, and Base [5].
The first one [4] represents an experimental investi-
gation of the coupling effect for a horizontal cavity
with an aspect ratio in the range 8.85 <AR <36.8
and Rayleigh number in the range 10’ < Ra < 10°.
The effect of an external forced convection on the
top plate was found to moderately affect the free
convection regime within the cavity.

The problem of the coupled convective heat trans-
fer from an inclined solar collector was investigated
experimentally by Karayiannis and Tarasuk [6].
External natural convection was assumed on the top
surface of a rectangular enclosure. The study con-
sidered the ranges Ra < 6X10°, 6.68 < AR < 33.4,
and angles of inclination between 15° and 60°. The
temperature on the cold plate was found to increase
monotonically with distance from the leading edge.
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Temperature reversals also occurred and became
more pronounced with increasing angle of inclina-
tion. The heat rates for the coupled convection at
high Rayleigh numbers were found to be lower than
those obtained for the case of isothermal cold plate.
Detailed experimental results were also reported in
[2] for the effect of coupling between the internal
free convection and external forced convection.

To the best of the authors’ knowledge, no other
work has been reported dealing with this phenome-
non. This work aims to investigate theoretically the
coupling effect between an internal laminar free
convection and an external forced convection for an
inclined flat plate enclosure. A solution scheme that
incorporates thermal interactions between the
internal and external flows has been developed. The
effect of aspect ratio, angle of inclination, Rayleigh
number, and Reynolds number on the heat transfer
are investigated. Numerical solutions were carried
out for enclosures with aspect ratios ranging from 1
to 10 and inclined at angles between 40° and 90°. The
Rayleigh number ranged between 2 x10° and 8 x10°

while the external flow Reynolds number was either
6x10* or 3x10°. The problem is investigated when
the flows on the top (forced) and bottom (natural)
of the cold plate are either in the same direction
(unidirectional flow) or in opposite directions
(counter flow).

2. PROBLEM STATEMENT AND
GOVERNING EQUATIONS

In this problem, a rectangular enclosure ABCD of
width L and height H is inclined at an angle 6 with the
horizontal, as shown in Figure 1. The lower plate (AB)
is hot and has a uniform temperature distribution
while the two side walls (BC and AD) are thermally
insulated. The top plate (CD) is cold and subjected
to an external forced convection regime on the upper
side. The flow inside the enclosure is steady and driven
by buoyancy forces. The flow is considered incom-
pressible and viscous heat dissipation is neglected.
By invoking the Boussinesq approximation, the
equations governing the flow and heat transfer can
be expressed in a dimensionless form as:

Figure 1. Schematic Representation of the Enclosure Showing the Direction of the External Flow for Unidirectional and
Counter Flow Regimes.
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where Pr=upC,/k is the Prandtl number,

Ra=gBH(Ty—T.)/va is the Rayleigh number
and the velocity components u and v are related to
the stream function ¢ by
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The dimensionless variables (x, y, ¥, u, v, {, &) used
in Equation (1—4) are normalized using:

=X -y I
T YT EH Yoo T
PR et I _wH _vH
TT,-T. YT a4 VT &

where all quantities with primes are dimensional.

In addition to the thermal boundary conditions
explained above, the velocity field is characterized
by the no-slip and impermeability conditions at the
four solid walls of the enclosure. The boundary
conditions can then be expressed as,

u=v=4¢y=0, =1 at y =0 (5a)
u=v=¢y=0, bdb=0¢(x) aty=1 (5b)
u=v=y¢y=0, %%—:O at x =0

and x = AR, (5¢)

where AR = L/H is the aspect ratio. The function
¢(x) in Equation (5b) describes the temperature
distribution on the top plate (CD) and is to be
determined from the solution. The forced flow
approaching the upper side of CD is assumed to have
a uniform temperature 7, which will be referred to
as the ambient temperature.

3. THE METHOD OF SOLUTION

The method used for solving the present problem
deals with two different heat transfer regimes having
the top plate (CD) as a common boundary. The
conservation equations and boundary conditions
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governing the flow inside the enclosure are different
from those to be used for the external flow. Accord-
ingly, the problem is subdivided into two problems,
one for the internal flow inside the enclosure and the
other deals with the external flow. In the following,
the method of analysis for each region is first presented
and then the solution method for the coupled
problem is explained.

3.1. The Internal Free Convection

The flow inside the enclosure is only driven by
buoyancy forces and the equations governing the
fluid motion are Equations (1—3). The boundary
conditions are all defined in Equation (5) except for
the temperature distribution [&(x)] on the top plate.
To start the solution &(x) will be first assumed and
then corrected as will be explained in section 3.3.
A variational finite-element method, similar to that
developed by Badr [7—8] and Badr and Base [9], is
used to solve Equations (1—3) inside the enclosure.
In this method, the variational functional of each of
Equations (1-3) is considered to be exactly the
same as that of Poisson’s equation. Accordingly, the
non-linear terms in Equations (1) and (3) are con-
sidered invariant when. obtaining the variational
functional. These terms are approximated using the
more recent values of the field variables (§, {, ) in
an iterative type solution. The functionals for these
three equations can be written as:

3 a_g- 2 a_C 2
=[G ()
- {Ra (% cos @ — % sin 6)

1 /od al ol a(
¥ 7»7(@ ax  ax 5;)}€] da

(AT @) o

el - ()

The extremization of each of these functionals
with respect to the nodal values of the corresponding
field variable results in a set of linear algebraic
equations. The solution of the three sets of equations
gives the distribution of the vorticity, stream function
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and temperature all over the field. Details of the
solution procedure are given in References [8—9]
and need not to be repeated here.

3.2. The External Forced Convection

The top plate, which is considered to have a
negligibly small thickness, is assumed to have infinite
conductivity. The interaction between the internal
and external heat transfer regimes leads to a non-
uniform temperature distribution on that plate.
According to the literature, there is no exact solution
for the forced convective heat transfer from a flat
plate having a non-uniform temperature distribu-
tion. The only approximate solution found is that by
Kays [10] which provides the surface temperature on
a flat plate with any arbitrary heat flux variation.
This solution can be written in integral form as,

T(x) - T,

0623 . [ o I
= TPr' ’ Re, J:) {1 - ('E) :I q,(€) d& ,
9)

where Re, = Ux/v is the local Reynolds number
at any station x, U is free stream velocity, £ is the
distance from the leading edge, and g,(£) is the heat
flux variation.

In order to obtain the temperature distribution
using Equation (9), the integral term must be
evaluated, and this requires the heat flux distribution
q.(£) to be known. After investigating several cases,
the following second degree polynomial is found to
approximate the heat flux with reasonable accuracy,

9.(§) = a, + a,f + @€’ . (10)

The integral term was then calculated using the beta
function and resulted in the following expression for
the temperature distribution:

0.623 , .
T(x) - T, = —-—k—-Pr’”’Re ”

4
x -3’-‘ (2.65a, + 2.02a,x + 1.74a,x?) .

(11)

3.3. The Coupling Between Internal and
External Regimes

The thermal interaction between the internal and
external heat transfer regimes occurs through the
common conductive boundary (plate CD in Figure 1)
which has an unknown temperature distribution ¢(x).

The Arabian Journal for Science and Engineering, Volume 15, Number 3.

This temperature distribution results from the heat
balance between the two regimes. The mathematical
solution of either one of the two problems requires
prior knowledge of ¢(x). In order to overcome this
difficulty, only one of the two regions is considered
at a time in a successive manner, the outcome of one
being fed to the other across the common boundary,
forming an iterative type solution method.

Initially, the stream function ¢ and the vorticity {
are assumed to be zero everywhere inside the enclo-
sure. The temperature ¢ is also assumed zero every-
where except on the bottom plate (AB) where & = 1
(this may be similar to the situation when the bottom
plate is suddenly heated in a time-dependent
problem). The solution of the governing Equations
(1-3) according to the method described in section
3.1 results in the new values for ¢, {, and ¢ inside
the enclosure. The local heat flux distribution along
the top plate (CD) is then calculated. This flux is
now used in Equation (9) to obtain a better approxi-
mation for the temperature distribution on the plate.
The obtained distribution ¢(x) is again used as an
improved boundary condition in the solution of
the internal problem. The process continues until
convergence is achieved.

4. DISCUSSION OF RESULTS

Before discussing results we first define the local
and average heat transfer coefficients # and h such
that

_k]o¢ _ L[
h—H[ay]w, h_thdx. (12)

0

The local and average Nusselt numbers Nu and Nu
are defined as:

L

Nu =}-1ki1= - [-‘?‘i]w, m=%‘[) Nudx .(13)

In order to verify the accuracy of the method of
solution it was first used to solve the problem of
natural convection inside a rectangular enclosure
with two opposite isothermal walls. This problem
has been studied extensively in the past. A compari-
son between the values of the average Nusselt
number Nu obtained by previous investigators
[11-15] and those obtained using the present
method are shown in Table 1.

4.1. Local Heat Transfer Results

The variation of the local Nusselt number Nu
along the cold plate (CD) for the two cases of
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Table 1. Comparison Between Nu Values

Obtained from the Present Study and Those

Obtained by Previous Investigators for the

Standard Problem where Ra = 1.47X10°%,
Pr =0.733, and 6 = 90°.

Reference Nu
Tabarrok and Lin [11] 2.695
Reddy and Satake [12] 2.687
Catton et al. [13] 2.710
Wilkes et al. [14] 2.516
Ozoe etal. [15] 2.750
Present study 2.727

unidirectional and counter flows are shown in Figures
2a and 2b respectively. For unidirectional flow, Nu is
highest at the leading edge (x = 1) and then decreases
downstream. This is expected since the thermal
boundary-layer thickness is zero at x = 1, giving rise
to an infinite value of Nu as the trend shows in
Figure 2a. The continuous decrease in Nu in the
streamwise direction is also expected since the
thermal boundary-layer thickens and the plate
temperature decreases. For the counter flow regime,
Nu decreases rapidly following the leading edge
(x=0) and reaching a minimum in the region
0<x<0.1 as shown in Figure 2b. Following that
point, Nu increases with x until reaching a maximum
between x = 0.1 and x = 1. This increase in Nu is
mainly due to the increase in the plate temperature.
The location of Nu,,, shifts downstream (towards
x = 1) as AR increases as shown in the Figure. The
counter flow nature of the internal and external
flows tends to reduce the variation of Nu along the
central portion of the top plate and gradually flat-
tening it out with the increase of AR.

The variations of the local heat transfer along the
hot plate (AB) for the two cases of unidirectional
and counter flows are shown in Figure 3a and 3b
respectively. In both cases, the value of Nu has its
lowest at x = 1. This behavior is found to be inde-
pendent of the angle of inclination, aspect ratio, or
the Reynolds number of the external flow. The
maximum heat transfer occurs near x = 0 in all cases
since this is the region in which the descending cold
fluid comes in contact with the hot plate. The point
of Nu,,, is found to move closer to x = 0 with the
increase of AR. The streamlines for AR =1, 2, and
4 are plotted in Figure 4a, b, and c respectively. The
Figure shows that the high AR enclosure possesses
higher velocities. Moreover, the descending cold

Tuly 1990
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Figure 2. Variation of the Local Nusselt Number Along the
Top Plate (CD).
(a) unidirectional flow and (b) counter flow.

fluid comes in contact with the hot plate closer to the
corner at A. This matches well with the location of
Nu,,,. explained above and showin in Figure 3. The
effect of the external flow direction on the Nu distri-
bution along the hot plate is shown in Figure 54 and
b for the cases of AR = 1.and 10, respectively. The
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(b) x

Figure 3. Variation of the Local Nusselt Number Along the
Hot Plate (AB).
(a) unidirectional flow and (b) counter flow.

Figure shows that the values of Nu for unidirectional
flow are slightly lower than those for the counter
flow, otherwise the trends are similar.

The Arabian Journal for Science and Engineering, Volume 15, Number 3.

4.2. Average Heat Transfer Results

The effect of the aspect ratio on the average
Nusselt number is shown in Figures 6 and 7 for the
cases of unidirectional and counter flows. The
Figures show that enclosures with AR =2 provide
the maximum heat transfer for all ranges of param-
eters considered for both flow regimes. Similar
findings have been reported for the noncoupled
problem by Randall etal. [16] and also by Schinkel
etal. [17]. Increasing AR above 2 tends to decrease
the average Nusselt number.

The effect of the angle of inclination 6 on the heat
transfer is shown in Figure 8 for unidirectional flow
and in Figure 9 for counter flow. Figure 8 shows that
Nu reaches a maximum at 6 =80° for AR =10,
however, for AR = 2 the maximum Nu occurs at a
much lower angle. The trend for the case of counter
flow is similar (see Figure 9), but the maximum Nu
for the highest aspect ratio considered (AR = 10)
occurs at 8 = 90° while occurring at 8 = 40° for the
lowest aspect ratio (AR = 1). In general, it is found
that for AR <4 the maximum Nu occurs between
6 =40° and 6 =60°, however, as AR increases
above 4 the angle 6 producing maximum Nu was
found to shift towards the vertical. The values of Nu
for unidirectional flow are found to be 5—8% less
than those for the counter flow but the maximums in
both cases occur approximately at the same angles of
inclination. The effect of the inclination angle on the
velocity field inside the enclosure can be seen in
Figure 10a and b which shows the variation of u with
y at x = 0.5. For low aspect ratios, it is found that
increasing 0 results in decreasing the velocity in the
enclosure which tends to decrease the rate of heat
transfer as shown in Figure 10a. The opposite occurs
for high AR enclosures as shown in Figure 10b. This
explains the phenomenon presented above. Maxi-
mum heat transfer was also found to occur between
0=0° and 6 =90° for the standard problem by
Ozoe etal. [18], Writz and Tseng [19], and Arnold
etal. [20].

4.3. The Temperature Variations

The temperature variations on the top plate for
the case of unidirectional flow are shown in Figure
11a and b for the two aspect ratios of 1 and 10 and
for the two inclination angles and two Reynolds
numbers in each case. The Figure shows that the
temperature increases from zero at the leading edge
(x=1) to a maximum at 0.6 <<x <0.8 and then
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Figure 5. Effect of External Flow Direction on the Local
Nusselt Number Variation Along the Hot Plate (AB).
(a) AR=1, (b) AR=10.
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Figure 6. Effect of Rayleigh Number on the Average Nusselt
Number for the Case of Unidirectional Flow.
(a) Re = 6x10*and 0 = 60°, (b) Re = 3x10° and 8 = 90°.
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Figure 10. The Effect of Angle of Inclination on the Velocity Distribution at Section x = 0.5 for the Case of Counter Flow
when Ra =8x10" and Re =3x10°. (a) AR=1; (b) AR = I0.

e e
1 ORe=3X10j é| O Re=3x10°
4 X Re=6x10 9 = 40° 1 X Re=6x10*

0 = 90°

Figure 11. The Temperature Variation on the Top Plate (CD) for the Case of Unidirectional Flow when Ra =8x10°.
(a) AR=1; (b) AR=10.
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levels off to an intermediate value. The effect of
increasing Re of the external flow is to decrease the
temperature everywhere on the plate. On the other
hand, the increase of the inclination angle tends to
decrease the temperature on the top plate for low
aspect ratio enclosures while increasing it for the
high aspect ratio ones. This effect causes the average
Nusselt number Nu to increase with the increase of 6
for high AR enclosures while the opposite occurs for
low AR ones.

The temperature variations on the top plate for
the case of counter flow are shown in Figure 12a and
b for the same parameters as in Figure 11. The
Figure shows that ¢ increases on the top plate
continuously starting from the leading edge (x = 0).
The effect of the inclination angle on the tempera-
ture distribution is similar to that found in the case of
unidirectional flow. The reason for this is the change
in the velocities inside the enclosure as shown in
Figure 10.

The phenomenon of temperature reversal which
has been reported in References [2, 4] is found to
occur in this study when Ra > 8% 10? for enclosures
of different aspect ratios and angles of inclination.
The isotherms showing this phenomenon for the case
of counter flow are given in Figure 13 for AR=1, 2,
and 4. It is found that increasing Re of external flow
affects only slightly the temperature reversals. For
the range of parameters considered in this study,
no temperature reversal occurred in the case of
unidirectional flow.

All  computations were carried out using
AMDAHL 580 computer. The CPU time ranged
from 20 seconds for aspect ratio AR =1 to about
200 seconds for AR = 10. The number of iterations
required for convergence ranged from 250 to a
maximum of 850.

5. CONCLUSIONS

The study showed that the effect of coupling
between the internal natural convection and external
forced convection is a reduction of the average heat
transfer below that of the standard problem. The
heat transfer is found to increase with the increase of
the external flow Reynolds number. The aspect ratio
of 2 resulted in maximum heat transfer for all cases
considered. For AR <4 the average heat transfer
decreases with increasing the angle of inclination while
the opposite occurs for AR > 4. Temperature rever-
sals occur inside the enclosure when Ra > 8x 10 for
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9 = 40°
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Figure 12. The Temperature Variation on the Top Plate
(CD) for the Case of Counter Flow when Ra =8x10°.
(a) AR=1; (b) AR = 10.
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the counter flow regime. However, no temperature
reversals occur for the unidirectional flow case in the
considered range of various parameters. The counter
flow regime results in heat transfer rates about
5-8% higher than those for unidirectional flow.
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