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ABSTRACT

The purpose of the present study is to construct a Wallman compactification for the
larger classes which are bi A ~T; and bi A, —R,,. Some characterizations are given; also one
of our main results is that the Wallman compactification of a bitopological space (X, 1, T,)
is semi bi AT, iff (X, 7,, T,) is finite bi A,-normal. A near type of extension over Wallman
compactification of bispaces is also studied.
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WALLMAN COMPACTIFICATION FOR BITOPOLOGICAL SPACES

1. INTRODUCTION

For brevity we refer to a bitopological space (X, 1, T,) (see [1]) as a bispace. Throughout the present paper, (X, T,, ;) and
(¥, 01, 0,) (or simply X and Y) always mean bispaces and f: X — Y represents a function. For a Tj-space (X,T), consider
Wallman compactification (),(X*,w)) [2] consisting of the set X* of all ultraclosed filters on X. The topology ® on X*
generated by {U* : Uet}, where U* = {Fe X* : Ue 1} and the dense embedding ¥ : X — X* defined by setting
1@ =px)={AcX,xe€ A}. In 1980 [2] Asha Singal and Sunder Lal studied a Wallman type compactification for pairwise
T, spaces. In 1980 [3] Dvalishvili constructed the Wallman compactification of the completely regular bispaces. We denote
the closure (interior) operator with respect to (w.r.t.) the topologies T; (i = 1,2) by cl;(int; ) respectively. In 1979, Kasahara [4]
defined an operation o on a topology T on a non-empty set X to be a function of T onto the power set P(X) such that G ¢ G,
for every G € 1, where G*denotes the value of o at G. The family of all operations o. is denoted by Oyx,. In 1983, Abd El-
Monsef et al. [5] generalized Kasahara’s operation by introducing an operation on the power set P(X) of a topological space
(X,7). A function A : P(X) — P(X) (resp. 6 : P(X) — P(X)) is said to be an operation on P(X) of type I [5] (resp. of type II)
[5], if int{(A) C A% (resp. cl(A) D A®), for every A€ P(X), where A2(A%) denotes the value of A() at A. The family of all
operations of type I (resp. of type II) is denoted by Opx, (resp. Opx))-

2. BI A,-CLOSED FILTER
Let {i#j,i,j=1,2}, always.
Definition 2.1 [6]. A function kY : P(X)— P(X) is called a (j,i) operation on P(X) of a bispace (X, Ty, T,), if A, is an operation

on P(X) of type L and also of type II with respect to (X,T;) and (X, T;) respectively; i.e., it (A) C A (resp. cl (A) D AM) for
every A€ P(X), where AMdenotes the value of A, at A.

Definition 2.2 [6]. A subset A of a bispace (X, 1, T,) is called a (j,i) A,-open set, if A C AM. A is (j,i) A-closed set if
X\A C(X\A) or A D X\(X\A)M.
It is easy to get corresponding statements for (j,i)A,-closed in bispaces. In a bispace (X, T, T,), the class of (j,i) A,-open

((j.i) Ay-closed) will be denoted by (j,i) A,O(X)((j,i) A,C(X)).

Definition 2.3 [6]. Let A be a subset of a bispace (X, 1,, T,). Then the intersection of all (j,i) kY—closed sets containing A is
called (j,i) A,-closure of A and is denoted by (/i) }»Y-cl(A).

Definition 2.4 [7]. A function f : (X, 1;, Tp) = (¥, 0}, G;) is called (j,i) A,-continuous if the inverse image of each 6;-open set
in Yis (j,i) Ay-open set in X.

Definition 2.5 [7]. A function f: (X, 1, T,) = (¥, 6}, 63) is (j,i) }L’;:-open (1) A¥-closed) if the image of every Tj-open
(t;-closed) set in X is a (j,i) A¥-open ((j,i) A¥-closed) set in ¥, where A}: P(Y) — P(Y).

Definition 2.6 [7]. A function f: (X, T, Tp) = (Y, 0y, 63) is (j,i))A,A% continuous, if the inverse image of each (j,i) A}-open
set in Yis (j,i) A,-open in X.

Definition 2.7 [7]. A function f: (X, 11, T,) = (¥, 0y, 6,) is called (j,i)A,A¥-open [(j,i) A, A¥-closed], if the image of each
(J,i)Ay-open ((jii) Ay-closed) set in X is a (j,i) A¥-open ((j,i) A¥-closed) setin Y.

Definition 2.8 [7]. Two bispaces X and Y are called (j,i) A,A}-homeomorphic equivalent, if there exists a bijective function

f: (X, 71,1 = (¥, 0y, 0y such that f is (j,i) AyA¥-continuous and (j,i)A,A3-open such function f is called (j,i)A,A%-
homeomorphism.
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Definition 2.9 [8]. A family B,(B)) of (i,j)A-closed ((j,i)A,-closed) subsets of a bispace (X, 1y, T,) is called (i,j)A,-closed
((j,))Ay-closed) filter if:

(i) e BB
(ii) ifA, BE B(B), implies A N Be Bi(B);
Definition 2.10 [8]. Let (X, 1, T,) be a bispace, ,(B)) is (i,j) A,-closed ((i, ) A,-closed) filter, then § = 3, x B; is called a

bi A,-closed filter on X if (A,B) € B, implies A N B # &, for each A € B;, B € B;, where [3;,; are called the families of first
and second coordinates respectively of the bi A,-closed filter B.

If ® = ®; x ®; is another bi A, closed filter, then we say ® > B if B; C ®;. It is clear that > is a partial order relation in the
collection of all bi A,-closed filters.

A maximal bi A,-closed filter is called a bi A,-ultraclosed filter (i.e. a bi A,-closed filter that is not contained in any other
bi A-closed filter).
Lemma 2.1 [8].

(i) For each bi A,-closed filter ® there is a bi A,-ultraclosed filter Q containing .

(i) If ®=®;x®;isabiA,-ultraclosed filter and there is A; € (j,i) Ay-closed sets in X such that @; U A; is a bi A,-closed
filterand A;N A # & foreach A € @, then Aj€ D.

@) U, Ve (ji) Ay C(X), @ is a bi Ay-ultraclosed filter, then YU Ve ® implies Ue @ or Ve .
(v) If @, @, are bi A-ultraclosed filters on X, @, # O, there exists a (i, j) Ay-closed set Cy, a(ji) Ay-closed set C, such
that C1 € (D], Cz € cbz, Cl M Cz =,

Definition 2.11 [9]. If E C X is finite joint closed, then there is an open dual family {(U.,V.): =< € A: so
E=X\U {U.NV,):o € A} and this family is finite.

Definition 2.12. A bispace (X, 1y, T) is called finite bi A,-normal if for any finite joint closed set £ and any (j, i) A,-closed set
F with EN F =, there exist UE(i,j))\YO(X), Ve (DAL OoX)withUnV=@,andECU FCV(ECV,FcU).

For x€ X, B, = B;; x Bj,, where B;;(B;;) is a family of all subsets of B;(B;) containing x such that if (4,B) € f, then
AN B# @, foreach A € B, Be B.

Proposition 2.1 [8]. B, = B;, X B} is a bi A,-ultraclosed filter.

Definition 2. 13 [8]. A bispace (X, 1,, T,) is called:
(i)  biAy-R,if each (j,i) A, open set O and each x € O, (j,i) A-cl{x} C O;

(i) biAy-T, if for each two distinct points x, y of X, there exists a (i, /) A,-open set U such thatx e U,y g Uorye U,
xg U,

(iti) bi Ay Ry if for each two distinct points x, y of X such that (j,i) A,-cl{x} # (j,i) A,-cl{y}, there exists a (i, j)A,-open set
U and a (j,i)A,-open set V such that (j,i) Ay-cl{x} C U, (j,i) Aycl{y} C V, UnV=J;

(iv) bi )\.7 T, if for two distinct points x, y of X, there exists a (i, j)}\,Y-open set U containing x to which y does not belong
and a (j,i)A,-open set V containing y to which x does not belong;

(v)  biAy-T;if for each two distinct points x, y of X, there exists a (i, j)A,-open set U and a (j,i)A,-open set V such that
xe U yeV,UNnV=0.

Proposition 2.2. If x € X, then N {B,, U B} = {x}.
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3. WALLMAN COMPACTIFICATION FOR BISPACES

Definition 3.1 [7]. A bispace (X, 1;, T,) is called (j,i) A,-compact if every (j,i) A,-open cover X has a finite subcover.
A bispace which is bi A,-R, and bi A,-T} is called semi bi-Ay-Ty,y, k€ {0,1,2}.

Definition 3.2 [7]. A subset A of a bispace (X, Ty, T,) is called (j,i)A, dense if for any (j,i ))s.Y-open setGsuchthat GNA # Q.

Definition 3.3 [7]. Abispace (X, 1), T,) is called (j,i)A,A¥-embeddable in a bispace (¥,s,7) if there exists a (j,i)A,A}-homeo-
morphism from (X, 7y, T,) onto a (j,i)A, dense subpace (Y,s,1).

Definition 3.4 [8]. If y X = {B: B is a bi A,-ultraclosed filter on X }, K; (resp. K)) be a (i, j) A,-closed (resp-(j,i) A-closed) set.
We let K* = {Be yX, (Ki, X) € B}, K* = {Be vX, (X, K)) € B}, Then we can define C; = (K}, K; is (i,j) Ay-closed},
C;={K}, K;is (j.i) Ay-closed}.

Proposition 3.1 [8]. C;(C;) is a base for the closed subsets of a topology P, (a topology p;) ony X.

Definition 3.5 [8]. A bispace (X*, 1}, 13) is called a (i, ) A-compactification of a bispace (X, 1, T,) if there exists a
(j.i) Ay-embedding function from (X, 1, T;) onto (X*, t{, 13) and if (X*, T}, 13) is (jii) Ay-compact.

Theorem 3.1 [8]. A bispace (y X, Py, P;) is (j,i) Ay-compactification of a bispace (X, 1y, T5).

We called (y X, P,, P,) its Wallman compactification.

Theorem 3.2 [8]. Let (X, 1,, T,) be a bispace and (y X, Py, P,) its Wallman compactification. Then the following statements
hold:

(i) foreach (i,j)A,-closed set K in X, we have K* = cl,, f(K) and with a corresponding result for (j, i))xy-closed sets;

(i) for (i, j))A,-closed sets K|, K, we have (K| N Kp)* = K N K5, (K U K»)* = K U K7, and with the corresponding
results for (j,i)A-closed sets;

(iii) for each (i, ))Ay-closed set K C X and a (j,i)Ay-closedset TC X we have K¥F N T # D iff KN T# 2.
Proposition 3.2 [8]. The Wallman compactification (Y X, Py, P) is bi A,-T).

Theorem 3.3. Let (X, 1,, T,) be a bispace and (y X, Py, P,) its Wallman compactification. Then (y X, Py, P,) is semi bi A,-T,
iff (X, 1y, T,) is finite bi A,-normal.

Proof. Let 8, B € y X and 8# B. This implies § Z B and p & 8. If § Z B, then there exist (A}, 4,) € d such that (4;, A,) ¢ .
This gives that (4;, X) € P or (X, A;) € B. Hence there exist B, € t,-closed, B, € T,-closed such that (B}, B;) € B and
AiINB NBy,=BorAyn BN By,=0,E=B; N By =X\[(X\B)) U (X\B,)] is a finite closed set, and A; " E = D or
A, N E=(J. Then we have from hypothesis (i, j))A,-open and ( j,i)A.-open sets which are disjoint and contain respectively 4,,
E (or E, A;). From these sets we can obtain the desired (i, /) )»Y-open and ( j,i)}»y-open sets in YX which verifies that
(Y X, Py, Py) is bi A,-T>,. In the same way, if §, B€ yX, 8 & cl, B (resp. 6 & cl,,B) then we have a (i, /))Ay-open set U and a
(j,i)\-open set Vsuch thatd € U,B eV (resp. 8€ V,B € U) and U N V= . This means (Y X, P, Py) is semi-bi A,-T>.
Conversely, let EN FC X, ENF =, where F is an (i, j)A,-closed set, E = X\ U (U, N V), where U, is a T;-open set, VoL is
at;-openset, 0 = 1,2......n. We can write E = U(F, N K;) where F are T;-closed sets and K; are ;-closed sets, k= 1,2... m.
It follows that F, N K, N F = &, for each k = 1,2... m. By Theorem 3.2 (i), we get cly, (Fp) Nel,,(K) N cl, (F) = @.
If S € cl, (F) Ncly,(Ky) and S€ cl, (F), thend & cl, 3.

Since (X, 1, T,) is semi bi A,-T>, we have § € U € (i,/) AyO(YX), 3 € V€ (j,i) A, O(y X) and U N V = &. We know that
cl, (F) nely,(Ky) and cl, (F) are (j,i)Ay-compact ((i, j)Ay-compact). It follows that cl, F; ~cl, K and cl, F can be covered
respectively by (j,i)A,-open ((i,j) A,-open) sets which are disjoint. The inverse images of these sets separate E, F. Hence
(Y X, Py, P,) is bi A,-normal. A similar proof holds when F is (j,i) A,-closed.
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Theorem 3.4. Let (X*, T}, T3) be a bi A,-T, compactification of a bispace (X, Ty, 7). Then (X*, 7}, 13) and (Y X, P, P,) are
(J,))AyA¥-homeomorphic iff the following conditions are satisfied (f; is the (j,i) A, A¥ embedding function from (X, 1, 7,)
to (X*, T}, 13)).

(i) (el f(K): Kis a (i, j) hy-closed set in X) is a base for the closed subsets of the topology T} and with a similar result
for the topology 3.

(i) Let K, K, be a (i, j) Ay-closed sets in X and F|, F; be (j,i) Ay-closed sets in X. Then:
clet fi (Ky N Kp) =clet fi (K Nl fi (k)
clyr fi (Fym Fy) =l fy (F) el fi (Fo).
(i) LetKbea(i,j) A-closed setand F a(j,i) Ay-closed setin X. Then F N K # @ iff ¢l f1(K) N clyy fi(F) 2 D.

Proof. We assume that the conditions are satisfied. We want to see that (X*,1¥,13) and (yX, P, P,) are (j,i )A, A%-homeomor-
phic. We define a function g:(yX, Py, Py) — (X* 1f, 12) in the following way. For each 3 € yX, {cl:2 f(E), ¢l f(F)} &, Fye 3-
Define a bi A,-closed filter 3; which has a cluster point x in (X*, Tf, t); this point is unique. Otherwise, if
YE N, ryes, Bt Frand y#x, 3 C 3y, then we get a contradiction from conditions (ii) and (iii), because (X*, 1{, 13)
is bi A,-T; and 8 is a bi A-ultraclosed filter. This leads us to set g(3) = x, so defining the function g it is clear that
g‘l(cl,‘* [K)) = (clp fi(K)) and g‘l(clT; fi(K)) = (cl,, fi(K)). From the conditions and these equations we can get
(j,i) AyA¥-continuity of g. Let x; € X*. We define a bi A-closed filter B, = {(F, K): FC X is (j,i) Ay-closed, K C X is
(i,)) Ay-closed, x,€ (cle fi (K)) N(cle fi (F)). If 3 is a bi A-ultraclosed filter containing 3, then g(3,) = y;, implies that
x; = y;. It follows that g is onto.

We now see that g is a one-to-one function. Let 3, B € ¥ X and g(B) = g(3) = x. If B = 3 then, from maximality of 3 and
B, there exist B, € t,-closed, B, € 1,-closed such that (B,, By) € B, (F;, F;) € S and B, n B, © F;n F, = &. The third
condition gives us cl2 f; (By) Mcly fi(Fy) Neler fi(Fa) el £i(By) = D. But from the definition of g we have x € cl2 fi(B,)
Nclg (F)) Nl fi(Fy) Ncly fi(By) # D this s a contradiction. It can be shown that g (K*) =l f1(K), g (F/*) = cl2 fi(F),
for each K C X is an (i,j) Ay-closed set and F < X is (i) Ay-closed. This means that g is a (j,i)A, A}-closed function
(i.e. g7'is (j,i)Ay A¥ continuous). Finally it is clear that g,f = f;. Theorem 4. 2 gives the necessity.

Proposition 3.3. Let (X*, t{, 13) be a semi bi A, -T; bispace which is a compactification of (X, T, T,). Theng* = {cl s F: F
is (i, )Ay-closed in X} is a base for the closed subsets of the topology 1} and in the same way P = {clr F: Fis
(j,#) Ay-closed in X} is a base for the closed subsets of the topology .

Proof. Let F C X* be at)-closed set,x € X*and x; € Fy, (X*, 1{, 17) is semi-A,T; and i Fy is (i, j) A,-compact. It follows
that x; € X*\F, = U, is 1f-open, F; € V, €(j,i) Ay-open in X* such that U; NV, = @. Let F = X\[X*\cl;*V; N X]. Since
cleVy S XAUy, implies Uy N cler V) = &, hence Uy N clyr F =3, implies x € cl*F.

Let us assume that F, is not a subset of cl;*F. Then we can take y € F; such that y & cl*F. There exists a 1}-open set
U, =X*clg Fsuchthaty, €lUpand Uy N F = (J. We know thaty, € F; C V,. Theny,€ U,nV, 2D soy, € cl2Vy, but
y1 € F, implies y; € X\F = X*\(cl*V| N X) = X*\cl;»V,, implies y; € cl,»V,. We have a contradiction. Hence we have
FiCclgF. '

Definition 3.6 [1]. A bispace (X, 1;, 1T,) is called pairwise regular if for any 1;-closed set F, x ¢ F there exist two disjoint
uponsets U, V,suchthatxe U, FC V.

Proposition 3.4. Let (X*, T}, 13) be a semi bi A,-T, space which is a compactification of (X, T;,T5). Let p be a (j,i) A, A¥
continuous function on X * to y X such that p(x) = {x}, for each x € X. Also, fi, f, are (j,i) A, )\..‘}‘-embedding functions on X
to respectively X*, yX. If FC Xisa(i,j) )‘..,—closed set, then p~! (cI¥(fi (F)) < (Ll (fiF)).

Proof. If there exists a member x& p~! (cler(fi(F))) and x & (cl?( fo(F))), then p(x) = B= cle(fi(F))and (X, F) € B.Itcanbe

shown that (X*, 1}, 7¥) is pairwise regular; then there exists U, € 1f, V; € 13 such thatxe U, cl( K(F)) SV, UyN V=D,
We can obtain a T,-closed set K = (X (X*\V})) in X such that cl.( f, (F)) C V, € X*\U, and (X*\U,) " X = F, is aT,-closed

July 2001 The Arabian Journal for Science and Engineering, Volume 26, Number 2A.

171



172

B.M. Taher

set in X. Then we have FC X\KC F|,s0 FN (X*\V)) =3, KN F;=J , implies (X, F) ¢ B and (K, X) ¢ B, B € y X\K¥,
x € p7H (Y X\Kyy) is a(2,1) A,-opensset in X * (because p(x) = B, p is (j,i)Ay A} continuous). On the other hand, x € X*\cl¥ F|,
then there exists a member z € p~l(y X\K2) N (X*\¢clFF) N X), but X is (j,i )}\,Y-dense subset of X* and y X. Thus
Py X\K) N X 2D, (X¥\cl¥F )N X)# D and Py X\Kx) N (X¥clxF ) N X # &. It follows that z ¢ KU F; = X and this
a contradiction (x  cly*(f;(F)). Hence the proposition is proved.

Theorem 3.5. If a bispace (X, Ty, T2) is finite bi A, normal then (yX, P,, P,) is the projectively largest semi bi A,-T,
compactification of (X, Ty, T5).

Proof. Let p be a (j,i) A,A¥-continuous function from any semi bi A,-T, compactification (X*, 1}, 13) of (X, 7}, T,) to
(Y X, P\, P,). It will be enough to show that p is a (j,i)A,A¥-homeomorphism.

({) LetBe yXanddefined = {(clF, cl:K): (F,K) € B}. 8 has a cluster pointx, € X; let p (x;) = B. If p (x;) = B, then,
B # B, we have a member (F,K) € B, (F,K) & B;. Then B, & (y X\F;2) or B, & (y X\K;?). It follows that
x; € pM(Y X\F}¥) is a (2,1)A-open set in X* or x,€ p~! (Y X\K}¥) is a (1,2))»;-open set in X*, (F, K) € B gives that
x1€ (clgFNclxK)and p (Y X\F2) NK# D, p~! (Y X\K*) N F # @. But these are impossible. It means ; = B and
p is onto.

(ii) Letx),x€ X*,p(x))=p{xy)=Pandx, #x,. Wehave x; & cl¥ X,orx, & cl* X, (where X, is another compactification
of X). Since X is bi A, -T, there exists a (j,i)A,-closed set F in X by Proposition 3.3 such that x, & cl.* F,
cle X, C el F. It follows by Proposition 3.4 that p=!(cl, F) C cl#F. Then x) € p~! (cl, F), B=p (x)) =p (x2) € cl, F;
on the other hand x, € cl* X, Cclf F gives that p(xy) € cl, F; this is a contradiction. It means that p is one to one.

(iii) Let F be a (i,j) Ay-closed set in X* and p(F) not be (i, ))A,-closed in yX. Take B € cl,,p(F) and Be p(F),ie.,
cl, p(F) & p(F). There exists a (i, /) Ay-closed set in X; by Proposition 4.3 we have p~1(B) & cl*K and F C cl¥K.
It follows that p(F) < cl, p(K) and Be cl, p(F) < cl, p(K), implies pl(PB) e p“(clle). On the other hand,
p7!(B) & p~!(cl*K) contradicts Proposition 3.4. It means that p is a (i,j)A-closed function. Hence the theorem is
proved.
Remark 3.1.

(i) Ifi=jthen we return to the ordinary case of Wallman compactification as in [10].

(i) If every 1;-closed set is a T;-open set in bispace (X, Tj, T2), then we return to the pairwise case of Wallman
compactification as in [3].

4. THE BI A,-CONTINUOUS EXTENSION OVER THE WALLMAN COMPACTIFICATION FOR BISPACES

Definition 4.1 [8]. A bispace (X, T, T,) is called bi A,-regular if for each 7;-closed set F, x ¢ F, there exist two disjoint sets
U,Vsuchthatx e Ve (ji) A, OX), FC Ue (i,j) AO(X).

Lemma 4.1. Let (X, 1, T2) be bi A,-regular. Ifx,y € X,x € A € 7)-openand y € A then there exist two disjoint sets U,V such
thatxe U e (i, ))Ay O(X), y € Ve (j,i) AyOX), cl ,UNcl, V=0.

The following theorem is a generalization of the extension problem in Engelking [11] for bispace.
Theorem 4.1. Let A be a (j,i) )»Y—densc subspace of X and fis a (j,i))w)»;‘-continuous function of A to a semi

bi A,-T,(j,i)A\-compact space Y. The function f has a (j,i)A,A}-continuous extension f over X iff for every pair
Fe (i, Ay C(Y), K € (ji) C(Y), fn K=, then the inverse images cl,z(f‘l(K)) ) cl,l(f"(F)) =@.

Proof. Let f’ be an extension of f and Fe (i, )\, C(Y), K€ (j,i) C(Y), FNK=@, then B=f"Y(F N K)=f~{(F)nf"-'(K) =
cly (f~1(F)) mclrz(f‘l(K)) and this gives that cltl(f‘l(F)) N cltz(f‘l(K)) = . We shall prove that the condition is sufficient.
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Let x € X, denote by B(x) the family of all (j,i) Ay-neighborhood of x and define 3x) = {(cl, f(UN A), c,f(VN A},
(U,V) € Bx). 3(x)is abase forabi A.,-closed filterin Y. Then it has a cluster point z in (Y, 5, £). We shall show that z is unique
and define f*(x) = z. At first if £’(x) € S € (i, )by O(Y), then N cl, f(U N A) C S and if f'(x) € T€ (j,i)A, O(Y), then
Ncl(f(VNA)) CT. If we take amember y € N cl,(f(U N A)),y € S, there exists S, € (i, HAy O(Y), T1 € (j,i)Ay O(Y), by
Lemma 4.1, such thatf'(x) € S,y € Ty, ¢l Sy el Ty = @, ¢l (f1(S1)) N el (f1(T))) = @. By assumption, x € X gives that
x € X\clo,(f1(SD) or x € Xiel, (f1(T))).

(B Ifxe X\cl,l(f"(Tl)) theny e cl,(f(A N X\clfl(f“‘(Tl)) aqd T .Nn({f(An X\cl,l(f"(Tl)) # (J. But this is impossible.

(@) Ifxe X\cltz(f’l(Sl)) then f'(x)€cly(f(A N X\cl.,(f1(S)) and S; N (f(A N X\l (f1(S))) # 2. This is also impossible.
Hence M ¢ pu(y L, fAUNA) C S and converse is similar: x € cl,z N el zC Ny e gy SLLAVNA) NN ey i SLAUNA)),
since z is a cluster point of 3(x). Let us take a member y,€ N, ¢ gy L (f(V N A)) N Oy e gy L (f(U M A)) and
Yo € cli{z}.

We know that X is preseparated; then there exists G € (j,i) A,O(Y), He (i, j)Ay O(Y), such that y,€ G,z € H, and
G N H= Q. It can be written that N, ¢ g,y cl(f(V N A)) C H for x €H; it follows that y e G " H # &,
which is a contradiction. This means that y € cl,{z}. In the same way we have y,€ cl{z}. Hence N, ¢ gy(x
c(AVA A) O Nyepuw cL(fIU N A)) = cliz 0 clyz = {2} by bi A,-T) of X. We shall show that f is
(j,)AyA¥-continuous. Let S be a (i,j) A,-neighborhood of f(x) then f(x) € N (cl, f(U N A)) < S. We have for
Ui,... Us€ B,(x), el U N A) ... el f(U, N A) C §. Since Y\S is (i, ) Ay-compact, U = U;... U, € B,(x) gives that
cl, f (U A)) € S. We have f(x) € cl, f (U n A)) C § for each x € U. This means that f(U) < § and f’ is
(i, ) AyA}-continuous. In the same way f is (i, /)A,A¥-continuous. Hence the theorem is proved.

Theorem 4.2. Let (X, 1, ;) be a semi bi A,-T; space and (Y,s,7) be a semi bi A,T,(j,i)A,-compact space. If f is a
(j.i)AyA¥-continuous function on X to Y then it has a (i) A, A¥-continuous extension over (YX, P, P,) to (¥, 5,2).

Proof. Let F be an (i, ) A.Y-closed set, K a (j,i) ).Y—closed setin Y and F n K = @. Then f~1(F) m f-4(K) = @ and by
Theorem 3.2, fU(F)} N f-UK)} = @ since f is (j,i) AyA¥-continuous. Hence if 4 is a (j,i) AyA¥-embedding function on
X toy X then @ =cl,, (h(f(F)) N cl,, (h(f1(K)) C fUF)F N f(K)}. Hence the proof is completed by Theorem 4.1.

We come now to an important property of the Wallman compactification on bitopological spaces.

Definition 4.2. Let (X, 7, 1,), (¥.5,2) are bispaces and f be a functionon X to Y. If f satisfies the following conditions:
(®)  f is(i,j) AyA}-continuous;

(i) fis (i, j) \yA¥-closed;
(i) f(y) € Xis (i, j) AyAf-compact for each y € Y, then f is called the bi A, A¥-perfect function.

Theorem 4.3. Let (X, Ty, T,), (¥,5,1) be finite bi A,-normal semi bi A,-T bispaces. Let (Y X, T}, 73), (Y, s*,1*) be respectively
their Wallman compactification, and f be a bi A, A}-perfect function on X to Y. Then there exists a (j,i) A,A¥-continuous
extension f’ of f on yX to yY and we have f1(g(Y)) = h(X), where g is an embedding function on Y to y(¥) and & is a
(j.i) Ay A}-embedding functionon X toy X.

Proof. Let F Y be (i,)) Ay-closed, K C vy Y be (j,i) Ay-closed and F N K =@, (8, U(F) N ( g,f)"1(K) = @ gives that
clr(gof YUFYN cler (80f YU(K) =3, since (g,f) is (i, j)\y A -continuous, and by Theorem 3.2. It follows that, by Theorem
3.3. and Theorem 4.2, (g,f) has (i, j) A, A¥-continuous extension fon ¥ X to YY. To show that f~(g(})) = h(X), let y € Y and
g =B,. Iff(B) =P, for Be yX, then we must find an x € X such that B = B,. We have cl.x (h(f~!(cl, ) = (f ' (cl,(y)F
and = 3,. We have clg (h(fYcl,oN) = (Nl ()}, since (f1(cly(y)) is an (i, j) )»Y-closed set in X, and(f~!(cl,(y) is a
(j.i) Ay-closed set in X and by Theorem 3.2. This gives that § € (f'(cly ()} N (fcl,()}. On the contrary, let
B& (f(cl(y))¥. From Theorem 3.3 (yX, <, 73) is semi bi A,~T;, then there exists G, H C YX such that B€ G € (i, /)A, O(YX),
(f el cHe (OMO (YX),GNH= @. We have B & (YX)\G € (i,)) AyC (YX). By Proposition 4.3, there exists an
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(i, )\-Closed set in X such that B & F¥*,yX\G C F¥, k"\(H) € (j,i) AyO(X), which implies that fX\k"\(H)) € (j,i)Ay C(Y)
since f is (j,i) A, A%-closed. Let T=y X\[A(X\E-\(H)J* € (,DMOWY). It B, & Tthen B, € [f(X\h!(H))]¥ and this gives
thatye (f(X\h"1(H)) such thaty =f(z). Butx & A~'(H) gives that i(z) € Hand h(z) € ((f~'(cly(¥)} hence z & f~1(cl,(y)) and
f'(2) € (cli(y)). But this conflicts with y € f(z). This gives that B, € T, YX\G < F} gives X\h™! (G) < F and
(X\F) € i"Y(G) (X\F) N i~ Y (H)\ = @, since G n H = . This means that fU (XVrl(H)) = X. Now we have (XVi"'(H),X) € B
or (X,F) € B since B is maximal, F € (i, )2y C(X) and (X\W"'(H)) € (j,i) Ay C(X). If (X,F) € B then B € F*. But this is a
contradiction. Then we have (X\i~!(H)), X) € B. It means that B € [X\i~!(H)]} = cliy (R(X\I"'(H)). The (j,i) AyA}-continuity
of fand f(B) =B, gives that B€ f*~U(T) € (i) Ay O(YX). Then fN(T) NA(X\k"(H) # @ and x € X\h-(H), f(B) =g, f() €T.
We have h(x) & H, g(f(x)) € Y X\[f(X\h"1(H))]F and then f(x) & f(X\h~!(H)), x& X\l"'(H), h(x) € H. But this is a contradic-
tion. Thus B € ((f~'(cl(¥))¥. It can be shown that B € (f~'(cl(y))} in the same way. Then we have (f~!(cl,(y))f ! (cl(y))€B
and for each (F,K) € B, FNK N f(cl, (0 Nl (y) = FNK N fcl(y) N el () = F K fi(y) # @ since (Y, 5,1)
is semi bi A,-T) there exists an x € X such thatx € F N K N f~!(y) for all (F,K) € B, since f~1(y) is (j,i) A,-compact. This
gives B < B,. The maximality of § gives that § = B, and then f(x) = y completes the proof.
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