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ABSTRACT

Some exact solutions of equations governing the steady motion of a viscous

incompressible fluid of finite electrical conductivity in the presence of a magnetic
field are determined.
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SOME EXACT SOLUTIONS OF EQUATIONS OF MOTION OF AN
ELECTRICALLY CONDUCTING FLUID MOVING IN A MAGNETIC FIELD

1. INTRODUCTION

In the present paper, the steady viscous incompressible plane flow problem of an electrically conducting fluid
having finite electrical conductivity in the presence of a magnetic field is studied with the objective of obtaining
some exact solutions. To achieve this objective, the basic flow equations are cast into a new form by introducing
the streamfunction ¥, the magnetic flux function ¢ and the new independent variables r, a. The equations
are then solved using an inverse method. In this inverse method, we select a form for the vorticity function
w and then determine the streamfunction ¢, the magnetic flux function ¢ and the energy function A from the
corresponding differential equations.

We point out that the advantage of the new independent variables r, « is that the solutions which we get are
not obtainable through techniques employed by the researchers in the study of MHD plane flows [1-7].
2. FLOW EQUATIONS

The basic non-dimensional equations governing the steady plane flow of a viscous incompressible fluid of
finite electrical conductivity, in the presence of a magnetic field are,

Uy +vy, = 0 (1)
) 1
Uy + vUy = —Px+E(uM+uw)—RHHQ(H%—HW) (2)
1
uvy + v, = —Py+—1—%—(’vxx+vyy)+RHH1(H2x-Hly)
€
1
'lt.Hg—UH] = 'R—'(ng'-Hly)-{-Cl (3)
i3
Hyz +Hy = 0 (4)

where u,v are the velocity components, H;, H, the components of magnetic field vector H, p the pressure, Re the
Reynolds number, Ry the magnetic pressure number, R, the magnetic Reynolds number, and C; is an arbitrary
constant.

Equations (1) and (4), respectively, imply the existence of the streamfunction ¥ and magnetic flux function
¢ such that

u = ¢yv v = —1/)x
H = ¢,, Hy=—¢,. (5)
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The system of Equations (1-4), employing (5), transforms to the following system of partial differential
equations

1 ) Ry
—h,’ - E we +wyy + TR (¢€€ + ¢rm) @y
1 Ry
—he = 5 Wy +w1,b§+—‘2 (¢5§+¢nn)¢’£
‘ 1
Yepy — Ypde = " (Bee + ¢uy) + C1
g4
d’,ff + 'tz?nn + 24.0 = O

in the variables £ = 2 + y and 7 =  — y. In the above system of equations the energy function & is given by

1 ,
h:p+5(d’§+w§).

Introducing the new independent variables r, & defined by

r =€+ 17, o =tan" ' (n/€),

the above system of equations is replaced by the following system

—ho = Rie rwr + wibe + % (r*¢rr + 16r + baa) ba (6)
—rh, = ~R% we + Twiy + 1;—:1 (r°¢rr +7¢r + $aa) 6r (7
¢ + 7 (14 Rota) ¢r + baa — "¥r Rata + 201 Ror? = 0 (8)
P2y + 1Yy + Yoo + 2r? = (9)

of four partial differential equations in four unknowns ¥, w, ¢, h as functions of r and «. In Equations (6-7), the
energy function A is given by
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1/ 1
h=pt (i 502). (10)

Once a solution of this system is determined, the pressure p is found from the definition of the energy function
h in (10).
3. SOLUTIONS

In this section, we determine the solutions of the system of Equations (6-9). Our strategy will be to specify
w, and calculate ¢ from (9), and use this 1 to determine h and ¢ from (6-8).

(a) Irrotational Flows:

For this type of flows w = 0. Employing this in Equations (6-9), we get

— Ry

ho = 972 (r®6rr + 760 + ¢rr) b0 (11)
h, = ;—’; (r*¢rr + 16r + 6rr) 61 (12)
r26rr + 7 (14 Rota) 6r + baa — T¥r Roda + 2C1Ro7* = 0 (13)
P’Yrr + T%r + Yoo = 0. (14)
A set of solutions of (14) is
(( Ay + Ao Inr + Aza,
¥ = (AMW’-’T + A57‘—\/;{) [Ag cos (v/na) + Azsin (v/na)], n>0 (15)

[As cos (v/mInr) + Agsin(y/mInr)] (Ame\/?"_" + Aue"ﬁ"‘) , n=-m, m>0

where Ay, As,...,A11,n and m are arbitrary constants.

When C) = 0, a solution of (13) is ¢ = 9. Using this in (11-12), we find
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This gives

where C 1s an arbitrary constant.

Hence, for C; = 0, a solution of Equations (11-14), in the variables z,y, is

Ay
2

A+ ="1In (22% + 2y?) + Aztan™! [(z — y/z + y)]
{Aq (22 + ng)\/ﬁ + A5 (222 + Qy'l)'ﬁ} {As cos (Vntan™! [z — y/x +y]) + Azsin (Vatan~! [z — y/r + y]) }

[AS cos (V’?ﬁin V222 + Qy'—’) + Agsin (\/77zln V2x? + 2y° )]

[ x {Awgexp (vVmtan™'[(z — y)/(z + ¥)]) + Ao exp (—y/mtan~'[(z — y)/(z + y)]) }

¢=1v, h=0Co

When C; # 0, we determine the solution of (13) as follows:

Assuming ¢ = ¥ + f(r), the Equation (13) gives

P2 frp +7 (1 4+ Rota) fr + 2C1 Ror? = 0.

A solution of this equation is

CiR,r?
1-C 1o
—C p1=Cs _ 16
f(r)=Cq+ Csv e (16)
provided
Vo = (C3~1)/R,. (17)
Equation (14), utilizing (17), gives
Y =Ce+Crlnr+ (Cs~ D a/R, (18)

wherein (g, (7 are arbitrary constants.
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Employing (16) and (18) in (11-12), we get

(G- [. 2 i, ACiR,

ha = RH——RQ (1 C3) C5T’ __1+C3
4C1 R C —2C1rR

- 1—-C 2 —1-Cs __ 110 “7 (] — -C3 17 g )

h, Ry {( C3) Csr —1 e - + Cs( Cs)r —1 TG
These give
_ 4(03 -— 1) 4R}{ClRa C1R6T2
h = 1+C; RuyCia + ———1 G, (071111’ — 1+Cs + Cy

provided Cs = 0. In above Cy is an arbitrary constant.

Therefore, the expressions for ¥, ¢, and h, in the physical plane, are

— 07 2 9,,2 1 ~y -1 | T Y
v = Ce+ 21n(2x +2y)+R0(C3~1)tan o

¢ = ¥+Cq—2C (" +y°) Rs/(1+Cs)

4(Cs—1)
14+ Cs

Ry Cy tan™! [x — y] 4C1 Ry R, {GT

T+y 14+ Cs 2

For ¢ = 9 + K(«), Equation (13) gives

Koo — TYr Ry Ko + 2C1 R, = 0.

A solution of this, for C; =0, is

K = Dy + D3a®™:

provided

r¢, R, = Dy

Dy, Dy, D3 being arbitrary constants.
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(20)
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Employing (20) in (14), we get

D
1,’):R—lln1"+D4a+D5 (21)

G

where D4 and Dj are arbitrary constants. Equations (11-12) give

h = DG
provided
D1 = 1
Hence for this case
D i fxr—y

v = 21%1,, In (22% + 2y*) + Dytan™! (———x " y) + Ds

¢ = v+ D3tan"1 (f——ﬁ) + Dy
Tty

h = Ds

where Dg is an arbitrary constant.
(b) Rotational Flows:

For this type of flow, the vorticity w is non-zero. Let us determine the solutions of Equations (6-9) for these
flows employing some forms of w.

(1) When w = w, (constant), the Equations (6-9) give:

= DB (Pt 6y 4 bu) bt ot (22

b = (2 1ot bu) by ety (2)

P26rr +7(1+ Rotha) 6 + baa — 1¥r Ropo + 2C1 Rer?> = 0 (24)
P2 + PPr 4 Yo + 2w,r° = 0. (25)
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For ¢ = ¢, the Equation (24) and (25) give

P2r + P¥r + Yoo + 201 Ror? — 0 (26)
and
W = (71 Rg,
The general solution of (26) is
A A
¢:A3—-éla2+A2a+A4lnr+-2—5(lnr)2—%‘-Ror? (27)
where A;,..., As are arbitrary constants.

Equations (22-23), employing ¢ = ¢ and (27), give

ha (QRH - 1) C\R, [-—-A10¢ -+ Ag]

Aq

A
h, = (2Rg—1)CyR, [7 —C1R,r + Tsln r] : (28)

Integration of (28) yields:

A 2
h: (2RH - 1)CIR0 [A:}lnr— %R0r2" _126!_-+A2a+ %(lnr)z] +A6

where Ag is an arbitrary constant.

Therefore, a solution of (22-25), in the physical plane, is

2
_ afr-yy Al i fz-y Aq 2, 92
¥ = As+ Ajtan (x+y) 5 {tan (m+y)} +5 In (22% + 2y%)
A5 9 2v12 2 9
+5 [In (222 + 24%)]" — C1R, (22 + ¢°)

¢ = ¥

h = (2Ry -1)CiR, {%—“ In (22% + 2y*) - 1R, (2% + y*) + % [In (222 + 2¢%)]°

Ay -1 {*T—Y : -1 [ T—Y
—— 1t . — M9 ——— .
5 [an (m+y Astan - + Ag
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If we take ¢ = v + f(r), the Equations (24--25) give

7’2frr + 7'(1 + Rawa)fr = 2{w, ~ CIRO) r?

rg"i’rr + 7% + Yaa + 20 Ra"'2 = 0. (29)
A solution of (29) is
riw,
Y = A7+ Aslnr— —— + (Ag— 1)a/R, (30)
f o= Ag+ Apr'™* + 15 A (wo — C1Ry) 7? (31)
wherein Ag, ..., Ajg are arbitrary constants.

Equations (22-23), utilizing ¢ = ¥ + f(r) and (30-31), give

WO(AG*I) RH A"—l

—hy = — R -+ 57 [—2r2wo +r2f + rf,,] ( ‘}%0 ) (32)
Ag g :

—hy = wo |l = —wer |+ Eﬁ [-2r2wo + 72 for + 7~fr] é —w,r | . (33)
r 272 r

Integration of (32) yields

w, (As — 1) Ry 2 2 T -
h = R o+ IR, (=2r°w, + r*frr + rfr) [As — 1] o+ Kq(r) (34)

where K(r) is an unknown function to be determined. This function K,(r) is determined from the fact that
the expression for h, obtained from (34) must be the same as that given by (33).

Differentiating (34) w.r.t. r, we get

by = 2R,

1
(4s = Da | = (=2r'wo + 1 frr +7fr) | +Kr. (35)

r

Equations (33) and (35) give the same expression for h, provided
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1, . .
[T’_2 (—27’20-’0 + rzfrr + rfr):Ir =0 (36)
and

_ — CyR, A
K, = —w, & — W, -EE- —-Ci1R; —w, + &—Ci = - Wor | - (37)

r 2 r r

Equation (36) gives

rzfrr + rfr = (All + 2(.4.)0) T,Q (38)

where Aj; is an arbitrary constant. The function f(r) in (31) satisfies (38) provided

All = —QClRU.

Integration of Equation (37) yields

K = [—wo -+ @ (wo + (,71R0)] (AS Inr—

LUOT’Z RH
2

—A
B -—.Z—(WO—C']R[,) [—Qr—;—wolnr] +A12

where Ajs i1s an arbitrary constant.

Therefore, the expressions for ¥, ¢, h are

v = A7+ é;— In (2:::2 + 2y2) —wo (2% + yZ)

¢ = —Ci1R, (2*+y%)+ % In (22% + 2y%) + A3

ho = —wo+%(wo+clRo)] {%éln(‘lwzwyg)—% (‘xzﬂﬁ)}
_RQ—” (wo — C1R,) {mg—) - % In (2% + 2y2)] + A

where A; = A7+ Ag.
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(i) For w = g(r), the solution of Equation (6-9), is

_ €8 2 2y €1/ 9 2 9.2 2) PR Y 2 1 -1 (T Y
Y = 67+21n(2x + 2y%) 2(11 +y*)In (22 + 2y°) + (e1 — €2) (= +y)+RH_1tan [m+y]+€9
_ 2R, €1 /92, .2 9.2 2 2 2, .2 y 2 2
¢ = RRn (RH“I){g(Q? +y°) In (22 +2y)+(eg—~—2-) (2 +y°) — (ea+ CiRuR,) (z +y)}+65
_ e g fz-y 1 1 fzx—y
h = Rgtan (m+y>+[69+RH~1tan (——x+y)]
+{:2£1—1n (22% + 2¢%) —€2+€3} [€9+ R 1 tan™! (i;i)] + % [In (222 + 2¢%)]?
+%§ (e2 —e3)In (227 + 2¢°) + {EQDQ + D21 (e2 — 83)} [In (227 + 2y°) — 1] (z* + ¥°)
e1Dy 9.2 012 2 2 2 2 2 2 i
+ [In (22 + 2y*)]” — 2In (22° + 2y°) + 2¢ (2> 4+ ¥°) + (e2 —e3) Do (2° + y°) + €10

where e; ..., e10 are the arbitrary constants and

Dy

ARy — 1)
[ Ry "1}6

e, Ry —1]  2e3(Ry —1)
D = - — — -9 — o s,
2 { 5 2e9 [1 Ri } Ry CI(RH I)R

and ey, e3, () satisfy

(5RH -4

RH_I)el-’rQeg =2(1—-Ryg)CiR, .

CONCLUSIONS

In the present work, we have determined some exact solutions of equations of motion of an electrically
conducting fluid moving in a magnetic field.
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