July 1997

ON THE GENERATORS OF THE EDGE STABILIZERS OF
GROUPS ACTING ON TREES

Rasheed M. S. Mahmood

Department of Mathematics
University of Bahrain
P. O. Box 32038, Isa Town, State of Bahrain

vyt

ie yana o Caany X5 pall Sle Gaa 3l @t 13 4l Lo iyl Canll 13a i 5 2
1083500 X/G 7l Gl (')

(1585 G ladga (i 53g000 Sl g X (e x (A8 ) ipa JSU G, i) 1Y (1Y)
.SAJJMQ‘JI_,AA.‘XC)AVw“JLJSJGV‘).?;LJSJBJJJMX/GQIS‘.‘J"BJ_,JA.A

OIS 13 Jai 13 35300 20385 Ll G (8 3 g0 i L X (g v 0l 5 UG, L 81 (Y)
.SJJAMQlAKJAdXC)AxLJ)AL&Gx);AdSJB.DJ.}MX/G

ABSTRACT

In this paper we prove that if G is a group acting on a tree X such that the set of
vertices of the quotient graph X/G is finite, then: (i) if the stabilizer G _of each edge x of X
is finitely generated, then G is finitely generated if and only if X/G is finite and the stabi-
lizer G, of each vertex v of X is finitely generated; (ii) if the stabilizer G, of each vertex v
of X is finitely presented then G is finitely presented if and only if X/G is finite and the
stabilizer G _of each edge x of X is finitely generated.
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ON THE GENERATORS OF THE EDGE STABILIZERS OF GROUPS
ACTING ON TREES

1. INTRODUCTION

Baumslag [1] proved that a generalized free product of two finitely presented groups is finitely presented if
and only if the amalgamated subgroup is finitely generated. In this paper we generalize this result to groups
acting on trees.

In [2], Bass and Serre have given a structure theorem for groups acting on trees without inversions. The case
with inversions was settled by Mahmud [3]. We shall use the definitions and notation developed in [3] and [4].

For a graph X we shall write V(X) for the set of vertices of X and E(X) for the set of edges of X. For
z € E(X),o(z), and t(z) are called the ends of z and T is called the inverse of z. We note that o(%Z) = t(x) and
Z=1z. The case T =z is possible. Suppose that a group G acts on a tree X in general, ¢.e. with inversions. We
write X/G for the quotient graph obtained from the action G on X. If € X (vertex or edge) we write G(z)
for the orbit containing z. Moreover, if z and y are in X, we write G(z,y) for the set {g € G : g(y) = z}, and
G(z,z) = Gy, the stabilizer of z.

If T'and Y are two subtrees of X such that 7' C Y then T is called a tree of representatives for the action of
G on X if T contains exactly one vertex form each G-vertex orbit and Y is called a fundamental domain for the
action of G on X if each edge of Y has an end in T and Y contains exactly one edge y from each G-edge orbit
such that G(¥,y) = 0 and exactly one pair z and T from each G-edge orbit such that G(Z,z) # 0. It is clear
that if Y consists of exactly one vertex v then Y =T = X = G(v) = {v} and G, = G. For the existence of T
and Y see Khanfar and Mahmud [5]. For the rest of this section G will be a group acting on a tree X, T a tree
of representatives and Y a fundamental domain for the action of G on X such that T'C Y and Y contains more
than one element. We have the following definition and notation:

(¢) For each v € V(T) let v* be the unique vertex of 7" such G(v,v*) # 0. It is clear that v* = v, if v € V(T),
and in general (v*)* = v*. Also if G(u,v) # 0, then u* = v* for u,v € V(X).

(#2) For each edge y of Y define [y] to be an element of G(¢(y), (t(y))*), that is, [y]((t(y))*) = t(y), to be chosen
as follows:

(a) [y] = 1if y € E(T);
(b)) Wly) =71 G(¥,y) # 0. We define [g] = [y]~! if G(¥,y) = 0 and [g] = [y] otherwise. It is clear that
[W[#] = 1if G(7,y) = 0 and [y][g] = [v]* € G, otherwise.
(#12) For each edge y of Y let —y = [y]~!(y) if o(y) € V(T), otherwise —y = y, and let +y = [y](~y). So+y =y
if o(y) € V(T), otherwise +y = [y](y). It is clear that if o(y) € V(T") and G(7,y) # 0 then (o(y))* = o(y)
and —y = +y =F. Also, t(—y) = (t(y))" and o(+y) = (o(v))"-
(v) By a word of G we mean an expression w of the form w = g,.¥1.91. " .Yn-gn,n > 0, where
i € E(Y), i=1,...,n, such that:
(1) g0 € Glogyap*,
(2) gi € G(t(y.-))*» fori=1,...,n,
(3) (tw))" = (o(yis1))" for i=1,...,n — 1,

We define o(w) = (o(y;))* and t(w) = (t(yn))*. If o(w) = t(w) then w is called a closed word of type o(w). We
define n to be the length of w, and denote it by |w|. The value [w] of w is the element [w] = g,[y1]g1 - .. [Un]gn
of G. wis called a reduced word of G if w contains no expression of the form:
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(1) vigiy; if g; € G_y,, fori=1,...,n
or
(2) wigiyi if gi € Gy, with G5, 4:) #0 ,fori=1,...,n.
If for each ¢, i = 1,...,n,g; is the identity element of G then w above can be written as w = y1y5 ... yn.

Lemma 1.1. G is generated by the generators of G, and by the elements [y], where v runs over V(T') and y
over E(Y).

Proof. See Mahmud [3].

Lemma 1.2. If wy = fo.z1.f1... . 2m, frm and wy = ¢..¥1.91 .. . Yn.gn are two reduced and closed words of G of
the same type and same value, then m=nand z; = y; (or z; =7, f G(T;, p) #0) for i =1,...,n.

Proof. See Mahmud [4].
The following propositions are needed for the proof of the main result of this paper.

Proposition 1.3. Let z and y be two edges of Y such that ¢ and y are not in T and [¢] = [y]. Then z = y or
z=yif G(y,y) # 0.

Proof. Let v be a vertex of T. Then there exist unique reduced paths (zy,...,2,), (Zp41, -, Zm), (¥1,-- -, ¥q)
and (Yg41,---,¥n) in T such that o(x1) = v,t(x,) = (o(2))*, (t(2))" = o(zpt1), t(zm) = o(y1) = v, t(yy) =
(o(y))*. (t(y)* = o(ys+1) and t(y,) = v. We get the words w1 = z;..... Tp. L. Lppl-. - zm and
We = Yp..... Yo-YYgtl-- - Yn. It is clear that w; and w, are closed words of G of the same value and type
v. Since z and y are not in T, therefore w; and ws are reduced. Therefore by Lemma 1.2, m = n, p = ¢ and
z=yorz=T7if G(y,y) # 0. This completes the proof.

Proposition 1.4. If y € E(Y) and y ¢ E(T) then [y] ¢ G,, for all v € V(T).

Proof. Since y ¢ E (T'), therefore [y] # 1. Let v € V(T'). We need to show that [y] ¢ G,. For if [y] € G, then
we have the words:

w; = [y] and we = y3..... YnYTn----- 7y,

where y1,...,Yn is the unique path in T joining v and (o(y))*. Since y g E(T), therefore y €{y,,7,}. It is
clear that [wi] = [w2] and, w; and wy are reduced and closed words of G of type v. Therefore by Lemma 1.2,
|wy| = wa|, i.e. 0 = 2n + 1. Contradiction.

Consequently [y] ¢ G,. This completes the proof.
Proposition 1.5. If G is finitely generated then Y — T is finite.
Proof. To show that Y — T is finite is equivalent to showing that the set of edges of Y that are not in T is
finite. Since G is finitely generated, by Lemma 1.1, G is generated by finitely many G,,€ V(T), and the set
A={ly] :y € E(Y),y €E(T)} is finite. Since by Proposition 1.4, ANG, = @ for all v € V(T), by Lemma 1.1,
the set {y € E(Y) : y ¢ E(T)} is finite. This completes the proof.

Convention. Throughout the next section the generators of groups acting on trees will be those of Lemma 1.1
and the presentations will be those of Corollary 5.5 of [3].
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2. THE MAIN RESULT
The main result of this section is the following theorem.

Theorem 2.1. Let G be a group acting on tree X such that V(X/G) is finite. Then

(7) if G, is finitely generated for all x € E(X), then G is finitely generated if and only if X/G is finite and G,
is finitely generated for all v € V(X);

(22) if G, is finitely presented for all v € V(X), then G is finitely presented if and only if X/G is finite and G,
is finitely generated for all z € E(X).

Proof. Let T be a tree of representatives for the action of G on X and Y a fundamental domain such that
T CY. It is clear that X/G is finite if and only if Y is finite, and V(X/G) is finite if and only if T is finite.
By assumption this implies that T is finite. If Y consists of one vertex v then Y =T = X = G(v) = {v}, and,
G, = G, and the proof is clear. Assume that Y has more than one element.

(i) It is clear that if X/G is finite and G, is finitely generated for all v € V(X), then by Lemma 1.1, G is
finitely generated.

Let G and G, be finitely generated for all z € E(X). Therefore by Proposition 1.5, Y is finite. So X/G
is finite. Now we show that each vertex stabilizer of X is finitely generated. This is equivalent to showing
that the stabilizer of each vertex of T is finitely generated. For each v € V(T') let H, be the subgroup of
G, generated by the generators of G that lie in G, and the generators of G_,, where y € E(Y') is such
that (¢(y))* = v.

Since G and G_, are finitely generated and Y is finite, H, is finitely generated. We need to show that
Gy, = Hy, 1.e. Gy is finitely generated. For, if G, were not finitely generated then GG, would be the union
of a properly ascending chain of finitely generated subgroups

H,=H’< H'<HI<...,.

For each non-negative integer n let H™ be the subgroup of G generated by the generators of H}, the
generators of Hy, and [y] for all u € V(T') and all y € E(Y). From the above H™ is finitely generated and
H™ < H™HL

Now we show that for every non-negative integer j we have HJ # H/*! (if G, is not finitely generated).

For, if for some non-negative integer s we have H* = H**! then the case H: < H:*! H:*! implies that
there exists an element g of G such that g € H:! and g ¢ H:. As g € H*,g can be expressed as a product
dol¥1lg1 - - - [Uklgr, where g; € H,,, for some vertices uo,u;,...,u; in T and edges y1,...,yx in Y.

By taking the unique reduced paths in 7" between v and u,, between u, and (o(y;))*, between (¢(y1))*
and uy,...,ux, between (¢(yx))* and ug, and between u, and v we may choose this product so that
W, = §o-Y1-91- - - - Yi-gk 1s a closed word of G of value g and type v. By performing the following operations
on w,

(1) replacing y.g’.y by [ylg'[y] if ¢ € G_y and y € {y1,..., w };

(2) replacing y.g".y by [y]¢'ly] if ¢’ € Gy,G(F,y) # @ and y € {y1,...,yx}, yields a reduced word
w= fox1.f1..... Zn.fn of G such that [w] = g, f; € H,, where v; = (t(z;))* for i = 1,...,n and
w is of type v.

This implies that the words g and w are reduced words of G of the same value and of type v. Lemma 1.2

implies that n = 0. Then g € H, < H?. Contradiction. Therefore H° < H! < H?...is a proper ascending

chain of finitely generated subgroups of G. Since G = U H", this contradicts the assumption that G
n>0

is finitely generated because a finitely generated group cannot be the union of an ascending sequence of

proper finitely subgroups. So G, = H,. Hence the stabilizer of each vertex of X is finitely generated.
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(#7) By Corollary 5.5 of [3], G has the presentation:
(Gyz,llrel Gy, Gm = G, 2.[2]71G[2]2™ = G, LG = G2 = [I])

via Gy — Gy, z — [z] and | — [l], where v runs over V(T'), m over E(T'), z over E(Y) such that t(z) ¢T
and G(T,z) = 0, and { over E(Y') such that t(I) ¢T and G(I,1) # 0.

If G, is finitely presented for all v € V(T'), Gy is finitely generated for all y € E(Y) and Y is finite, then
G is finitely presented.

Conversely, let G and G, be finitely presented for all v € V(T'). By (i) Y is finite. Now G is isomorphic
to the factor group F/R of the free group F on G,, z and ! and by the smallest congruence R of F
containing the relations of G. Since G, is finitely presented for all v € V(T'), Y is finite and G is finitely
presented, by a well-known theorem of Neumann [6], R is finitely generated. For each 2z € E(X) let H, be
the subgroup of (G, generated by the generators of G, which make G finitely related. It is clear that H, is
finitely generated. Therefore R is generated by the following relations:

(1) rel Gy,v € V(T);

(2) Hp = Hm,m € E(T);

(3) z.[z] 1 H [z].x~! = H,,z € E(Y), t(z) ¢V(T),G(T,z) = 0,
(4) LHI™' = Hy,l € E(Y),t(1) ¢V(T),G{,1) # 0,

(5) 1? = []?, where [ is as in (4).

We now map F onto F/R by mapping G, — G,, z — [z] and | — [[]. We observe that the homomor-
phism from F to F/R induced by the above mapping satisfies the relations of GG. Also the kernel of this
homomorphism contains all the elements (relators) obtained from the relations (1-5) above. Therefore this
homomorphism induces an isomorphism from G onto F/R.

This gives rise to an action of G on X such that the vertex stabilizer of v € V(X)) equals G, and the edge
stabilizer of y € E(X) equals Hy.

Now we show that Gy is finitely generated, or equivalently G, = H, for all y € E(Y). For if G, # H,
for some y € E(Y) then there exists g € Gy, g €H,. Let o(y) € V(T). It is clear that [y]~'g[y] € G_,
and [y]"'gly] §H_-,. Consider the words w; = g and wy = y.[y] 'g[y].¥. Then w; and w, are closed
reduced words of G of type o(y) and value g relative to the new presentation with the relations (1-5)
above. Therefore by Lemma 1.2 |w;| = |wa|. This contradicts the fact that |wi| = 0 and |wq] = 2. If
o(y) gV(T), i.e. t(y) € V(T) then similarly we get a contradiction. This implies that G, is finitely
generated for all y € E(X). This completes the proof.

We have the following corollaries of Theorem 2.1.

Corollary 2.2. If every finitely subgroup of G, is finitely presented for all v € V(X) and every subgroup of
Gy is finitely generated for all y € E(X), then every finitely generated subgroup of G of finite quotient graph is
finitely presented.

Proof. Let H be a finitely generated subgroup of G such X/H is finite. We need to show that H is finitely pre-
sented. Then H acts on X by restriction. It is clear that for each x € X, (vertex or edge) H, = HNG;.
If H = H, then H < G, and by assumption H is finitely presented. Let y € E(Y). Then H, < Gy,
and by assumption H, < Gy is finitely generated. Since H is finitely generated and X/H is finite, by
Theorem 2.1-(i) H, is finitely generated for all v € V(X). Therefore H, is finitely presented. Hence by
Theorem 2.1-(#2) H is finitely presented. This completes the proof.

The following corollary is a consequence of Corollary 2.2.
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Corollary 2.3. If H is a finitely generated subgroup of G such that X/H is finite and every finitely generated
subgroup of G, is finitely presented for all v € v(X) and H N Gy is finitely generated for all y € £(X), then H
is finitely presented.

Corollary 2.4. Let G = H(A,-; Ujr = Ux;) be a tree product of the groups A;, ¢ € I such that I is finite.
i€l
Then:

(1) If Uj is finitely generated for all j, k € I then G is finitely generated if and only if A; is finitely generated
forall i € I;

i 1s hnitely presented for a € I then G 1s fimtely presented if and only it U;; 1s finitely generate
2) If A; is finitel d for all I € I then G is finitel d if and only if Uj; is finitel d
forall j, k€Il

Proof. There exists a tree X on which G acts and, a tree of representatives T and a fundamental domain Y for
the action of G on X such that Y = T and V(T) is in one-to-one correspondence with I, and if v € V(X) and
y € E(X) then G, is a conjugate of A;, for some i € I and G, is a conjugate of U;; for some j, k € I. Then by
Theorem 2.1, the proof of Corollary 2.4 follows.

Corollary 2.5. Let G = (K, t;|relK,t; Ait7' = B;) be an HN N group of base K and associated pairs (A;B;)
of subgroups of K, i € I. Then:

(1) If A; is finitely generated for all 7 € I then G is finitely generated if and only if K is finitely generated and
I is finite;

(2) If K is finitely presented then G is finitely presented if and only if A; is finitely generated for all i € I and
I is finite.

Proof. There exists a tree X on which G acts and a tree of representatives T' consisting of exactly one vertex
and a fundamental domain Y for the action of G on X such that 7' C Y and the set of all unordered edges of Y’
is in one-to-one correspondence with I, and if v € V(X) and y € E(X) then G, is a conjugate of K and Gy is a
conjugate of A;, for some ¢ € I. Then by Theorem 2.1, the proof of Corollary 2.5 follows.
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