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ABSTRACT 

In this paper we prove that if G is a group acting on a tree X such that the set of 
vertices of the quotient graph XIG is finite, then: (0 if the stabilizer G 

x 
ofeach edge x ofX 

is finitely generated, then G is finitely generated if and only ifXIG is finite and the stabi
lizer G 

v 
of each vertex v ofX is finitely generated; (U) if the stabilizer G 

y 
of each vertex v 

of X is finitely presented then G is finitely presented if and only if XIG is finite and the 
stabilizer G

x 
of each edge x of X is finitely generated. 
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ON THE GENERATORS OF THE EDGE STABILIZERS OF GROUPS 

ACTING ON TREES 


1. INTRODUCTION 

Baumslag [1] proved that a generalized free product of two finitely presented groups is finitely presented if 
and only if the amalgamated subgroup is finitely generated. In this paper we generalize this result to groups 
acting on trees. 

In [2], Bass and Serre have given a structure theorem for groups acting on trees without inversions. The case 
with inversions was settled by Mahmud [3]. We shall use the definitions and notation developed in [3] and [4]. 

For a graph X we shall write V(X) for the set of vertices of X and E(X) for the set of edges of X. For 
x E E(X),o(x), and t(x) are called the ends of x and x is called the inverse of x. We note that o(x) = t(x) and 
~ = x. The case x x is possible. Suppose that a group G acts on a tree X in general, i. e. with inversions. We 
write X/G for the quotient graph obtained from the action G on X. If x E X (vertex or edge) we write G(x) 
for the orbit containing x. Moreover, if x and yare in X, we write G(x,y) for the set {g E G : g(y) = x}, and 
G(x, x) =Gx , the stabilizer of x. 

If T and Yare two subtrees of X such that T ~ Y then T is called a tree of representatives for the action of 
G on X if T contains exactly one vertex form each G-vertex orbit and Y is called a fundamental domain for the 
action of G on X if each edge of Y has an end in T and Y contains exactly one edge y from each G-edge orbit 
such that G(y, y) = 0 and exactly one pair x and x from each G-edge orbit such that G(x, x) f:. 0. It is clear 
that if Y consists of exactly one vertex v then Y =T = X = G(v) = {v} and Gv = G. For the existence of T 
and Y see Khanfar and Mahmud [5]. For the rest of this section G will be a group acting on a tree X, T a tree 
of representatives and Y a fundamental domain for the action of G on X such that T ~ Y and Y contains more 
than one element. We have the following definition and notation: 

(i) 	For each v E V(T) let v* be the unique vertex of T such G(v, v*) f:. 0. It is clear that v* = v, if v E V(T), 

and in general (v*)'" = v*. Also if G(u, v) f:. 0, then u* = v* for u, v E V(X). 


(ii) 	For each edge y of Y define [y] to be an element of G(t(y), (t(y))*), that is, [y]((t(y))*) t(y), to be chosen 

as follows: 


(a) [y] = 1 if y E E (T) ; 

(b) 	 [y](y) = y if G(y,y) f:. 0. We define [y] [ytl if G(y,y) = 0 and [y] [y] otherwise. It is clear that 
[y][y] = 1 if G(y, y) =0 and [y][y] = [y]2 E Gy otherwise. 

(iii) 	For each edge y ofY let -y = [y]-l(y) if o(y) E V(T), otherwise -y y, and let +y [y](-y). So +y = y 

if o(y) E V(T), otherwise +y = [y](y). It is clear that if o(y) E V(T) and G(y,y) f:. 0 then (o(y))* = o(y) 

and -y +y = y. Also, t( -y) (t(y))* and o(+y) = (o(y))*. 


(iv) By a word of G we mean an expression w of the form w 

Yi E E(Y), i = 1, ... , n, such that: 


(1) go E G(o(Yd)*' 

(2) gi E G(t(y;»*, for i = 1, ... , n, 

(3) (t(ydr = (o(Yi+dr , for i 1, ... ,n - 1. 

We define o(w) = (o(Yd)* and t(w) = (t(Yn))*. If o(w) = t(w) then w is called a closed word of type o(w). We 

define n to be the length of w, and denote it by Iwl. The value [w] of w is the element [w] = go[yilgl ... [Yn]gn 

of G. w is called a reduced word of G if w contains no expression of the form: 
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(1) Yigilh if gi E G- yi , for i = 1, ... , n 

or 

(2) YigiYi if gi E GYi with G(Yi' yd 1= 0 , for i = 1) ... , n. 

If for each i, i1, ... , n, gi is the identity element of G then W above can be written as W =YIY2 ... Yn. 

Lemma 1.1. G is generated by the generators of Gv , and by the elements [y], where v runs over VeT) and Y 
over E(Y). 

Proof See Mahmud [3]. 

Lemma 1.2. If WI = fo.xl.fl .... xm,fm and W2 = go.Yl.gl ... Yn.gn are two reduced and closed words ofG of 
the same type and same value, then m = n and Xi = Yi (or Xi = 'fh if GCfh, Yi) 1= 0) for i = 1, ... , n. 

Proof. See Mahmud [4]. 

The following propositions are needed for the proof of the main result of this paper. 

Proposition 1.3. Let X and Y be two edges of Y such that X and yare not in T and [x] = [y]. Then x Y or 
x =y if G(y,y) 1= 0. 

Proof Let v be a vertex of T. Then there exist unique reduced paths (Xl, ... 1 Xp), (Xp+l,"" xm ), (Yl,'" 1 Yq) 
and (Yq+l,"" Yn) in T such that o(xd = v, t(xp) = (o(x»*, (t(x»* o(xp+t), t(xm) O(YI) v, t(Yq) 
(o(y»*,(t(y»* o(Yq+d and t(Yn) = v. We get the words WI XI .....Xp.X.Xp+I .....Xm and 
W2 = YI .... ·Yq·Y·Yq+l· ... 'Yn' It is clear that WI and W2 are closed words of G of the same value and type 
v. Since x and yare not in T, therefore WI and W2 are reduced. Therefore by Lemma 1.2, m n, p q and 
x Y or x = y if G(y, y) 1= 0. This completes the proof. 

Proposition 1.4. If Y E E(Y) and Y </: E(T) then [y] </: Gv , for all v E VeT). 

Proof Since Y t/:. E (T), therefore [y] 1= 1. Let v E VeT). We need to show that [y] t/:. Gv . For if [y] E Gv then 
we have the words: 

WI = [y] and W2 =YI· ... ·Yny·yn· ... ·YI' 

where Yl, .. " Yn is the unique path in T joining v and (o(y»*. Since Y f/. E(T), therefore Y f/.{Yn, Yn}. It is 
clear that [wtJ [W2] and, WI and W2 are reduced and closed words of G of type v. Therefore by Lemma 1.2, 
iWII iW2j, i.e. 0 = 2n + 1. Contradiction. 

Consequently [y] </: Gv . This completes the proof. 

Proposition 1.5. If G is finitely generated then Y - T is finite. 

Proof To show that Y T is finite is equivalent to showing that the set of edges of Y that are not in T is 
finite. Since G is finitely generated, by Lemma 1.1, G is generated by finitely many Gv , E VeT), and the set 
A - {[y] : Y E E(Y), Y t/:.E(T)} is finite. Since by Proposition 1.4, An Gv = 0 for all v E VeT), by Lemma 1.1, 
the set {y E E(Y) : Y </: E(T)} is finite. This completes the proof. 

Convention. Throughout the next section the generators of groups acting on trees will be those of Lemma 1.1 
and the presentations will be those of Corollary 5.5 of [3]. 
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2. 	THE MAIN RESULT 

The main result of this section is the following theorem. 

Theorem 2.1. Let G be a group acting on tree X such that V(XjG) is finite. Then 

(i) 	ifGx is finitely generated for all x E E(X), then G is finitely generated if and only if XjG is finite and Gv 

is finitely generated for all v E V(X); 

(ii) 	if Gv is finitely presented for all v E V(X), then G is finitely presented if and only if XjG is finite and Gx 

is finitely generated for all x E E(X). 

Proof. Let T be a tree of representatives for the action of G on X and Y a fundamental domain such that 
T ~ Y. It is clear that XjG is finite if and only if Y is finite, and V(XjG) is finite if and only if T is finite. 
By assumption this implies that T is finite. If Y consists of one vertex v then Y T X =G(v) = {v}, and, 
Gv =G, and the proof is clear. Assume that Y has more than one element. 

(i) 	It is clear that if XjG is finite and Gv is finitely generated for all v E V(X), then by Lemma 1.1, G is 
finitely generated. 

Let G and Gx be finitely generated for all x E E(X). Therefore by Proposition 1.5, Y is finite. So XjG 
is finite. Now we show that each vertex stabilizer of X is finitely generated. This is equivalent to showing 
that the stabilizer of each vertex of T is finitely generated. For each v E V(T) let Hv be the subgroup of 
Gv generated by the generators of G that lie in Gv and the generators of G _y, where Y E E(Y) is such 
that (t(y))* = v. 

Since G and G_ y are finitely generated and Y is finite, Hv is finitely generated. We need to show that 
Gv = Hv, i.e. Gv is finitely generated. For, if Gv were not finitely generated then Gv would be the union 
of a properly ascending chain of finitely generated subgroups 

Hv 	= H~ < H; < H; < ... , . 

For each non-negative integer n let Hn be the subgroup of Ggenerated by the generators of H~, the 
generators of Hu and [y] for all U E V(T) and all Y E E(Y). From the above Hn is finitely generated and 
Hn :$ Hn+l. 

Now we show that for every non-negative integer j we have Hj i- Hj+l (if Gv is not finitely generated). 

For, if for some non-negative integer s we have H S Hs+l then the case H~ < H~+l, H~+l implies that 
there exists an element 9 of G such that 9 E H~+l and 9 r/:.H~. As 9 E HS, 9 can be expressed as a product 
go[ydgl ... [Yk]gk, where gi E HUi for some vertices Uo,Ui, ... , Uk in T and edges Yl,.'·' Yk in Y. 

By taking the unique reduced paths in T between v and Uo, between Uo and (O(Yi))*, between (t(Yd)* 
and Ul,"" Uk, between (t(Yk))* and Uk, and between Uk and v we may choose this product so that 
wo go.Yl.gl .... Yk.gk is a closed word of G of value 9 and type v. By performing the following operations 
on wo 

(1) replacing y.g'.y by [y]g'[Y] if g' E G_y and Y E {Yl,'" ,Yk}; 

(2) replacing 	y.g'.y by [y]g'[y] if g' E Gy,G(y,y) i- 0 and Y E {Yl, ... ,Yk}, yields a reduced word 
w fO.Xl./t .....Xn.fn of G such that [w] = g,fi E HVi where Vi = (t(Xi))* for i = 1, ... ,n and 
w is of type v. 

This implies that the words 9 and ware reduced words of G of the same value and of type v. Lemma 1.2 
implies that n O. Then 9 E Hv :$ H~. Contradiction. Therefore HO< Hl < H2 ... is a proper ascending 
chain of finitely generated subgroups of G. Since G UHn, this contradicts the assumption that G 

n>O 
is finitely generated because a finitely generated group cannot be the union of an ascending sequence of 
proper finitely subgroups. So Gv = Hv. Hence the stabilizer of each vertex of X is finitely generated. 
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(ii) By Corollary 5.5 of [3], G has the presentation: 

vza Gv - Gv,x - [x] and 1- [I], where v runs over V(T), mover E(T), x over E(Y) such that t(x) fi-T 
and G(x, x) = 0, and lover E(Y) such that t(/) fi-T and G(l, I) i: 0. 

If Gv is finitely presented for all v E V(T), Gy is finitely generated for all y E E(Y) and Y is finite, then 
G is finitely presented. 

Conversely, let G and Gv be finitely presented for all v E V(T). By (i) Y is finite. Now G is isomorphic 
to the factor group FIR of the free group F on Gv , x and 1 and by the smallest congruence R of F 
containing the relations of G. Since Gv is finitely presented for all v E V(T), Y is finite and G is finitely 
presented, by a well-known theorem of Neumann [6], R is finitely generated. For each Z E E(X) let Hz be 
the subgroup of Gz generated by the generators of Gz which make G finitely related. It is clear that Hz is 
finitely generated. Therefore R is generated by the following relations: 

(1) reI G v , v E V (T); 

(2) Hm = Hm, m E E(T); 

(3) x.[xt l Hx[x].x- l Hx, x E E(Y), t(x) fi-V(T) , G(x, x) = 0, 

(4) I.H,.l- l = H" IE E(Y), t(l) fi-V(T) , G(l, I) i: 0, 

(5) 12 [/]2,where/isasin(4). 

We now map F onto FIR by mapping Gv - Gv , x [x] and 1 - [I]. We observe that the homomor
phism from F to FIR induced by the above mapping satisfies the relations of G. Also the kernel of this 
homomorphism contains all the elements (relators) obtained from the relations (1-5) above. Therefore this 
homomorphism induces an isomorphism from G onto FIR. 

This gives rise to an action of G on X such that the vertex stabilizer of v E V(X) equals Gv and the edge 
stabilizer of y E E(X) equals Hy • 

Now we show that Gy is finitely generated, or equivalently Gy = Hy for all y E E(Y). For if Gy i: Hy 
for some y E E(Y) then there exists g E Gy, g c:tHy. Let o(y) E V(T). It is clear that [y]-lg[y] E G_ y 
and [y]-lg[y] f/H_ y. Consider the words WI = g and W2 = y.[y]-lg[y].y. Then WI and W2 are closed 
reduced words of G of type o(y) and value g relative to the new presentation with the relations (1-5) 
above. Therefore by Lemma 1.2 IWll = IW21. This contradicts the fact that IWll 0 and IW21 2. If 
o(y) f/V(T), i.e. t(y) E V(T) then similarly we get a contradiction. This implies that Gy is finitely 
generated for all y E E(X). This completes the proof. 

We have the following corollaries of Theorem 2.1. 

Corollary 2.2. If every finitely subgroup of Gv is finitely presented for all v E V(X) and every subgroup of 
Gy is finitely generated for all y E E(X), then every finitely generated subgroup of G of finite quotient graph is 
finitely presented. 

Proof Let H be a finitely generated subgroup of G such XI H is finite. We need to show that H is finitely pre
sented. Then H acts on X by restriction. It is clear that for each x EX, (vertex or edge) Hx = H n Gx. 
If H = Hv then H ::; Gv and by assumption H is finitely presented. Let y E E(Y). Then Hy ::; Gy, 
and by assumption Hy ::; Gy is finitely generated. Since H is finitely generated and XI H is finite, by 
Theorem 2.1-( i) Hv is finitely generated for all v E V(X). Therefore Hv is finitely presented. Hence by 
Theorem 2.1-( ii) H is finitely presented. This completes the proof. 

The following corollary is a consequence of Corollary 2.2. 
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Corollary 2.3. If H is a finitely generated subgroup of G such that X / H is finite and every finitely generated 
subgroup of Gt) is finitely presented for all v E v(X) and H n Gy is finitely generated for all y E E(X), then H 
is finitely presented. 

Corollary 2.4. Let G =II (Ai; Ujk =Ukj) be a tree product of the groups Ai, i E I such that I is finite. 
iEI 

Then: 

(1) 	If Ujk is finitely generated for all j, k E I then G is finitely generated if and only if Ai is finitely generated 
for all i E I; 

(2) 	If Ai is finitely presented for all I E I then G is finitely presented if and only if Ujk is finitely generated 
for all j, k E I. 

Proof There exists a tree X on which G acts and, a tree of representatives T and a fundamental domain Y for 
the action of G on X such that Y =T and V(T) is in one-to-one correspondence with I, and if v E V(X) and 
y E E(X) then Gt) is a conjugate of Ai, for some i E I and Gy is a conjugate of Ujk for some j, k E I. Then by 
Theorem 2.1, the proof of Corollary 2.4 follows. 

Corollary 2.5. Let G = (K, tdrelK, tiAit;l = Bi) be an H N N group of base K and associated pairs (AiBd 
of subgroups of K, i E I. Then: 

(1) 	If Ai is finitely generated for all i E I then G is finitely generated if and only if K is finitely generated and 
I is finite; 

(2) 	If K is finitely presented then G is finitely presented if and only if Ai is finitely generated for all i E I and 
I is finite. 

Proof There exists a tree X on which G acts and a tree of representatives T consisting of exactly one vertex 
and a fundamental domain Y for the action of G on X such that T C Y and the set of all unordered edges of Y 
is in one-to-one correspondence with I, and if v E V(X) and y E E(X) then Gt) is a conjugate of K and Gy is a 
conjugate of Ai, for some i E I. Then by Theorem 2.1, the proof of Corollary 2.5 follows. 
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