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ABSTRACT

Let D bea domain obtained from the open unit disk by deleting the origin and

a sequence of disjoin closed disks A, = A(c,,r,) = {z:Alz—c,| <r,} with ¢,—0 and

00

Ty

n=1 lcnl

<oo. Let H”(D) denote as usual the Banach Algebra of bounded

analytic functions on D and M(D) its maximal ideal space.

Let {z,} be a sequence in D such that z,—0.

In this paper we give conditions sufficient for the closure {z_n} of {z,} in M(D)

to be contained in the same Gleason part as D.We also give conditions sufficient for

{z_n}\{zn} to be disjoint from the Gleason part containing D.

INTRODUCTION

Let D be a bounded domain in the complex plane.
Let H®(D) denote the Benach algebra of bounded
analytic functions on D and M(D) its maximal ideal
space. The Corona Conjecture asserts that D is weak*
dense in M(D). In [2], Carleson proved that the open
unit disk A is dense in M(A). In [7], Stout extended
Carleson’s result to finitely connected domains. In
[3], Gamelin showed that the Corona problem is local.

By a A-domain we mean a domain obtained from
the open unit disk A by deleting the origin and a
sequence of disjoint closed disks A, = A (c,,r,) With

c,—»0 and E |rc“ , <oo. In [1] Behrens showed
n=1 !

that if the Corona fails for any domain, it fails for a A-

domain. This result of Behrens focused the attention
on A - domains, together with Gamelin’s localization
of the Corona; [3] reduced the Corona problem to
asking if M (D)>D, where M (D) is the fiber over
the origin and D is the closure of D in M(D). See [4]
for more details. In [8] Zalcman showed that the

e

condition E Tn < oo implies that ¢, (f) =
— [Cal
n=1

1 Sf(z)

37 7dz is a homomorphism of H” (D) which lies in
T
oD

M, (D). He called it the distinguished homomorphism.

Let A be a function algebra and M(A) its maximal
ideal space. Two homomorphisms ¥ and ¢ in M(D)
are in the same Gleason part if | y —¢ | < 2. The
pseudo-hyperbolic distance between two points
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and ¢ in M(D) is defined by
p(V,0)=Sup {[Y(f)|: feA, ifl <1 and ¢(f)=0}.

The relation p(y,p)<1 is an equivalence relation
and the equivalence classes are the Gleason parts of
M(A), see [6].

Gamelin and Garnett showed in [5] that ¢, is in
the same Gleason part of M (D) as D. They also showed
in the same paper that if {z,} is a 'sequence in D such
that z,—0 and d(z,,0D) = C |z,| forsome C >0 then
z,—0is the norm in M(D), where D is any domain
such that 0 €D and d denotes the distance.

NOTATIONS AND DEFINITIONS

Ww—Z

oA,

Let (P.f)(z)= 2—}“ S IO g, for ze A

and n=1,2,...
Let P(¢,) denote the Gleason part of M(D) which
contains ¢,. A, is the restriction of H”(D) to M, (D),

it is a closed subalgebra of C(M,(D)). For a sequence
{z,} in D, {-z:} will denote its closure in M(D), and

) = ) \{z)

Let D be a A-domain; in section 2 we prove the
following:

Theorem 1:

Let {z,} be a sequence in D which converges
to 0 and satisfies

1. 3A>0 such that for each k, d(z,8,) 2 A |z
for all n#k

2. Tim | (Pf)(z) — (Pf)(0)| <2 forall f € H”(D)
k
with ||f|| <1. Then {z,}<P(¢,)-

Theorem 2:

Let {z,} be a sequence in D which converges to 0
and satisfies

1. 3A>0 such that for each k, d(z,, An) > A|zk|
for all nxk.

2. Given € > 0, 3f € H” (D) such that lim I(Pkf)(zn)

—(Pf)0)|>2— ¢ . Then {z} n P(d,) =¢.
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SECTION 1: PRELIMINARIES
Theorem 1.1:

Let D be a bounded domain, A€ dD and let U be an
open neighborhood of A. For $ €M (D n U),
A

define ¢ on H*(D). by &(f) = ¢ (f ) where

DnU
fe H*(D). Then ¢ € M). (D) and the map

¢: M (D -M
, @) , @)

defined by @ (¢)=$, is a homeomorphism.
Also for f€ Ax (D), let f* be in H”(D) such that

* = *f*
f M fand let F*=f

A

=F*
Daut FlM)‘(Dn ).

Then the map
Ve A)‘(D) - A)‘(D n U) defined by ¥ (f) =F

is an isomorphism.
Proof: See [3].

Corollary 1.1: The map  is an isometry.

Proof: For fe H”(D).

If] MK(D) =sup {[f(@)|:$€ M)\. (D)}

= sup {|f(@(¢))]|: ¢€ M)‘(D n Uy
= sup {[o(f*|y  l¢€ Mx (Dn V)

= sup {|o(V (f)]:¢ € M)L (D nU)}
= v ® I

Lemma 1.1: Let ¢, ¢’ € M).(D) then

lo-o'll , = Jo—¢'l
MD) H"(D)

Proof: Let A = | ¢—¢'| A
A (D)

= sup {|f(¢)—f(9")|:f€ Ak (D), 0< | f|| =1}.



and let

B=14-4'1 o
0<|fl =1

Clearly B < A
Let ¢ >0 be given. If € A)"such that

0<|/fl < 1and A < |f(¢)—f(") |+ & .
Also [5] 3h € H®(D) such that
h ‘M o) = fend Inl <|if]| + <.
A

Letg = | ;then g € H™(D),0<|g[<1,

we have

<| om)—¢'(h) |
<

, =| d(h)—’(h)
1]+

_ o) —o'(f)

- + e .
So B + ¢ B2|¢(f)-¢'(f)| < A— ¢ . Since & was arbi-
trary, we get B = A.

Lemma 1.2: If ¢,¢° € M)\ (DnU) then

= [é—¢’

Proof: Immediate from the above corollary.

Lemma 1.3: For ¢, ¢’ € Ml(Dﬂ U)
o4
H*(D NU)

Proof: ||¢—¢'| = lo—¢'
H™(D N U)

Let D be a domain obtained from the open unit
disc by deleting a sequence of disjoint closed discs

A, = A(c,,r,) converging to 0 and satisfying

3
Tn
I Cn <00
n=1

For purposes of integration, we orient the circle
|z| = 1 in the counterclockwise direction and
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0A, (n>1) in the clockwise sense.

As mentioned in the introduction ¢,, which is

defined on H” (D) by ¢o(f) = lm Sf(g)dg

dD
homomorphism in M (D) called the distinguished
homomorphism.

Lemma 1.4: Let D be a domain of the type described

k-1

D, let =D U U A, and denote by

n=1

¢, the distinguished homomorphlsm of H*(D,),
then ¢ok = ¢o

|He° D,y
Proof: Let f € H®(D,).
b(0) = ;TS% dt =
oD
1 f(%) f(%)
2mi S € b+ 2m ST dg
aA n=1 aAn
L (£ (LD
2n1S 4 dg + 2mi Z S 4 d¢, and
aA n=k aAn
because —=~ f9) ; is analytic in A, for 1 < n < k-1,

T
50 o(f) = doi(f)-
SECTION 2: DISTINGUISHED SEQUENCES

Throughout this section D will denote a A-domain.

Recall that P, is defined on H” (D) by
_ 1 Q) _
P.(f)(z) = i S -z d{ forn=1,2,..
oA,
for ZEA§=¢\A,,, and P(¢,) denotes the Gleason
part of M(D) which contains .

Proof of Theorem 1: Let feH™ (D) with \! f H <

fix an integer k.
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|f @)= ¢o(f)| =

1 | _f© 1 fo)
|2nig = dc“ﬁg ¢ d¢|

D dD

AN f(0)
o> | nee

n=1 aAn

1 N (R
mZSC at|

n=1 aAn

l g Zkf(C)
+ —I 6(6—z)

k—1
< -—1\
T 2n
n=1 a A
+ | Pu)(z)—(PE)O) |

D

n=k+1 Kl A

de |

z,f()
86—z

dg|

_af(®)

I[=A

z,f(0)
8(8-2z)

1
+E|S dg |

A

Let 0< & <1/2 be given. Choose k large so that

el

r e

n=k+1

< eandfz|< e NfFnxk

k —1

LetD. =Du U A let &, = &, ;
3 =1 H" (D)

Iff e H*(D g ), e || f]| < 1 then feH"(D),

f“s-land

S Cf(_t;) d{ = Oforn < k.
OAq

Now for n=>k we have

| fz,)- ¢oe(f)|<——|2 S

m=k+1

_zf(5)

Tz 4!

+ | Pz~ (PA)O) | + 21n| S z(fg(_C)Z) at |
oA

Ol Lt
m=k+1 d(zn,Am) ! cm|—rm

m*:n

+1(Pf)(z)—(Pf)(o)| LR

1-¢
i rm €
T A 2 ;|cm|—rm+l—s

m=k+1
< 3z

+ | Paf)(z,) — (PNO) |

50 fim | f(z) 0, ¢ (0] < m|(P.f)z)- (P.HO)] +3 ¢
Let¢ € {z,} N M, (D), then [3]¢ ¢ = ¢|H*(D o)

isin {z} 0 M, (D¢ ) and [[o—0,|| =

lée —d0c ||
For any f€ H*(D ¢ ) with ||f|| < 1,3a sub-

sequence {zk.} of {z,} such that

lim f(z, )=¢¢ ),

i i

be® — b0 O] =1m|f(z, )= o O |
e ]

IA

Hfllf(lk)—cbog(f)l

IA

fim | (Puf) (@)~ (PO +3 ¢

If ¢ is small enough, there exists a > 0 such that
| o) — o (D] <2-a;
thus, || de-doc [[<2=> [[6-0dof[< 2=
$ € P (o).
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Corollary 2.1: If {z,} is a sequence in D which satisfies

1. 3 A>0such that for each k, d(z,, A,) = A| z, |, for
all nzk,

2.d(z,, A,) = Br,, B>1, for all k,

3. [a]<Cley|;C<2, for all k,

then {z} < P(¢,)

Proof: Let f ¢ H”(D), ||f|| < 1, for any k,

P~ PHO) | =| 5= S (Cffcz)k _ f(é;) ) a

OA,
_1 z,f(£)
S Tn 'S W2y
aaA,
< |z, | 2mr, 1]

2n d(z,, Ay)

SC_ Cx
B C [~Ti

So 1im | (P,f)(z, )~ (P,f)(O) | s—CB <2
k

| e | =i

Applying the theorem now we get the required result.

Proof of theorem 2: Let 0 < € < 1 be given, choose
N so that

E 'm <eand |z | <e fork » N
|cm|—rm =

m>N

If e H*(D), ||f]| = 1, such that
lim | (P,f)(z)-(P)O) > 2 — . Fix k>N,
k

| fz) = o(f) + (Pf)z)— (P )O) |

l ]
sl E S __.f(o—ﬂ—dcl
n=1 C_zk C
nFk aAn
1 zf(%)
+ 2ri S C(C—lk)dc |
oA
N
<] > RE)-E00)
n=1
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N
< | (Pof)za) — (PO |

n=

1

+ —— |z, | 2n r,
2n
n=N+1 d(Zk, An) lcnl_rn
ngl
z, |
T 1-¢

or [fz,) — $o(f)+(Pf)(@)— (Pif)O)|

N
< E (Paf)(z)— (P)O)|+3 ¢ -
n=1

N
Since P,f — (P,f)(0) is continuous at O and

n=1

vanishes there, 35 such that if | z| < & then

N
| (P.f)(@) — (Pnf)(0)|< .

n=

Choosing K > N so that if k 2 K then |z, | <38, we
get for any such k

|fz) — do(f )+ (PE)z)— (P F)O)| < 4 ¢

or [f(z) — 6.0 | + 4 & 2 |(PNHEI-PHO) |,

s0 lim | f(z)—o(f) | +4 € Z lim | (P,£)(z)—(PH)O) |
k

>2—- ¢ |

If $€{z,}* then 3 a subsequence {z,} such that
i

o(f) = lim £z, ),

j—>o0 ]

50 |6(f)— () | =_l_1:2 | f(znl)—d)(of)i > lim |f(z,)—(f)|

v

2-5 ¢
Hence |[¢—¢,]| =2 so ¢ ¢ P(do).
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Corollary 2.2: if {z,} is a sequence in D which
converges to 0 and satisfies

1. for each k, d(z,A,) >A |z for some
A>0 and all n#k

2. given ¢ > 0 3 f such that f(¢,) = 0 and

lim |(P,f)(z,)— (P, f)(0) | >1— ¢ then
k

@* N P@.) =9

Proof: Let ¢ >0 be given, as in the proof of
theorem 2.2 we get

| fz) | > | PH@I-(PE)O0) | —4¢,

so lim |f(z)|> 1-5¢
k

If$ € {z} * then 3 a subsequence {z,} such that
i

() = lim f(z,).

J—o0 J

Now [¢(f) | = lim | f(zy;) | > lim|f(z,)| > 1-¢,
j-»o0 n

s0 p(é.p)=1 and hence ¢ ¢ P(¢,).
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