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ABSTRACT 

Let D be a domain obtained from the open unit disk by deleting the origin and 

a sequence of disjoin closed disks An = a(cn,rn) = {z:alz-cnl ~rn} with cn~O and 
00 

~ rn 00 

~~ <00. Let H (D) denote as usual the Banach Algebra of bounded 

analytic functions on D and M(D) its maximal ideal space. 

Let {zn} be a sequence in D such that zn~O. 

In this paper we give conditions sufficient for the closure {zn} of {zn} in M(D) 

to be contained in the same Gleason part as D.We also give conditions sufficient for 

{zn} "\ {zn} to be disjoint from the Gleason part containing D. 

INTRODUCTION 

Let D be a bounded domain in the complex plane. 
Let H

oo 
(D) denote the Benach algebra of bounded 

analytic functions on D and M(D) its maximal ideal 
space. The Corona Conjecture asserts that D is weak* 
dense in M(D). In [2], Carleson proved that the open 
unit disk a is dense in M(a). In [7], Stout extended 
Carleson's result to finitely connected domains. In 
[3], Gamelin showed that the Corona problem is local. 

By a a-domain we mean a domain obtained from 
the open unit disk a by deleting the origin and a 
sequence of disjoint closed disks an = A (cn,rn) with 

00 

cn~O and ~~ <00. In [1] Behrens showed D Icni 
n=l 

domain. This result of Behrens focused the attention 
on a- domains, together with Gamelin's localization 
of the Corona; [3] reduced the Corona problem to 
asking if Mo(D)~D, where Mo(D) is the fiber over 
the origin and 5 is the closure of D in M(D). See [4] 
for more details. In [8] Zalcman showed that the 

00 

condition < 00 implies that 4>0 (f) =2:~ 
n=l Icnl 

1
-2. rfez)dz is a homomorphism of Hoo 

(D) which lies in 
1t I J Z 

8D 
Mo (D). He called it the distinguished homomorphism. 

Let A be a function algebra and M(A) its maximal 
ideal space. Two homomorphisms \jJ and 4> in M(D) 
are in the same Gleason part if Ii \jJ - 4> II < 2. The 

that if the Corona fails for any domain, it fails for a a- pseudo-hyperbolic distance between two points \jJ 
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and cp in M(D) is defined by 
p(W,cp)=Sup {I W(O 1 : fEA, il fll ~ 1 and cp(f)= O}. 

The relation p(W,cp)< 1 is an equivalence relation 
and the equivalence classes are the Gleason parts of 
M(A), see [6]. 

Gamelin and Garnett showed in [5] that CPo is in 
the same Gleason part ofM (D) as D. They also showed 
in the same paper that if {zn} is a 'sequence in D such 
that zn ~O and d(zn,oD) ~ C 1 Zo I for some C >0 then 
zn~Ois the norm in M(D), where D is any domain 
such that 0 EoD and d denotes the distance. 

NOTATIONS AND DEFINITIONS 

1 j few)Let (PnO(z)= -2-'- --dw, for Z E Il~ 
1tl w-z 

o6n 

and n=I,2, ... 

Let P(CPo) denote the Gleason part of M(D) which 
contains CPo' Ao is the restriction of H

oo 
(D) to Mo (D), 

it is a closed subalgebra of C(Mo(D)). For a sequence 

{Zo} in D, {zn} will denote its closure in M(D), and 

-* 
{zn} = {zn} '\ {zn} 

Let D be a J1-domain; in section 2 we prove the 
following: 

Theorem 1: 

Let {zn} be a sequence in 0 which converges 
to 0 and satisfies 

1. 3 A >0 such that for each k, d(zk' fln) ~ A IZn I 
for all 	D=Fk 


oo 

2. lim I (Pkf)(zk) - (Pkf)(O) I < 2 for all f E H (D) 

k 

with Ilfll S 1. Then {Zo}cP(CPo)' 

Theorem 2: 

Let {zn} be a sequence in 0 which converges to 0 
and satisfies 

1. 3A>0 such that for each k, d(zk' J1n) >- A Izkl 
for all n =F k. 

oo
2. Given € > 0, 3 f E H (D) such that lim I(Pkf)(zn) 

-* 
-(PkO(O)1 >2- € . Then {Zk} n P(CPo) =cp. 
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SECTION 1: PRELIMINARIES 

Theorem 1.1: 

Let D be a bounded domain, J.. E0 D and let U be an 
open neighborhood of J... For cp E M (D n U), 

J.. 

define ~ on Hoo(D). by ~(f) = cp (f /D n U) where 

f E H
oo 

(D). Then ~ E MJ.. (D) and the map 

~: M (D n U)~M (D)
J.. J.. 

defined by ~ (cp)=cp, is a homeomorphism. 

Also for f E A (D), let f* be in H
oo (D) such that 

J.. 

r*IM =randletF*=r*lo n u,F=F*IM (0 n U). 
J.. J.. 

Then the map 

\jI : A (D) ~ A (D n U) defined by \jI (f) = F 
J.. J.. 

is an isomorphism. 

Proof: See [3]. 

Corollary 1.1: The map \jI is an isometry. 

Proof: For f E H
oo 

(D). 


IlfII M .. (D) = sup { I r(~) I : ~ E M .. (D») 


= sup {I f(~(cp))1 : cpE M J.. (D n U)} 

= sup {ICP(f*ID nU)I:cp E MJ.. (D n U) 

= sup {Icp( w(f)) 1:cp E M (D nU)} 
= II w(f) Il. J.. 

Lemma 1.1: Let cp, cp' E M (D) then 
J.. 


Ilcp-cp'lI A = Ilcp--4>' II 

oo

J..(D) 	 H (D) 

Proof: Let A = Ilcp-cp' II A 
J.. (D) 

= sup {I f(cp)-f(cp') I : fE A (D),O< Ilfll ~ I}.
J.. 
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and let 

B=II<I>-<I>'II Hoo(D) 

= sup {If(<I>)-f(<I>')I: f e Hoo(D), 0 < Ilfll ~ I}. 

Clearly B ~ A 

Let e >0 be given. 3f e A such that 
A 

0< \If II ~ I and A ~ If(<I»-f(<I>') 1+ e . 

Also [5] 3h e Hoo (D) such that 

h h, (D) = rand ii h ii 5 11 f ll + E. 

Letg = 

we have 

<I>(h)-<I>'(h) I~ I <I>(h)-<I>'(h) I
B~Ig(<I»-g(<I>')I= II f II + e 1 + e

I 

_ I <I>(f) - <I>'(f) I 

- 1 + e 


So B + e B ~I<1>(f)-<I>'(f)1 ~ A- e . Since e was arbi
trary, we get B ~ A. 

Lemma 1.2: If <1>,<1>' e M (D () U) then 
A 

\1 <1>-<1>' 11 A (D n U) = 1 1~-4>' i l A (D) 
A A 

Proof: Immediate from the above corollary. 

Lemma 1.3: For <1>, <1>' e M (Dn U)
A 

11<1>-<1>',1 = 11<1>-<1>' 11 oo 
Hoo

H (D () U) (D). 

Proof: 11<1>-<1>'11 = :! <I>-<I>' II 
Hoo(D n U) A (D n U)

A 

Let D be a domain obtained from the open unit 
disc by deleting a sequence of disjoint closed discs 
lln = II (cn,rn) converging to 0 and satisfying 

For purposes of integration, we orient the circle 
1Z I = I in the counterclockwise direction and 

alln (n~ 1) in the clockwise sense. 

As mentioned in the introduction <1>0' which is 

1 rf
defined on Hoo (D) by <l>o(f) = -2. (;) d ~, is a 

1t 1 J ~ 
aD 

homomorphism in M 0(D) called the distinguished 
homomorphism. 

Lemma 1.4: Let D be a domain of the type described 

k-l 

Dk let = D U U Iln and denote by 

n=1 

of Hoo<I> ok the distinguished homomorphism (Dk), 

then <l>ok = <l>olHoo (D )"
k

HooProof: Let f e (Dk). 

= _1_ r f(~) d r + _I_~ r f~) dr d 
21ti J ~ ~ 21ti L...J J ~ ~, an 

all n=k 0lln 

because f(~) is analytic in Iln for I ~ n ~ k-I, 

so <l>o(f) = <l>Ok(f)· 

SECTION 2: DISTINGUISHED SEQUENCES 

Throughout this section D will denote all-domain. 

Recall that Pn is defined on H
oo 

(D) by 

I ) f(~)Pn(f)(z) = -2' -r- d ~ for n= 1,2, ...
1tl ~-z 

alln 

for zell~=1"'lln' and P(<I>o) denotes the Gleason 

part of M(D) which contains <1>0. 

Proof of Theorem 1: Let feHoo(D) with II f " ~ 1, 

fix an integer k. 
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Now for n~ k we have 

II fll rm 
!cml-rmm=k+l 

00 

< 1" rm + 8 I I-A u IC I-rm 1- 8 + (Pnf)(zn) - (Pnf)(O)m 
m=k+l 


~ 38 + I(Pnf)(~)-(Pnf)(O) I ' 

so lim If(zn)-4>o 8 (f)1 :::;; liml(Pnf)(Zn)- (Pnf)(O) I + 3 8 

n n 

Let cI> E {z,,} n Mo (0), then [3] cI> e = cI> IH~ (0 e) 

is in {zn} n Mo (D 8 ) and /14>-4>011 = 

114>8 -4> 0 8 II· 
For any f E HOC> (D 8) with II f II :::;; 1, 3 a sub

sequence {Zk } of {Zk} such that 

lim f(zn ) = 4> 8 (f),
j.-.oo j 

14> 8 (f) - 4>0 8 (f) 1 = lim If(zn ) - 4>0 8 (f) I 
j-t 00 j 

:::;; _1\ 
21t 

1+21t 

Let 0< 8 < 1/2 be given. Choose k large so that 

k-l :::;; lim I(Pkf) (zk)-(Pl)(0)1+38 

Let D 8 = D U U An' let 4>0 8 = 4>0 I . k 

n = 1 Hoo(D) If 8 is small enough, there exists a > 0 such that 

Iff E HOC>(D 8),8\1 f\1 :::;; 1 then fEHoo(D), \\ fit ~ 1 and I 4> 8 (f) - 4>0 8 (f) I :::;; 2-a; 

thus, II 4> 8 -4> 08 II < 2 ~ II 4> - 4>0 II < 2 ~ 

4> E P (4)0)' 
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Corollary 2.1: If {zn} is a sequence in D which satisfies 

1. 	 3 A >0 such that for each k, d(Zk' lln) ~ AI Zk /' for 

all n;fk, 

2. d(Zk' llk) ~ Drk, D> 1, for all k, 


3./zkl<cjckl,C<2, for all k, 


then {Zk} c P(<I>o) 


Proof: Let f E H oo(D), II f" ~ 1, for any k, 


l(p f)(z )-(P f)(O) I= I _1_. r ( f( ~) - f( ~) ) d ~I 
k k k 2m J ~-Zk ~ 

allk 

~ 1 I r Zk f( ~)
21t J ~(~-Zk) 

d ~ I 
aA k 

~ 
21t 

21trk

Ick I-rk 

II II 
f 

Applying the theorem now we get the required result. 

Proof of theorem 2: Let 0 < € < 1 be given, choose 
N so that 

oo
3f E H (D), II fll ~ 1, such that 

lim I (Pkf)(Zk)-(Pkf)(O)1 > 2 - €. Fix k>N, 
k 

1 L00 

~ 121ti 
n:l 
n:fk 

N 

:5 I L (P.f)(Zk)-(Pnf)(O)I 

n=1 

+1 _1 1 
21ti all 

1 N 

+-~
21t L-...J 

n=N+1 
n+1 

N 

~ 	1L (Pnf)(zk)-(Pnf)(o)I+3 € . 

n=1 

N 

Since ~ Pnf - (Pnf)(O) is continuous at 0 and 
n=1 

vanishes there, 30 such that if IZI < 0 then 

N 

I£,: (P nO(z) - (Pnf)(O)1 < € . 

Choosing K > N so that if k ~ K then I Zk I < 0, we 
get for any such k 

If(Zk) - <l>o(f)+(Pkf)(Zk)-(Pkf)(O)\ ~ 4 € 

or If(Zk) - <l>o(f) I + 4 € ~ \(Pkf)(Zk)-(Pkf)(O) I ' 
so lim' f(Zk)-<I>o(f) I+4 € ~ lim I (Pkf)(Zk)-(Pkf)(O) I 

k 

> 2 - € • 

If <l>E {zn} * then 3 a subsequence {z n} such that 
j 

<1>( f) = lim f(zn), 
j--,*oo j 

so I<I>(f}-<I>o(f) I= lim If(zn )-<I>(of)1 ~ lim If(zn)-<I>o(f)\ 
j~OO} n 

~ 	2-5 € 

Hence 11<1>-<1>011 = 2 so <I> ~ P(<I>o)· 
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Corollary 2.2: if {Zn} is a sequence in D which 
converges to 0 and satisfies 

1. for each k, d(zk' A n) ~A I Zk I for some 

A>O and all n =F k 

2. given E > 0 3 f such that f(~o) = 0 and 

lim I(Pkf)(zk)-(Pkf)(O) I> 1- E then 
k 

Proof: Let E > 0 be given, as in the proof of 
theorem 2.2 we get 

so lim If(zk)j ~ 1-5 E 
k 

If ~ e {Zk} *, then 3 a subsequence {zn} such that 
j 

~(f) = lim f(zn)' 
j~oo j 

Now I~(f) I= lim If(znj) I~ lim If(Zo)I> 1- E , 
j~oo n 
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