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ABSTRACT

The steady laminar flow in a sparsely-packed horizontal porous layer sandwiched
between two fluid layers is studied with the top and bottom boundaries bounded by
rigid parallel plates. The formulation consists of the Brinkman equation for the
porous layer and the Stokes equation for the fluid layer with the BJR-slip condition
at the interface between the fluid layer and the porous layer. Exact solutions are
obtained for the respective layers involving effective viscosity and permeability.
Analytical methods to determine these quantities are proposed. The effects of
viscous parameter, porous parameter and the thickness of the porous layer on the
mass flow rate and friction factor are investigated for the cases in which the
thickness of the porous layer is small or large compared to that of the fluid layers.
We found that the thickness of the porous layer plays a significant role in
controlling the flow in fluid layers and the velocity distribution in the porous
medium exhibits a boundary layer nature of the flow very near the surface.
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FLOW THROUGH A SPARSELY-PACKED POROUS LAYER SANDWICHED
BETWEEN TWO FLUID LAYERS

NOMENCLATURE
c = 4 @d)N, Volume fraction
C; = Friction factor

d, = Average radius of the particles
hy, h,, hy = Thickness of the fluid and porous layer
(Figure 1)
k = Darcy permeability of the porous
_ medium
k = Nk, Effective permeability of the
porous medium
M,, M; = Mass flow rate in the regions 1 and 3
N = Number density
1 dp ’
P, = L dx Constant pressure gradient
[
P, = ¢ E P,
Q = —kP, Darcy velocity in the porous
medium
2pu;h
Re; = A (i=1, 3), Reynolds numbers in
regions 1 and 3
Ug, = Slip velocity at the nominal surface at
y=h,
Us,
Us, ~ PK2
ug, = Slip velocity at the nominal surface at
y=h
U .
. © PH2

Greek Symbols

a = |\ Slip parameter
A = Viscosity factor
1 £,0 (o)
d - (}\k)l/zasl- \)\vsl— v’)\,
3,
8, = 87 8, = o\ tanh 8,
= hl’ Dimensionless y co-ordinate
1
) = 1-—c, Porosity of the medium
ko :
o = Tk’ orous parameter
p = Density of the fluid

I = Dynamic viscosity
Ty = Effective viscosity

_ hz"hx _ hz_hx
“ Tk % mh

1. INTRODUCTION

The study of flow past a porous medium has gained
importance in recent years because of its natural
occurrence and of its importance in bio-mechanics
[1-3], in engineering problems like porous bearings
[4—8], porous rollers [9], porous layer insulation [10]
consisting of solids and pores, and in flow through
fractures within petroleum reservoir formations. For
an effective use of a porous layer in these technolo-
gical problems, the structure of the porous layer
should be viewed from all angles. In particular, it is
desirable to minimize the solid conduction and
maximize the porosity in such a way as to reduce the
apparent viscosity, thermal conductivity and the mass
diffusivity. This may be achieved using a special type
of sparsely-packed porous medium of small volume
fraction and high porosity.

Many authors [11—-18] have shown that in such a
medium the flow is governed by the Brinkman
equation, with an effective viscosity which takes care
of the boundary layer, called the Brinkman boundary
layer, of the order Jk. Freed and Muthukumar [19],
Koplik er al. [20], and Kim and Russel [18] have
obtained the ratio of an effective viscosity to the
dynamic viscosity as a monotonically increasing
function of ¢, valid for small value of ¢, Neale and
Nader [21], Rudraiah [17], and Kim and Russel [18]
have suggested a method to determine the effective
viscosity with the help of the slip coefficient proposed
by Beavers and Joseph [22].

In this paper, we study the flow in a sparsely-
packed porous layer sandwiched between two fluid
layers of different depths. A typical example of this is
a situation where porous insulation material occupies
only a small fraction of the space between two walls.
The fluid motion in the porous layer is governed by

. the Brinkman equation and that in the fluid layers is

governed by the Stokes equation, and the interaction
between the two takes place through a proper
boundary condition at the permeable interface. The
crux of the problem is therefore to specify a proper
boundary condition depending on the depth and
nature of the porous layer.
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When the thickness of the porous layer is large,
Beavers and Joseph [22] (hereafter called BJ) have
used the slip boundary condition known as the
BJ-slip condition. This BJ-condition has to be mod-
ified suitably in the case of a sparsely-packed porous
layer of finite thickness.

Recently, Rudraiah [17] has shown, in the case of a
porous layer of finite thickness, that the BJ-slip
condition has to be modified, and has derived a
modified BJ-condition (hereafter called BJR-slip
condition) incorporating the thickness of the porous
layer. This condition, since it depends on the depth
of the porous layer, may be used to study the
practical problems cited earlier.

The object of this paper is, therefore, to use the
BJR-slip condition to study the interaction of fluid
motion through and past the porous layers under the
assumption of laminar flow. The basic equations and
the boundary conditions for the two configurations,
namely:

(i) a thin sparsely-packed porous layer sand-
wiched between two thick fluid layers (Figure
la);

(if) a thick sparsely packed porous layer sand-
wiched between two thin fluid layers (Figure
1b).

are given in Section 2. In Sections 3 and 4 the exact
solutions are obtained for the above two configura-
tions. In Section 5, the results are discussed and some
important conclusions are drawn.

2. FORMULATION OF THE PROBLEM

The physical configurations illustrating the prob-
lem under consideration are shown in Figure 1a and
1b. In Figure la, a thin porous layer is sandwiched
between two thick layers of fluid (case 1), while in
Figure 1b, a thick porous layer is sandwiched
between two thin layers of fluid (case 2), the whole
unit lying between the two rigid horizontal bound-
aries. We choose a Cartesian coordinate system with
the x-axis parallel to the channel and the y-axis
vertically upwards with the origin at the lower rigid
wall. The porous medium occupies region 2
(h, <y < h,) and the fluid, identical with that
saturating the medium, occupies regions 1 and 3,
(h, <y <h, and 0 < y < h)) respectively.

The equations of motion for a steady laminar flow
of a viscous incompressible fluid are the well-known
Stokes equations

hj3
h2 — -
hq T2 a%a%° Q..re_@n_"n? 222°%0%0°5 %
©) vT
0 -
X
(a) Case -1
ha -
hpgem—— -k —— — ———-
o°°
o ° [-]
%05 ,° @
000 o
O°°° y
h1a®% o~ _1._..
0 )
(b) Case-2

Figure 1. Physical Configuration.

V.V, =0,
~Vp+p V¥V, =0 (i = 1, 3)

(2.1a)
(2.1b)

and those for the porous medium are the Brinkman
equations

vV, =0, (2.2a)

Lad
k

These equations are valid only when the Reynolds
number, based on this pore velocity and the per-
meability, is sufficiently small. The effective per-
meability £ is related to the Darcy permeability & by
the relation

~Vp+E V- Lv =0@G=2). @2

b _ B
d) k"'_ (2'3)

k

which differs from the relation given by Lundgren
[23] and Kim and Russel [18] by the multiplication
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factor 7. The effective viscosity [T arises while using
the Brinkman equation to govern the flow in a
porous medium. The main reason in using the
Brinkman equation in a sparsely-packed porous
medium is to provide an information as to what is
happening within the boundary layer region beneath
the surface of the permeable channel wall. Since the
porous medium involves multiparticle interaction, it
cannot be predicted exactly the relationship between
p and E. Consequently a number of approximate
methods have emerged among which the more
popular are the mixture theory model (Williams [24]
and references therein), cell models (Happel and
Brenner [26]), self-consistent-field models (Hashin
[27]), suspended particles model (Lundgren [23]),
pairwise additive interaction models (Glendinning
and Russel [25]) and averaged equations model for
dilute systems (Kim and Russel [18]). If we know A,
£ may be determined using (2.4) because w is the
dynamic viscosity. We present here a method to
determine A based on the shear flow model.

In this paper we assume that the effective viscosity
in the Brinkman model is due to the fact that the
porous matrix may present less window for a fluid to
react on itself or may enhance the drag. So following
- the mixture theory (Williams [24]) we are led to
guess

E=\N¢"p. 2.4

Here the factor ¢’ reflects that both the averaged
stress and the fluid sees only a fraction ¢ of the fluid.
Since A > 0, A ¢? increases with increase in porosity
¢. A method to determine A\ will be discussed in
section 5.

The required equations, from (2.1) and (2.2), and
the boundary conditions for different regions are as
follows.

Region 1.

The Stokes equation for unidirectional flow in the
region 1, which is the fluid region above the porous
layer, is

d’u
Wl =P, (2.5)
with the boundary conditions (see Appendix).
u, =0 aty=h, (2.6)

du, =(Us,~ Q)
- = 8|:m+(UBI—Q) coth B(hz—hl):l

at y = h, 2.7

in case 1, and

du Mup —Q)
d—yl=‘/—Eaty=h2 (2.8)
in case 2.

The conditions (2.7) and (2.8) are the BJR-slip
conditions which are obtained from the matching
conditions

u = du, , (2.90)
du, __dwp o _

The first condition here represents the mass balance,

and the second represents the balance of shear stress
at the interface between the fluid region and the
porous medium.

Region 2.
The flow in the porous medium, driven by the

d
same pressure gradient 2 , is governed by the

dx
Brinkman equation
(:—;22 - 8%, =P, (2.10)
with the boundary conditions
U, = ug aty = h, (2.11)
u, = ug aty = h (2.12)

in case 1 and
k dp
u,=—-¢ Ea as (h,—h) > (2.13)
in case 2.

Region 3.

In region 3 which is the fluid region below the
porous layer, the flow is governed by the Stokes
equation

d’u
Eﬁ=Pl (2.14)
with the boundary conditions (see Appendix)
u;=0aty=20 (2.15)

du, ~(Us,~ Q)
E =- AB[_sinhﬁ(Th,) +(Up,—~ Q) coth 8(h2_h1):|
at y = h, (2.16)

in case 1, and
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du,

\ |
= FaQaty=h @1

in case 2.

We note that the BJR conditions (2.7), (2.8),
(2.16), and (2.17) reduce to

% _ V2 (UB Q)

ay & (2.184q)
duy A2 (us,— Q)
and @ = - T (2.18b)

- in the limit of (h,—h;)—x (i.e. large thickness of the

porous layer). These coincide with the Bl-slip
condition when (A = «. In other words, the solu-
tions obtained from the BJR slip condition are
general in the sense that the solutions tend to those
obtained using the BJ-slip condition when the
thickness of the porous layer is large compared to
the thickness of the fluid layer.

3. SOLUTIONS FOR CASE 1

Solving (2.5), (2.10), and (2.14) separately using
the conditions (2.6), (2.7), (2.11), (2.12), (2.15),
and (2.16), we obtain [see Appendix (A)]:

Pk}
U = ;1‘[1]2—(2'*'2814' &)"]‘*’(1‘*‘31)(1"“51“*’ ﬁ)
2 £, 3

2

+oU, (1+€1+ -—-n) 82] (3.1)
€
_PH[ 1 .
Uy ==~ [sinh Ry Usg, sinh 8,(1+¢,—m)

2
= Uy, sinh 8(1-m)— <= {sinh dy(1+¢,~m)

—sinh 8,(1—m)—sinh 81}:| (3.2)

P\
Us == “[n*=n+ Uz ] (3.3)

1
Uy =

1

[av")\ cosech 8, + Z—j(l + 0o\ coth §,)

B

!

& / &
> (1+m coth 5 )] (3.4)

2 g\ cosech 8, +
€ 82

1
Us, = A [O\/A coth 3, + 2

2 d
+ = tanh 7 ( = + /A coth —iﬂ (3.5)

A= —¢[1+A02+2¢)\a coth §,

+(1+ /Ao coth 8,)( gg —1)].
1

Solutions (3.1) to (3.3) are valid when the depth of
the fluid layers in the regions 1 and 3 are different
(i.e. &, # &,). These solutions will be simplified for
the equal depths of flow (i.e. &, = &, = ¢) because
up = ug. In this case the solutions (3.1) to (3.5)
take the form

h2
w = LRt (- e+ 2= Hm-0)] (.6

P\h}
U = = LFJ:-—I—ZI[lJrsinh 3 (1+e—m)
, _ (szo-l)}
sinh 3,(1—mn) X sinh B 3.7)
Plhf 2
=5 [n*=2(1+fo)m] (3.8)
1 (o +28,)
fo= 267 (1+3,) 3.9

From these solutions it is possible to obtain the
relations that involve quantities which may be
measured in the laboratory. Among these are the
mass flow rate and friction factor in regions 1 and 3..
If M, and M, are the mass flow rate in regions 1 and
3 respectively, then

h3
M, = pu,(hy—h,) = pJ; u,dy

__pPhie ]
=- 82[(82) -36U, | (.10

pPh
15 : [1 3¢UB] *

(3.11)

If M* is the mass flow rate in the channel, of
depth h,, bounded by the rigid impermeable walls,
then

hy
M; =pish, = PJ:] udy = —

pPlh?

M=-"

(3.12)
where the asterisk (*) is used to denote the quantity
evaluated in the absence of a porous layer. For the

condition of equal pressure gradient, the ratios of
(3.10) and (3.11) respectively to (3.12) yield
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M, 3(-4 UBI) &\’
M - [1+ (ei/e,)’ ](3_2) (3.13)
and % = 1+3(—¢U32) . (3.14)

Since (=$Up) and (—$U;) are always positive,
it follows that the presence of a porous layer sand-
wiched between the two fluids results in a higher

mass flow rate. Further, when ¢, = ¢, = ¢, (3.13)
and (3.14) coincide because up = up due to
symmetry and we have
M, M, 3(oc+2J\ tanh 3,)
Mot o(1+ o)\ tanh §;) - (3.15)
We note that when ¢ > and /A = a, (3.15)
reduces to
M, 3(o+2a)
M 14 o(1+ao) (3.16)

which coincides with the one given by BJ. This
means that when the depth of the porous layer is
very large, the results of Darcy equation with the
BJ-slip condition are similar to those obtained from
the Brinkman equation with the BJR-slip condition.

The results obtained in this paper are based on the
assumption of laminar flow. Therefore, to know
up to what values of the Reynolds number the
laminar flow is valid, we calculate the friction factor
C; defined by

d
Ly
(C); = T ot i=1,3). (3.17)
From this, using (3.6) and (3.7), we find that
96
(Ci)y Re, = N (3.18)
(52) 3¢UB
96
(C); Re; = 1——3¢U_Bz (3.19)

From physical considerations it is clear that the
porous layer diminishes the friction factor relative to
that in the absence of porous layer for which

(C; Re)* = 96 (3.20)
Thus
(Cy)i Re, _ 1

(CiRe)* (i)z—w Us

(3.21)
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(Cp); Re, _ 1
(CiRe)*  1-3¢Uy, (3.22)
In the case of ¢, = ¢, = €, these expressions take
the form
(Co)1 Rey = (C)3Res = 1+_6f0 (3.23)
and
(Co)1 Re, _ (Ci); Rey _ 1
(CiRe)* ~ (CiRe)* 1+6f," (3.24)

From (3.18) and (3.19) it is clear that for laminar
flow (Cy);Re;, (i =1,3), is independent of the
Reynolds number for a region of fixed height and for
a given porous layer. From (3.21) to (3.24) it also
follows that the porous layer diminishes the friction
factor compared to that for a channel in the absence
of a porous layer.

4. SOLUTIONS FOR THE CASE 2

In this case a porous layer of large thickness is
sandwiched between two thin fluid layers as shown
in the Figure 1(b). The solutions of (2.5), (2.10), and
(2.14) satistying the boundary conditions stated in
section 2 are [see Appendix (B)]

O
u, = ) 1+¢+ €2+'r| A, 1+sl+82 |
4.1)
PR 24*
u = — 21¢ s +A, exp[—o(1+¢&,—m)] 4.2

P1h2

Uy = [A3—m]n, 4.3)

0'2<2+2£1 ) 2(1-oo— el)d)p‘e2

(0_+¢P~ 52)
Rog

€
A, = _1<2+2€1+ = —Al)—
5} €

Al =
241
go’

o’ +24? —;1 (c+1)

i Lad
"(“+¢ E)

The condition of mass balance (i.e. u; =
to the equation

A3=

du,) leads

aN+b\+c=0, 4.9)
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where

=818 -
a=a 82[1 82e){p( 0‘81)]

o
I

0'2[1- z% exp(—o 81)] +20’[exp(—81) z_:]
2[exp(o €)—1] .

The value of A (=0.01) computed from (4.4) for
different values of o, €, and &, coincides with the
experimental value of BJ.

il

C

The ratios of the mass flow rates, as in Section 3,
in the different zones are:

2 g =
M, =(ﬁ) By LB 4

M*

e/ | & ( L e g)
B g
2
by et
It — B (4.6)
oot

These, using (2.3) and (2.4), may be written as

&
M, € : £ 3(0+2 2! vh)
— ==t ——] @7
M g,/ | & £,
o( = +0J)\)
£
M, 3(o+2/N)
M~ (1T en) (4.8)
If €, = &,, we have
M, M, 3(o+2/))
w1 Tereny . @)

which is identical with (3.16) when /A = a. Thus the
two approaches, the Darcy equation with the BJ-slip
condition or the Brinkman equation with the BJR-
slip condition, lead to the similar end results in the
case of a porous layer of large thickness sandwiched
between two fluid layers, each of equal thickness.

To know the value of the Reynolds number upto
which the laminar flow is valid, we calculate, as in
the case 1, the friction factor in the two regions 1 and
3, and when g, = ¢, = ¢, we have

(C),Re, _ (C)iRey _ 1
(C;Re)* ~ (C;Re)* ~ 3(c+2/N)
* o(1+a)

-(4.10)

The results are as depicted in Figure 7.

5. DISCUSSION AND CONCLUSIONS

The steady incompressible Newtonian flow
through a sparsely-packed porous layer sandwiched
between two fluid layers is studied, using the
Brinkman equation satisfying the BJR-slip
condition. Exact solutions, in different regio_ns, are

obtained in terms of the ratios ?, % and % The
2

velocity profiles in different regions with finite depth
of the porous layer (i.e. case 1) are drawn in Figure
2, and for large thickness of the porous layer (i.e.
case 2) in Figure 3, for different values of ¢, and e,.
The thick lines correspond to the velocity distribu-
tion in the fluid layers with a slip at the surface of the
porous layer and exhibits a boundary layer nature
(called the Brinkman boundary layer in the porous
layer—see Appendix C) near the interface. Outside
the boundary layer region, called the core, the effect
of the viscous shear term in the Brinkman equation
becomes negligible because of the resistance offered
to the flow by the elements in unit volume of the
medium is small, thereby indicating the validity of
the Darcy law in the core. These figures depict the
symmetrical nature of the velocity distribution when
the thickness of the fluid layers are equal (i.e.
g, = &,). We found that the decrease in the width of
the porous layer increases the velocity compared to
that in the absence of porous layer. Our analysis is
valid only for laminar flow (i.e. the Stoke’s and
Brinkman equations are valid only for sufficiently
small value of the Reynolds number based on the
pore velocity and permeability). The friction factor
relations discussed in the Sections 3 and 4, however,
predict the value of the Reynolds number up to
which the laminar flow is valid. In other words, the
laminar flow can be controlled by adjusting the
width of the porous layer. The effective viscosity,
called the Brinkman viscosity, £, and the dynamic
viscosity, p, are related to each other through (2.4)
which can be guessed by the analogy of mixture
theory [24]. This relation involves the unknown
viscosity parameter A.

One way of finding the A\ as explained in the
Section 2, could be by relating it to the slip coeffi-
cient o measured by BJ which is valid for large
volume concentration. In recent years there have
been a number of attempts to derive an analogue to
Einstein’s expression

=1+%c¢ (5.1)

£ ¥
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when the volume fraction is small. Brinkman [11]
A=694, 0" =10 suggested the possible use of (5.1) in addition to
providing ad hoc momentum transfer arguments
favouring the use of the dynamic viscosity p (i.e.
E = p). The theory of Freed and Muthukumar [19]
predicts the effective viscosity for dilute arrays in the
form
—=1+%c— icy2 (5.2)

2)2 '

a value greater than that for the pure solvent, but is
less than the Einstein result. Koplik ez al. [20] have
also obtained, from the energy dissipation in an
external flow about the isolated stationary sphere, an

£ |¥

0 01 0.12__ Ufg expression for % in the form
u —
(a) €= €Eym€ =05 | % =1-Yc, (5.3)

a value less than that for the dynamic viscosity.

Recently, Kim and Russel [18] have derived an
expression for the Brinkman viscosity through a
rigorous calculation of the bulk stress to settle the

disagreement in the expression for % obtained by

various authors. They [18] have obtained

= % c+ (832 log c+19.66)c*+6.59¢°* log ¢ ,
(5.4)

£ |F

0 1 . | N a value greater than the solvent viscosity. To the
0 02 04 0-6 08 order of ¢, this agrees with that of Freed and
u Muthukumar [19] and not witk Koplik et al. [20].

(b) €1>€;: €9=03, €3 =025 The matching process employed in this paper
2.5 leads to the quadratic equation (4.4) in A. The values
of A computed from this equation are compared with
those obtained from equations (5.1) to (5.4) in
Figure 4 and a good agreement is found. We see that

2 . . . . . .

1.7 F —_ _————— — Ad° increases with increasing porosity, except in the
case of Einstein formula (5.2).

! We can also measure A directly using the simple

10— —_ viscometers as explained below.
For this we first obtain (see [17]) the simple shear
flow solutions in the form
0 | I | u = U(,+)\<1;8[UBl coth 8(h,—h,)
0 01 02 03

(c) €1<€p: €1207, €= 0-88 —Ug, cosech 8(h,—h)I(y—h;s)  (5.5)

Uy = Ug+ A$B[ Uy, cosech 8(h,—h,)
Figure 2. Velocity Profiles for Case 1. = Up, coth &(h,—h,)]y (5.6)
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Figure 3. Velocity Profiles for Case 2.
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Figure 4. Viscosity Factor versus ¢.

1.0

where the upper and lower plates are moving with
different uniform velocities U, and U, respectively,

LN _2_1 U; cosech 8, + (o)A coth 8, +1) U,
2

UB‘ B b4,
U = aJ\ U, cosech 8,+(a/\ coth ,+ 1)U ;
B b4,
and
/ 2! 2y E1
A= 1+cw)\(1+ —) coth 8, +o°A — .
£ €

The shear force per unit area required to drive the
motion in the region 1 is

AD ‘ '
%1— [Ufay\+coth 8,)— U, cosech 8,] (5.7)

and that in the region 3 is

490 7 Arabian Journal for Science and Engineering, Volume 12, Number 4.



Ad ,
% [UO cosech §,— UO(O-J}\ z—i +coth 81)]. (5.8)
We note that if ¢, = ¢ = ¢, and U; = U; ,
- = Uy -
Us, = Us, = (%o tann sy ~ U¢ ©9)

so that

U 1+ Ad[coth 8(h,—h,)—cosech 8(h,—h)|(y—h;,)

U, (1+ o\ tanh 3,)
(5.10)

U _ 1+ Ad[cosech 8(h,—h,)—coth &(h,—h,)]y

U, (1+oy\ tanh 3,) :
(5.11)

In this case, the shear force per unit area required to
drive the motion in region 1 is equal and opposite to
that in region 3 and is given by

u)\s UO tanh 83

1+oy\ tanh g, (5.12)

The measurement of (5.12) yields \. We can also
measure \ either from M,/M* or from M,/M* where
all the quantities except A are known experimentally.

The other quantity to be determined is the
effective permeability k. Brinkman [11] pioneered
the modeling of porous media via fixed arrays of
uniform spheres and determined the effective
permeability k in the form

(5) -nen®)

where By(x) = 1+x+Yx* and a is the radius of the
sphere. By equating the total force on the spheres
contained in the column of the medium to the Darcy
drag on that column, he [11] obtained a relationship
between a and the porosity and hence an expression
for B; in the form,

B, = {1+3/4c|:1—(-§ —3)112]}‘1 (5.14)

where ¢ = 1-¢. This requires that the effective
permeability k¥ be given by

E=kB0.

(5.13)

(5.15)

According to (5.14), B, becomes unbounded as
&—14 and hence we must assume that 13 < ¢ < 1.

Using the method of reflection, Kim and Russel
[18] have also obtained the permeability parameter
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for an effective porous medium in the form

a 2 a
— = 9 —_—
(Jk) /e B“(Jk)

which resembles the Brinkman relation (5.13) with
the exception that (5.16) applies to both the single-
and two-particle fixed problem.

(5.16)

The effective permeability may also be obtained
by computing the average volume flux, %, in the
effective porous layer where

U, = - % k(1+A,) (5.17)

S
tanh 21 ol [ & £
. 1 2
A= 5, [—2 A {2 5 +a/\ (1 + . )(coth 3,

+cosech §,)

2/ 3 ,
+ 2 tanh —1(1-4- hal —20\ coth ! )}—2] .
o 2 £, 2
(5.18)
-~ k
Then & = £ (1+4,)

In particular, when €, = g,, (5.17) becomes

-— —Plk (02—2) tanh 83 ]
2 = ¢ [1+ 254(1+ o\ tanh §,) (5.19)
and hence
-k (¢*—2) tanh §, ]
k=% [“’ %,(1+ook tanh o) |~ ©20

The results obtained from (5.20) for k = 12.7x107°
are compared with (5.15) in Figure 5. This reveals
that the results obtained in this paper are in good

e Brinkman model

6 —
0 — -~ Present analysis
X K =127x 107
\ € =01
40
k
20
0 | J
03 04 08

Figure 5. Permeability versus ¢.
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agreement with the Brinkman result for values of

¢ (> 0.5).

The values for the ratio of mass flow rate M,/M"*,
M;/M* given by (3.13)—(3.15) and (4.7)—(4.9),
and the ratio of friction factors given by (3.20),
(3.21), and (3.23) are obtained for different values

of? , A and o and the results shown in Figures 6 and
2

7. We see that the effect of the presence of a porous
layer of finite thickness is to increase the mass flow
rate and to decrease the friction factor relative to
those for laminar flow in channel in the absence of a
porous layer. Figure 6 reveals that the decrease in
the thickness of the porous layer increases the mass
flow rate and a slight increase in the value of \ has
no significant effect on the mass flow rate. From
Figure 6(a), we see that when the thickness of the
fluid layers are the same (i.e. €, = &,), the increase
in o and € decreases the mass flow rate. Figure 6(b)
reveals that the mass flow rate can be controlled by
varying the values of ¢, and ¢, (i.e. by varying the
thickness of the porous layer and the fluid layer in
region 1). In the case of a large thickness of the
porous layer compared to the width of the flow, we
observe that if a = |\, and the thickness of the fluid
layers are equal, the expressions (4.7) and (4.8)
agree identically with those of Beavers ef al. [22]
using the BJ-slip condition. From this we conclude
that in the case of large thickness of this porous layer
with equal depth of flow, the BJR-slip condition
(2.16) provides a mathematical model with a = /A
for hydrodynamic studies within the channel.

From Figure 7, it is clear that the increase in the
thickness of the porous layer increases the friction
factor because the resistance offered to the flow by

the elements in unit volume of the medium is suffi-

ciently small.

Finally we conclude that the thickness of the
porous layer greatly influence the velocity distribu-
tion in different zones. The decrease in the thickness
of the porous layer increases the velocity distribution
in the channel compared to that in the channel
bounded by impermeable walls and hence decreases

the pressure considerably, which is useful in the

design of a gas-cooled reactor to reduce the pressure
distribution. These results are valid only for laminar
flow regime (i.e. sufficiently small Reynolds
number).
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APPENDIX: THE BOUNDARY CONDITIONS
AND SOLUTIONS
A. Case 1

Solution of (2.5) satisfying (2.6) is

w=- 2 U--Ch-y) (4D

where C is a constant of integration to be deter-
mined. Similarly, the solution to (2.10) is

P
u, = C, cosh dy + C, sinh 8y ~— g; (A.2)

Where P, = ¢ g- P,. The constants C; and C, satis-
fying (2.11) and (2.12) are
1

C1 = m[(ugz sinh Shz—-uBl sinh ﬁhl)
p, ,
t ¥ (sinh 8h,—sinh 8h,)]
C= e h 8h,—up cosh dh
2™ Sinh S(hl"hz) [(u32 Ccos 2~ Up, COS 1)

(A.3)

The constant C in (A.1) is determined using the
condition (2.9a) and is of the form

P
+ 8—5 (cosh 8h,—cosh 8h;)]

P, )
C=——(hy+hy) - u A4
2 ( 3 2) (hJ-hz) B, ( )
The BJR-condition (2.7) follows from
duy _ o 32
v My
. dul . . . du2 .
by keeping & as it is and finding &y using (A.2)
Similarly, the solution-of (2.14) satisfying (2.15) is
P 2
uy = =5 C'y (4.5)

The constant C' is determined by using u; = ¢u, at
y = hy, and is of the form
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Figure 6. Mass Flow Rate versus Porous Parameter (for a, b, c, Refer to Case 1).
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Figure 7. Friction Factor versus Porous Parameter.
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Ph
C = - —‘——‘+3u3 (A.6)
2 o
The BJR-condition (2.16) follows from
G _ o B
o M

after using (A4.2).

Substituting the constants in the general solutions,
and after some simplifications, we get the exact
solutions (3.1) to (3.3).

B. Case 2

In this case, the solutions in the free flow regions 1
and 3 are the same as (A.1) and (A.5) with

‘ P.h

C=- # A, (B.1)
Pih

C =- —‘2—‘ A, (B.2)

while the solution for the porous region 2 satisfying

u, = oéu, is
__k P,hi (h,—y)
U, = — ¢Pl = 2 exp | — Tk A, .

(B.3)

The solution (B.3) is obtained in the limit
(h,—y)—= and it represents the boundary layer
solution, where the first term, which is the Darcy
velocity, is valid in the core outside the boundary
layer of thickness O(/k), [see Appendix C] and the
second term is the inner solution valid in the bound-
ary layer region, adjacent to the nominal surface.

The BJR-slip conditions (2.8) and (2.17) follows
respectively from

du, du, _
e A dy aty = h, (B.4)
du, du, _

and E =\ dy aty = h, (B.5)

using (B.3) on the right hand side. As in Appendix
A, we get the exact solutions (4.1) to (4.3).

C. Boundary Layer

The boundary layer development will depend on
the entry flow. Therefore, to find the boundary layer
thickness in the porous medium, we use the
following basic equations
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2

ou ou aﬁ_g ou
PU e TPV =" kPR CD)
ou dv
<§+E;— . (C.2)

The boundary layer thickness for the present
problem can be obtained from the solution of (C.1)
as x—»,

The equation (C.1), using (C.2), may be written
as

*u
[ ayZ

(C.3)

9 2 9 p B
— + — =- = - Syu+
ax (o) ay (puv) o k"

Integrating this from 0 to &, where 8 is the boundary
layer thickness, and using [fuv], _; = 0, we get

d ® du, ® ap
Ix 'L pu(u—u,)dy + —d—x—fo pudy + a—xﬁ

(C.4)

S A
ko yp"dy

where u = u,(x) is the velocity for the main flow
and satisfies the equation
du, dp. n

p U, i = i Eum. (C.5)

y=0

Assuming the boundary layer approximation
P = D, and combining (C.4) and (C.5), we get

3

d du,
e J: pu(u—u,)dy + d_xj p(u—u.)dy

0

(C.6)

D
~ B _, o
- k -L (uxu)dy e dy

y=0

Neglecting the variations in «., in (C.6) and assuming
the velocity profile as

ton)ul) e

the equation (C.6) takes the form

d 2N 2
ir (d°) = B — Ad (C.8)
_0 v 1
where A= B ow k
_ 280 v
B = 13 u.

Solving (C.8), we get
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70
8 = 4k [l—exp{— 3 g— %}] (C.9)

This is for the entry region. In the present problem,
we deal with the fully developed flow. For this we get
the boundary layer thickness as x—. Hence, the
boundary layer thickness, denoted by &, is given by

=4k
d. = 2Jk

In other words, the boundary layer thickness is of
order Jk, as stated in the text.
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