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ABSTRACT

Using one parameter group of transformations, some exact solutions of
equations governing the steady plane flow of an inviscid compressible fluid of
electrical conductivity ¢ in the presence of a transverse magnetic field, are
determined.
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SOME SIMILARITY SOLUTIONS OF EQUATIONS GOVERNING THE
STEADY PLANE FLOW ON AN INVISCID COMPRESSIBLE FLUID OF
FINITE ELECTRICAL CONDUCTIVITY IN THE PRESENCE OF A
TRANSVERSE MAGNETIC FIELD VIA ONE-PARAMETER GROUP

1. INTRODUCTION

Recently Naeem [1] applied one parameter group of transformations to determine some exact solutions of
flow equations of an incompressible fluid of variable viscosity. In the present work, we extend Naeem’s approach
to determine some exact solutions of equations governing the motion of an inviscid compressible fluid of finite
electrical conductivity ¢ in the presence of a transverse magnetic field. In Section 2, we consider the flow
equations and transform them into a new system of equations using one parameter group of transformations. In
Section 3, we determine some exact solutions of new system of equations for an arbitrary state equation.

2. FLOW EQUATIONS

The steady flow of a compressible, inviscid, electrically conducting fluid of finite electrical conductivity o is
governed by (2]

V-(pv) = 0
pv-VIv+Vp = u(VxH)xH

Vx(vxH+—V?H = 0
uo

V-H = 0
v.-VS = 0
p = p(p,S) (1)

where in v denotes the velocity, H the magnetic field, p the density of the fluid, S the entropy, p the pressure,
and u the constant magnetic permeability of the fluid.

For plane transverse flows in the (z,y) plane, we have H = (0,0, H) and 8/8z = 0. For such flows system (1)

becomes

(pu)z + (pv)y =0 (2.1)
puy + pvuy = —Fy (2.2)
puvz + pvvy = —PF, (2.3)

_ 1l
(uH)z + (vH), = “GV H (2.4)
uS; + 95, =0 (2.5)
p=p(p,S) (26)
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wherein
P = p+ Egj 3)
Equation (2.1) implies the existence of a streamfunction 3 such that
pu =y, pd = —1g. (4)

The system of equations (1), employing (4), transforms to the following system of partial differential equations

P; = 8 [Rytet + Rpetnn — Reyy — Ribnthne] (5.1)

Py = 8 [Revewn + Rmvee — Ry¥f — Ribgen) (5.2)

Heg + Hug + po [Rya He — RipgHyy + (Retpn — Rope) H| = 0 (5.3)
YeSy — YnSe =0 (5.4)

in the variables £ =z + y, 7 =z — y. In system (5), the function R is given by
1
= - 6
p (6)

Once a solution of system (5) is determined, the pressure p and density p are determined from Equations (3) and
(6), respectively. We now transform the system of partial differential equations (5) into a new system of ordinary
differential equations using one parameter group of transformations. We give here only the one parameter group
I'; and its variants that are used to obtain exact solutions of system (5). For details of one parameter group
theory reader is referred to references [1, 3-4].

If Ty is a group consisting of a set of transformation defined by

E=0a"¢, =™ P=oy, H=0o'H,
S=a'S, R=a'R, P=a'P
with parameter a # 0, then the invariants of I'y for system (5) are

¥ =M A(0), R=9™B(6), P =n*C(0), S = n*D(b),

H=9E®), 6= % (7
provided
Al — A3 =2 (8.1)
A2 = —A;. (8.2)
In the above
/\1=E, do =13, /\3=£,
n n n
=T o=l
A= o As o
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The system (5), using invariants (7) of I'y, transforms to the following system of ordinary differential equations
C' =8 [B{MA (MA—-0A") + \0AA" + (1 - A1) 0A'?} + B' {-21A% + X1044'}] (9.1)

A3C — 0C" = 8 [B(MAA" + A'?) + A B'AA'] (9.2)

(1+6%)E" +{(2—2X5) 0 + po M AB} E' + [Xs (As — 1) — AspoBA’ + po (MAB' — BA|E=0  (9.3)
MA'D -~ X\ AD' =0 (9.4)

for the five unknown functions A, B, C, D, Eof 6. In the next section, we determine the solutions of the system (9).

3. SOLUTIONS
Using (9.1) in (9.2), we get

A3C =8B (MAA" + A2 = AI9AA' + \62AA" + 0% A'?) + B' (M AA" — AJ0A% + \62A4")]. (10)

Equations (10) and (9.1) imply that

(Y +6M)B" + [X + 6L+ (Y +0M) — \M| B’ + [(X +0L) — \3L] B=0 (11.1)

wherein

L=—-)AA 4+ )04AA4" + 642
M = —=)2A? + \j0AA (11.2)

X = \AA" + A'?

Y =\ A4
Integration of (9.1) and (9.4) yields
C= 8/ [B{-AMAA + \0AA" +0A'?} + B' {-AIA% + \0AA'}] dO + dy (12.1)
D () = AjA%(6), X6 = Aa/)1. (12.2)

where A; and d; are arbitrary constants.
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In Equations (12.1-12.2), the functions A(#) and B(f) are determined from Equations (9.3) and (11.1) using
particular methods for determining the solutions of linear differential equations of second order. We know from
theory of ordinary differential equations that the first integral of

91(0)Z" (8) +92(6) Z' (8) + g3 (6) Z (6) = 94 () (13.1)
is
nZ +lg—gil1Z = /94(8)d0 + Constant (13.2)
provided
g3—g5+g/ =0 (exactness condition). (13.3)

We now employ (13.1-13.2) to determine the solutions of Equations (9.3) and (11.1).
Equation (11.1), employing (13.3), give
A (L-M)=0.

This leads us to the following two cases:
Casel. X3=0, L-M #0.

CaseIl. A3 #0, L— M =0.

We study the two cases.

Case I. When A3 = 0, the first integral of (11.1) is

(Y+6M)B'+ (X +6L)B=C . (14)

Assuming Y + M # 0, the solution of Equation (14) is

C
— o~ F18) [ __ 1  _Fi(6) —F1(6)
B(#) =e / % 9M6 df + Cshe (15)

where
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X +0L

Y—}-BMd(9

Fi(8) =

and C) and C; are arbitrary constants. In Equation (15), the function A(@), on which F(8) depends, is arbitrary.

IfY +6M =0, then

A(f) = C3(1+6%)
BE) = 402 (1 + 62)° (16)

where Cj is an arbitrary constant.

We now solve Equation (9.3) for A3 = 0. Equation (9.3), utilizing (13.3), give

As (As + 1) + po (=As — A2 — A1) BA' = 0.

This equation holds V8 provided

A(As+1)=0, A2+A+As=0 or As(Xs+1) =0, A =0

We treat the above two cases separately.

Case a. A5(As + 1) =0, A\; + A2 + A5 = 0. The choice A5 = —1 fails to satisfy (8.2) and is therefore discarded.
For choice A5 = 0, the solutions of Equation (9.3) is

Fa(8 ef2(® Fa(@
E = e ¥l )C4/ 1+92d(9)+05€“ 2(9) (17)

where

AB
F2(9) = 001\1/ﬁ:—9—§d0

and C4 and Cj are arbitrary constants. In Equation (17) the functions A(6) and B(0) are given by (15) or (16).
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Case b. As(As+1) =0 and A’ =0 give
A=a1, /\5=0,-—1

where a; is an arbitrary constant.

The solutions of (9.3) for A5 = 0, —1, respectively, are

E = exp (2uoa107tan'10+ &01/ hlada)

2a; 1462
_ poCy [ In6dé 2
x {Cefexp (—2malc7tan 1g_ —20—1/ ) /(1+ )8 +C
_ 2 B “1p_ uoCy [ In6dé
E = (146%exp ( 2uca;Crtan™" @ 20 | 1762

_ poCy [ In6dé
X {Cg /exp (2;1.00.107 tan~16 + 2a; m‘ /(1 + 92)2(10 + Cio

where Cs, C7,Cg, Cy, Cyo are arbitrary constants.

Utilizing A(8) = a; in Equation (14), we find

Cy
B = —4—0‘% lnG + C7.
For C; = 0,
—[C6]/[2p01C7] + Cs exp(2poa; Crtan—14), As =0

E ={ C4[8(+2u%0%a3C%) + 86% + 16u0a;C18]/[32u0a1C7(1 + plo?aiC?))

+C1o(1 + 6?) exp(—2uca; Crtan~16), As = ~1

CaseIL. \3 #0, L—-M' =0, give

(M —1)(0A" — X A) =0.
This is satisfied V@ provided

A1=1 or )\1951, 0Al=)\1A or /\1=1, 0A'=A.

Let us consider these cases separately.
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Case a. A; = 1. In this case, for Y + 6M # 0, the solution of (11.1) is same as given by Equation (15). When
Y + M # 0, the Equation (9.3) is exact provided A5 = 0, and its solution is

exp [F3 (9)

E= exp[ F3(9) C j ———"df + C13 exp[ F3(9)]

where

ABdf
F3(6) = MG/W

and C}3, C13 are arbitrary constants.

When Y + M = 0, the function A(8), B(8), and E(6) are given by

A(B) = Cu(1+6%)

C
BO) = CZ(1 + 62)(1 + 562)
o =<1 (tan~1 9 — VB tan~! V50
E(@) = exp (ZCC; [(t&n_le — v5tan™! \/56’]) {Cm/exp [ ( anl Wy * )] dé +013} .

Caseb. A\ #1, A’ = \;A. In this case

A = Cié™
Cis A1 - A1
B = AQC 6?*1 exp (—0—) /w“‘ 2 exp (—Mw)dw + C160%* exp (—9—)

wherein

D

and Ci4, Cy5, Cig are arbitrary constants. The indefinite integral in the above expression for B(8) can easily be
evaluated using Tables of indefinite integrals [5] for given (4A; — 2). The function F(6) can easily be obtained
from Equation (9.3) using above expressions for A(f) and B(6).

Case ¢. When A\; = 1, then
Ci7 , Cis

A= Ch4b, B_C§4+ 2
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wherein Cy7, Cyg are arbitrary constants. In this case, the solution of (9.3) for As =0, is
E = (1+ 02)[’“’0”1/ [2C1d] exp (—uaC’mCM tan™? 0) Ciz / coslkoCr7l/[C1d] wexp {poC1sCraw} dw

(18)
+ C13(1 + 02)oCrrl/[2Cual gy (—poCi8C1a tan™! 9)

provided

Clg ?é 0, u0'017 7é —2014.

In above

w=tan"14.

The indefinite integral in above can easily be evaluated using reference [5] for given poC17/C14. When Ci3 = 0
and Cig = 0, poCy7 = 2C14, the function E(8), respectively, is

E = _2012014 +Cus (1 + 62){p0017]/[2014] . Cig=0
uoCiy
(19)
Ci260+C
E _li > B Cig=0, poCiz = —2Cna.

When A5 # 0, the Equation (9.3) is exact provided

;1,0'017 .

Cig=0,As = Cra

The first integral of (9.3) is

which gives
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Cis/(1+62)% + Cao(1 + 62)oCrl/2Cul-1 - 4oCyq # 2014

Clg tan—! 8 + Cos, lLG'Cﬂ = 2014

wherein Cig, Csg, C2; are arbitrary constants.

4. CONCLUSIONS

Some exact solutions of equations governing the steady plane flow of an inviscid compressible fluid of finite
electrical conductivity in the presence of a transverse magnetic field are determined via one parameter group of
transformations for an arbitrary state equation.
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