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ABSTRACT

We have calculated the magnetization and the initial susceptibility for a chain
structured dilute ferrofluid, when the applied magnetic field is parallel or
perpendicular to the chain. We have found that the Curie temperature in the
parallel field case is positive while that in the perpendicular field case is negative,
and that the magnitude of the Curie temperature in the first case is twice that in the
second case.
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THE EFFECT OF THE DIRECTION OF THE MAGNETIC FIELD ON THE
CURIE TEMPERATURE FOR A TEXTURED DILUTE FERROFLUID

1. INTRODUCTION

A ferrofluid is an ultra-stable suspension of fine ferromagnetic or ferrimagnetic particles in a carrier liquid
{1]. The particles are coated with a surfactant layer to minimize agglomeration [2]. To study and character-
ize the magnetic properties of such fine particle systems, two quantitities are of paramount importance, the
magnetization, M, and the initial susceptibility, x;.

Several experimental studies have been carried out on magnetic fine particle systems, both in the liquid and
the solid state [3-6]. Rosman et al. [7] have found that, at low concentration, the ferrofluid behaves like small
chain aggregates in the presence of an applied magnetic field of 0.1 tesla, where the ferrofluid corresponds to an
assembly of independent pairs of particles (dimers) oriented along the field direction. In general the interparticle
interactions in a ferrofluid are reflected in the existence and the sign [4] of the Curie temperature Ty obtained from
the Curie-Weiss (C — W) law, x; = C/(T — Tp), where C'is Curie constant and T is the absolute temperature.
The Curie temperature Ty could be either negative [4] indicating an anti-ferromagnetic behavior or positive [8]
indicating ferromagnetic behavior.

Theoretically the simplest model is that in which the interparticle interactions are negligible and the Langevin
theory for uniform size particles is applicable [9]. Introducing the particle size distribution into Langevin theory,
we obtain the theory proposed by Chantrell et al. [10]. This theory predicts a Curie’s law with To=0. However
it is a good theory for very dilute ferrofluids. The mean field approximation [9] is an improvement on this theory
where the interparticle interactions are taken into account in an average manner.

In the present work we carry out calculations for the magnetization and the initial susceptibility of a system
of N particles constrained to move on a straight line in a dilute ferrofluid. We will be using the dimer model
(DM) for taking into consideration the interparticle interactions where each particle interacts with only one
other adjacent particle of the linear assembly. We consider two cases: in the first case the applied magnetic field
is parallel to the assembly and in the second case the applied magnetic field is perpendicular to the assembly.
These two cases are analyzed in Sections 2.1, 2.2 respectively. In Section 3 we discuss the results and state the
conclusions.

2. THEORY

Consider a system of N identical fine magnetic particles each of diameter D that are constrained to move
along a straight line of length L along the z-axis. The magnetic moment f of any particle of the system is
free to rotate in three dimensions. In the dimer model the interparticle interaction of the pair is that due to
magnetostatic interaction. The interaction energy between two magnetic dipoles is given by

A 8- B D)

Eg =
3 5

where z is the particle separation. In the presence of an applied magnetic field H, the total magnetic energy, E,
of a pair is given by

E=Ey—j-H-ji'-H

To calculate the magnetization M of the system we use statistical mechanics and start by calculating the
partition function Z for a pair of particles:
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T, 27 T 2 T
Z= / de / / sin 0dfdy / f sin §'df’dyp' e E/*T (1)
T 0 0 0 0

where k is the Boltzmann constant, T is the temperature of the system, § and 6§’ are the respective angles which
# and fi’ make with the direction of H and 4, ¢’ are their corresponding azimuthal angles (Figures 1 and 2).
2; = D + 26 is the minimum separation between the two particles, § being the thickness of the surfactant layer;
zo = 2D/n is the maximum separation of the dimers, where 7 = ND/L is the packing fraction in one dimension.

Now in order to calculate the partition function Z, we shall expand the exponential factor, involving Ep
in Equation (1). Then we use the same approximation [11, 12] that O’Grady et al. [8] have used, that is
u?/kTz3 <« 1 which puts some restrictions on the size of the particles and the temperature of the system, but
is nevertheless useful to give an idea of the behavior of the assembly in the dimer model.

2.1, Field Parallel to the Assembly

In this case we assume that the applied magnetic field H is in the z-direction as illustrated in Figure 1. The
total magnetic energy is given by

Figure 1.
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2
E = —:5—9(0,9',1/;,1/)’) — pH(cos@ + cos@')

where
9(8,0',¢,¢') = 2cosfcost’ — sinfsin 0’ cos(y — ¢').

Using the same approximation mentioned earlier, the partition function Z can now be written as the sum of
three terms

Z=71+22+ 23 (2)

where

o T T 27 27
Z, = / dz / exp[a cos 8] sin 6d0 / expla cos '] sin 6'df’ / dydy’,
:cl 0 0 o Jo

#2 Ty de T T 27 27
Zy = —/ —5/ / / / 9(6,8" ¢, ¢ Yexpla(cos @ + cos §')] sin 0 sin 6'dd6’ dypdy’
kT Je, 22 Jo Jo Jo Jo

7 = 2 / v dz / ’ / ) / - / - (0,60, %,v")]2 expla(cos 8 + cos 8')] sin 0 sin 606’ dypdy’
3~2k2T2xx60000‘q”’ plalcost 4 ¢

1

where
_rE
a= 3)
Carrying out the above integrations we find
2 sinha\?
Z1 = 16r (.’1’30—-1‘,') o (4)
167%u2] [ 1 1] [cosha sinhal®
a = 5] -l -] ®
2. 4 . . 2 . 2
7y = 167%u _1g _ is 9 sinha 2 fcosha sinha + 1 (cosha sinha - (6)
5k2T? |22 3 a « o a? a? « a?

Equations (4), (5), and (6) can be written in terms of the modified spherical Bessel functions i and 7, [13]

Zl - 167(2 (:80 — 13,') [io(a)]2
1672u2 [ 1 1].. 2
Zy = W [;‘5 - x—g} [i1(a)]
Coert[1 1
R R IO
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where

io(a) smcila’ iv(a) = cosha sinha

It

3

o o’

203(0) > a(a)io(e) + 5 #a)

f(@)

We can write Z of Equation (2) as

. Co | &
7 = Crif(e) + % if(a) + 75 f(a) (7
with
C: = 167%(z0 — i),
16r2u2 [1 1
@ =% [#77
and
16m2ut [ 1 1
Cg = _5? ;3‘3 - ;g .

The magnetization M for a system consisting of N non-interacting identical particles is given by

6anN

M =kT 50

where Zy is the N-particle partition function. By analogy, M for N /2 non-interacting pairs is given by

dlnZn/2
M =kT———
31 (8)
with Zn /2 = (Z)N/2. Equation (8) becomes
NkT 07
YT 27 oH’ )
Differentiating Equation (7) with respect to H and substituting into Equation (9) we get
) ) Cy . : 2 C
Crio(a) i(@) + == i1(a) |io(a) — Z() 3G(a)
T « T
M=Nyu ) Ty o o (10)
Crig(a) + T if(a) + T2 f(a)
where
, . 4 ) 21 ., . 27 .
Glo) = Zio(@)ia(a) = = [i1(@) + 3(e)] + 23 ia(@)io(a) — 25 #(a) (11)
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As a check on the validity of the above result we should be able to retrieve the Langevin function by assuming
that our systern is non-interacting. In Equation (10) we simply set C, = C3 = 0 and we get

M:Npi—lg-a—):NpL(a). (12)

io(a)

In order to calculate M for low fields and high temperatures we assume o < 1. Using io(a) = 1 + a?/6 and
i1(a) ~ a/3(1 + &?/10) we find that f(a) = 1/3 and G(a) ~ 7a/45. Hence M can be written as

Cy TC3
o Nue Ot 3Tt 5 (13)
3 g+ 8
LT
Now, the initial susceptibility X; is defined as
oM
- ()
' OH H—0
Cs 7Cs
N2 YTt o 14)
T 3%kT 1+ Cs
CT7?

which can be written using the Taylor series expansion and neglecting terms of order higher than 1/T as

Xi= b —— (15)

So, X; behaves like Curie-Weiss law with Curie temperature

_ G p itz
To= 3¢ = 3% o7 (16)

2.2, Field Perpendicular to the Assembly

In this case we choose the magnetic field in the z direction and perpendicular to the assembly which is taken
along the z direction as shown in Figure 2. The interaction energy becomes

u?
EO B ;5‘ 91(9, 9,1/)9 1/),)

where

91(8,6',%4,v¢’) = cosf cos ¢’ + sinf sin 6’ cos(y — ¢’) — 3sin B sin 6’ cosy cos y’,

and the total energy becomes

E = Ey — pH(cosf + cosf’).
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Figure 2.

Now to calculate the partition function, we use the same method and approximation that has been used in
Section (2.1), so we write the partition function Z as the sum of Z1, Z,, and Z3. After carrying out the necessary
integrations, we find

Zy = 167% (2o — &;)iX(a)
o 8pPr? /1 1Y,
7= U ()t

8uim?

1 1], 4. 9 9
Z3 = BEIT? li;f; - E] [2(2)(0‘) T io(a)iy(a) + a? zf(a)] :

The partition function Z can now be written as

. Cl . Cl
Z = Cli3(a) + -5% i2(a) + Tf:,- fi(a)

where
C; = 1671’2 (:L‘o - .’L‘;) = C1
o, = WT[L_11_ G
S P ] T
. 16ptn? 1 11_
Cs 5k2 |z} 2} =G
and
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(@) = 3 [i@) - 2 ioayis(e) + 5 )]

B =

Now, using Equation (9) we find that

, .
liot1 + 22‘ 11 (io - gﬂ) Cs Gl(a)

M=Np T [ C
C’Z% + 'T 5.,— fl(a)
where
2, o 1B 2T,
Gl(Q) = 19?1 — -a— (ZQ -+ Zl) + ? 2001 — g 2y-
In the absence of interactions (C% = C§ = 0) we obtain
M = NuL(a)
as expected.

In the case of high temperature and low field @ <« 1, we find

Ch . 8C}
i 2 3
a = Npo Cit 37t T
BE o Ch
72
and
Chy . 8Ch
/ 2 3
ooV Citart
YTOSkT i+ Cy
Ty

Using the same approximation discussed before we obtain

Nyu? 1
Y=ar g
3C]

which is the Curie-Weiss law with Curie temperature

T_Eé___ﬁ (zi + zo)
7 3C] T "6k <2«

In magnitude this is one half the Curie temperature obtained in Section (2.1) and is negative.
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3. DISCUSSION AND CONCLUSION

We have seen that, using the dimer model in a one-dimensional assembly of dilute ferrofluid at high temper-
ature and low applied magnetic field, the initial susceptibility follows the Curie-Weiss law both in cases of field
parallel and perpendicular to the system. However, in magnitude, the Curie temperature in the case of the field
parallel to the system is twice that when the field is perpendicular to the system. Moreover the Curie tempera-
ture is negative in the second case. The appearance of the Curie temperature, in contrast to the model predicted
by Chantrell et al. [10], is due to the interparticle dipole-dipole interactions. These interactions tend to increase
the magnetization, and consequently the initial susceptibility of the system when the magnetic field is parallel
to the linear assembly but they tend to decrease the magnetization, and consequently the initial susceptibility
when the magnetic field is perpendicular to the assembly.

Finally we point out that this theory may be tested by taking a ferrofluid textured in the form of chain
aggregates in the presence of an applied magnetic field. If the field is turned off the chain structure (texture)
persists for a certain relaxation time [12]. If a magnetic field is now applied and the initial susceptibility is
promptly measured as a function of temperature, we predict that the Curie temperature will be given reasonably
well by the expressions (16) and (22) for the cases of field parallel and perpendicular to chains, respectively.
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