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ABSTRACT 

We consider a one-dimensional linear wave equation associated with mixed nonlinear 
boundary conditions. We prove a local existence result and we then show that the 
nonlinearity at the boundary causes a finite time blow up of the solution, even for small 
and smooth initial data. 
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BLOW UP IN SOLUTIONS OF A LINEAR WAVE EQUATION WITH MIXED 
NONLINEAR BOUNDARY CONDITIONS 

1. INTRODUCTION 

In [1 J, the wave equation with nonlinear damping a~d source terms, on a bounded domain n of IR1', , has 
been studied. Namely, the authors considered the following problem: 

U(x, t) 

U(x, 0) 

0, x E an, t> ° 
Uo(x ), 

(1.1) 

x En, 

where a, b > 0, p, m > 1, and n is a bounded domain of IR1t (n 2:: 1), with a smooth boundary an. They discussed 
the interaction between the damping and the source terms and established a global existence for p > m and a 
blow-up result for p < m . 

Of course, in the case where a = 0, it is well known that the source term destabilizes the solution and causes a 
finite time blow-up (see [2-4]). On the other hand, if b = 0, the nonlinear damping term assures global existence 
for small initial data (see [5]). 

In [6] and [7], the linear wave equation together with a nonlinear feedback at the boundary has been investi­
gated. Precisely, the authors looked into the following problem: 

Utt - Llu = 0, x E n, t>o 

~~(x, t) -m(x).v(x)g(ud, x r o, t > ° 
(1.2) 

u(x, t) = 0, 

U(x,O) = uo(x), Ut(x,O) = Ul (x), x E n. 

where m(x) = x Xo, Xo E IRrt, ro = {x E an : m(x).v(x) > O}, and r 1 = an \ ro, with r 1 =I- cp. 

They showed that, under certain growth conditions on 9 and for suitable initial data, the energy of the 
solution decays exponentially. A similar problem has also been studied by Aliev and Khanmamedov [8] in the 
n-dimensional open unit cube. 

For the one-dimensional situation, several results have been established. In [9], for instance, the following 
problem has been considered: 

Utt Uxx f(x, t, u, ux , ud, x E I (0, 1), t>o 

U:1;(O, t) (w(O, t) u:x:(I, t) + pu(l, t) = 0, t>o (1.3) 

u(x,O) = uo(x), Ut (x, 0) Ul (x), x E I, 

where CI' and p are positive constants. The authors proved a local existence result, as well as the asymptotic 
expansion of the solution. As they pointed out, their result is a relative generalization of [10]. Messaoudi [11] 
considered the same problem and established a global existence, as well as a blow up result. It is also worth 
mentioning that (1.3), for different forms of the function f and different types of boundary conditions, has been 
discussed by Aregba and Hanouzet [12], Nguyen and Alain [13] and many others. (see [9] for more references.) 
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In this paper, we consider the following problem: 

Utt ( x, t) Uxx ( x, t), x E I, t > ° 
Ux(O, t) lu(O, t)lau(O, t), ux(l, t) lu(l, t)lau (l, t), 

u(:r, O) = uo(x), Ut(x,O) = U1 (x), x E I, 

t> ° 
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(1.4) 

(1.5) 

(1.6) 

where 0: > 0. We will establish a local existence theorem and show that, for suitably chosen initial data, the 
solution blows up in finite time. 

2. LOCAL EXISTENCE 

This section is devoted to the statement and the proof of our local existence theorem. For this purpose we 
consider the following semilinear problem: 

Va - Vxx f(v, V;r:, vd, x E I, t > ° 
V.r(O, t) = r, vAl, t) = r, t>O (2.1 ) 

0) vo(x), x E I, 

where f is a C 1 function, r E lR, and 
(2.2) 

Lemma 2.1. Let Vo and VI be given, satisfying {2.2}. Then the problem {2.1} has a 'unique local sol'ution v 
defined on a maximal time interval [0, T) and satisfying 

v E C k ([0, T); H 2
- k (1)) k = 0,1,2. (2.3) 

Remark 2.1. The proof of this lemma can be established by either using a classical energy argument [14J or 
the nonlinear semigroup theory [15J. 

Theorem 2.2. Let Uo E H2 (1) and Ul E HI (1) be given, such that uo(x) > 0, \/x E I. Then the problem 
(1.4) (1.6) has a unique local solution u defined on a maximal time interval [0, T') and satisfying 

(2.4) 

11 (x, t) > ° V:r E I, ° :::; t < 

Remark 2.2. There exists a constant IvI such that ° < uo(x) :::; M, \/x E I, since Uo E H2 (1). 

Proof We set: 
t) := lu(x, t)l-a 

and substitute in (1.4) (1.6), to get: 

0:+1 2 2 
Vft - V;rx = --(Vt VJ/V, 0: . x E I, t > ° 

V:r(O, t) ux (1, t) -0:, t > 0, (2.5) 

V(:Y,O) vo(x), Vt(X,0)=V1(X), x E I, 

where: 
(2.6) 
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We then define a C 1 function f such that: 

(2.7) 

and consider the problem (2.1) with f as defined in (2.7) and Vo and VI as defined in (2.6). Therefore the Lemma 
guarantees the existence of a solution v defined on [0, T). Since vo(x) > lVI-a then the uniform continuity of v 
allows us to choose T' ::; T, for which: 

1 
v(x, t) > 2A1-0:, v x E I, 0::; t < T' ; 

hence v is a solution of (2.5) on the interval [0, T'). 

It is easy to check that: 
u(x, t) V-I/O' t), Vx E I, 0::; t < T' 

is the unique solution of (1.4) - (1.6). 

Remark 2.3. A similar result can also be obtained for uo(x) < O. 

3. BLOWUP 

Theorem 3.1. Let Uo E H2(I) and Ul E Hl(I) be given satisfying: 

Eo = rol [uf(:r) + u~2(x)ldx 2 [luo(1W~+2 luo(0)10:+2] < O. io Q 2 
(3.1 ) 

Then any solution of (1.4) - (1.6) blows up in finite time. 

Proof. We define the formal energy of the solution by: 

By multiplying Equation (1.4) by Ut and integrating over I, we easily see that E'(t) 0; hence E(t) = Eo < O. 
We also define: 

1 r1 
1 

F(t) := 2 io u2(x, t) dx + 2{3(t + to)2, V t 2: 0, 

for to > 0 and (3 > 0 to be chosen later. By differentiating F twice we get: 

F'(t) = r1u(x, t)Ut(x, t) dx + (3(t + to) F"(t) = r1 

[UUtt + uZ](x, t) dx + (3. io io 
Straightforward computations, using Equation (1.4) and integration by parts, yield: 

FO(t) = [Iu; u;](x,t)dx+ [Iu(l,t) (3.2) 

0; 
-(2 + l)E(t) + /j + (2 i'l [,1 Q 0' 

2) u;(x,t)dx+ 2 
. 0 . 0 

t) dx . 

We then define G(t) := F-"((t), for r to be chosen properly. By differentiating G twice we arrive: 

G'(t) = -rF-h+1)(t)F'(t), G"(t) -rF - h +2)(t)Q(t), 

where: 
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Q ( t ) F ( t ) FI! ( t) - Cr + 1) F'2 ( t ) 

= F(t) (-(~ + l)E(t) + {3 + (2 + 0: t u;(x, t) dx + 0: r1 

u;(x, t) dX) 
2 2 Jo 2 Jo 

+ 1) (1' u(x, t)u,(x, t) dx + (3(t + to)) 2 

By using Schwartz inequality and Young's inequality, (3.3) yields: 
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(3.3) 

Q(t) 2:: F(t) (-( ~ + l)E(t) + {3 + (2 + ~) r1 

u;(x, t) dx + ~ t u;(x, t) dX) 
2 2 Jo 2 Jo 

_(')' + 1) ((1 + E:) r1 

u;(x, t) dx t u2(x, t) dx + (1 + 1 (t + to)2) . 
2 Jo Jo 2E: 

? F(t) ( -(~ + l)E(t) + (3 + (2 + %) l' u;(x, t) dx + % l' u~(x, t) dX) 

-2F(t)(')' + 1) ((1 + ~) r1 

u;(x, t) dx + (1 + ~ )(3) , V E: > O. 
2 Jo 2E: 

? F (t) ({ ~ - £ (2 + £ h} l' u; (x, t) dx + ~ l' u; (x, t) dx (~+ 1) Eo (3.4) 

-{1+~ -(2+~)')'}{3), VE:>O. 
E: E: 

By choosing E: < 0:/2, ')' so that 0 < ')' < (0:/2 E:)/(2 + E:) and {3 so small that: 

0: 1 1 
-(-2 + l)Eo {I + - - (2+ -)')'}{3 2:: 0, 

E: E: 

we conclude, from (3.4), that Q(t) 2:: 0, V t 2:: O. Therefore GI!(t) ::; 0 V t ;;::: 0; hence G' is decreasing. By choosing 
to large enough we get: 

F(O) = l' UO(X)U1 (x) dx + (3to > 0, 

hence G'(O) ::; O. Finally Taylor expansion of G yields: 

G(t) ::; G(O) + t G'(O), Vt, 

which shows that G(t) vanishes at a time tm ::; -G(O)/G'(O). Consequently F(t) must become infinite at time 

trn· 

Remark 3.1. Note that no assumption has been made on the size of the initial data. In fact the blow up takes 
place even for small data provided that (3.1) is satisfied. 

Example. We consider the following problem: 

Utt(x, t) uxx(x, t), x E (0, 1), t > 0 

ux(x, t) lu(:r, t)1 1
\3u(x, t), x 0, 1, t > 0 (3.5) 

uo(x) 27( -x + 2)-3, Ul (x) 81( -x + 2)-4. 

Direct computations show that the hypothesis (3.1) is satisfied and: 

u(x, t) 27( -x + 2 t)-3 
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is a solution of (3.5). Also by computing: 

F t _ 729 [ 1 
( ) - 5 (1 - t)5 (3.6) 

we easily see that the blow up occurs at t = 1. 
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