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ABSTRACT 

Let S;(a,~) denote the class of functions f(z) = z - L
00 

akl(ak ;;?;! 0) which are 
k==2 

analytic in the unit disc U = {z : Izi < I} and which satisfy the inequality 

2zf'(z) -1 

f(z) - f(-z) 

2zf'(z) + (1- 2a) 
f(z) - f(-z) 

for a(O S a < 1), ~(O < ~ S 1) and for all z e U. Further f(z) is said to belong to the 

class Cs(a, ~)(O S a < 1 and 0 < ~ S 1) if and only if 1/'(z) e S;(a, ~). The object of 
the present paper is to obtain distortion theorems, coefficient estimates, closure theorems 

for functions in the classes S;(a,~) and Cs(a, ~). Properties of the integral operator 

tcc ~ I 1-
1f(t)dt, c > -1 are also studied. Finally, we present a result about a fractional 

z 0 

integral operator. 
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ON A SUBCLASS OF CLOSE-TO-CONVEX FUNCTIONS WITH NEGATIVE 
COEFFICIENTS 

1. INTRODUCTION 

Let S_ denote the class of functions of the form 

00 

J(z) =z - L:akzk,(ak ~ 0) (1) 
k=2 

which are analytic and univalent in the unit disc U = {z : Izl < 1}. A function J(z) E S_ is said to be in the 
class S* (a, /3) if and only if 

~ 7{Zf -1 
</3 (2)

Zjii») +(1 - 2a) 

for some a (0 :5 a < 1), /3 (0 < /3 :5 1) and for all z E U. Further, J(z) E S_ is said to be in the class C*(a, /3) 
if and only if z!'(z) E S*(a,/3). The classes S*(a,/3) and C*(a,/3) were studied by Gupta and Jain [1], Owa [2], 
and Kumar and Shukla [3]. In [4] Gupta introduced the class of close-to-convex functions of order a and type 
/3, 0 :5 a < 1, defined as follows. A function J E S _ is in K (a, /3), the class of close-to-convex functions of order 
a and type /3, if there exists a function ¢(z) E S_ such that 

z E U. 

A subclass B(a,/3) of K(a,/3) was defined [4] as follows. 


A function J E S_ is in B(a,-/3), if there exists a function ¢(z) = z - L:~2 bkZk in S_ such that 


and 

(ii) kak - bk ~ 0 for every k. 

In 1959, Sakaguchi [5] defined the class of starlike functions with respect to symm~trical points as follows: 

Let J be analytic in U and suppose that for every r < 1 (r -+ 1) and every e on Izl r, the angular velocity 
of J(z) about the point J( -e) is positive at z eas z traverses the circle Izi = r in the positive direction, that 
is 

zJ'(z)

ReJ(z)-J(e) >0, z=e, lel=r. 
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Then I is said to be starlike with respect to symmetrical points. 

In [6] Das and Singh defined the class Cs of univalent convex functions with respect to symmetrical points 
as follows: 

00 

Let I(z) =z + L a"z", z E U . Then IE CS if and only if 

"=2 

(zl')' 
for z E U.Re(/(z) _ I(z))' > 0, 

In [7] Das and Singh defined the order of such functions as follows: 

00 1 
A function I( z) = z + La"z" , z E U is said to belong to the class Ss (a), 0 ~ a ~ '2 if and only if, for 

"=2 
z E U, 

Re zl'(z) > a 
I(z) - I( -z) 

and similarly the class C s (a). 

The aim of this paper is to introduce the concept of type for these families of functions. 

Definition 1. A function I of the form (1) is in Ss(o', f3) if and only if the inequality 

2zl'(z) 1 

I(z) - I( -z) 

< f3,2zl'(z) 
I(z) - I( -z) + (1 - 20') 

holds for some a (0 ~ a < 1), f3 (0 < f3 ~ 1) and for all z E U. 


Definition 2. A function I of the form (1) is in the class Cs(o', f3) if and only if the inequality 


2(zl'(z))' _ 1 

(/(z) - I( -z)), 


< f3,2(zl'(z)), 
(/(z) - I( -z))' + (1 - 20') 

holds for some a (0 ~ a < 1), f3(0 < f3 ~ 1) and for all z E U. 

It follows immediately from definitions 1 and 2 that 

I(z) E Cs(o', f3) if and only if zl'(z) E Ss(o', f3). 
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2. MAIN RESULTS 

00 

Theorem 1. A function J = z - L: ak zk , ak ~ 0 is in S'S(a, (3) if and only if 
k=2 

00

L: {(k - 1)(1 + (3)a2k-2 + [k({3 + 1) - (1 +a(3)] a2k-d ~ (3(1 - a). (3) 
k=2 

The result is sharp for the functions: 

J-l{3(1- a) 2k-2 (1 -J-l){3(1- a) 2k-l 
J~(z)=z-(k_1)(1+{3)z -[k(1+{3)-(1+a{3)]z (O~J-l~1, k~2). (4) 

Proof. Let Izl =r < 1. Noting that 

00 

12zJ'(z) - J(z) + J( -z)1 < 4 L: {(k - 1) [a2k-2 +a2k-d} r 

k=2 


and 

12zJ'(z) + (1 - 2o:)(J(z) - J( -z»1 > 4r 

{(1- a) - ~ [(k - 1)a2k-2 + (k - a)a2k- d} , 

we see that 

12zJ'(z) - (J(z) - J(-z»I- (312zJ'(z) +(1 2a)(J(z) - J(-z»1 

< 4r [~{(k -1)(1 + ,8)a2k-2 + (k(l + iJ) - (1 +aiJ»a2k-d - iJ(l- a)] . (5) 

The right-hand side of (5) is non-positive by (3), so that J(z) E S'S(o:,{3) by Definition (1). 

For the second part, we assume that J(z) E S'S(a,{3), then 

2zJ'(z) - (J(z) - J( -z» I (3 U 

2z!'(z) +(1- 2a)(J(z) _ J(-z» < , z E .
I 

This gives that 

(6) 
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Since IRe z I ::; IzI for all z. Choose values of zon the real axis so that [!(z~z!'jt~ z)] is real. Upon clearing 

the denominator in (6) and letting z -+- 1 through real values, we obtain the inequality 

t(k - 1) (a2k-2 +a2k-d :5 {3 [(1 - 0) - t {(k - 1)a2k-2 + (k - 0)a2k-d] . 
k=2 k=2 

This on simplification gives the required coefficient inequality (3). 

Corollary 1. If f E 8;(0,{3), then 2"1 
[f(z) - f(-z)] E 8*(0,{3). 

Proof. It can be verified by applying 

L
00 

{(k -1) + {3(k + 1- 20)}ak :5 2{3(1- 0) 

k=2 


which is a necessary and sufficient condition for a function to be in 8*(0, {3) [8]. 


Corollary 2. Let the function f(z) defined by (1) be analytic in U. Then f(z) is in Cs(o,{3) if and only if 


L
00 

{2(k - 1)2(1 + {3)a2k-2 + [k({3 + 1) - (1 + 0{3)] (2k - l)a2k-d :5 {3(1 - 0). (7) 
k=2 

The result is sharp. 


Proof. Since 


zf'(z) = z - L
00 

kak zk 

k=2 


by replacing ak by kak in Theorem 1, we immediately have Corollary 2. 


Corollary 3. 8;(0,{3) ~ B(o,{3) ~ K(o,{3). 


Theorem 2 (Distortion Theorem). If f E 8;(0, {3), then for Izl :5 r < 1 


{3(1 - 0) 2 <_ (8)r- 1+{3 r 

(9) 

The bounds in (8) and (9) are sharp, since the equalities are attained by the function 


{3(1-0)

f(z)=z- 1+{3 z2, (z=±r). (10) 
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Proof. In view of Theorem 1, we have 

~ (J(1- a) 
Lak ~ 1 (J . 
k=2 + 

Hence (8) follows from 

00 00 

2 2r-r L ak ~ If(z)1 ~ r+r L ak' 

k=2 k=2 


Further, since 

~ ka < 2{J(1 - a) 

L Ie - (1 + (J)

1e=2 

(9) follows from 

00 00 

1 - r L kak ~ If'(z)1 ~ 1 + r L kak. 

k=2 k=2 


Corollary 4. If a function fez) defined by (1) is in the class Cs(a,{J), then 

1- (J(1- a) r < If'(z)1 < 1 + (J(1 - a) r.. 

1+{J - - 1+{J 


The result is sharp. 

Corollary 5. Let f E S'S(a, (J). Then the disc Izi < 1 is mapped onto a domain that contains the disc 

1 +a{J

Iwl < 1+ (J . 


Let the function J;(z) be defined, for j =1,2, ... , m, by 

00 

J;(z) = z - Lak,jzk, (ak,j ~ 0) (11) 
k=2 

for z E U. 

We shall prove the following results for the closure of functions in the classes S'S (a, (J) and C s (a, (J). 

Theorem 3. Let the functions fj(z) (j = 1,2, ... ,m) defined by (11) be in the class S'S(a,{J). Then the 
functions 
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00 

h(z) = z - LbkZI:, (12) 
k=2 

and 

(13) 

also belong to the class S5 (a, /3). 

Proof. Since f; (z) E S5 (a, /3), it follows from Theorem 1 that 

L
00 

{(I + /3)(k - l)a21:-2,j + [k(1 + /3) - (1 +a/3)]a2k-1,j} ~ /3 (1 - a), j =1,2, ... ,m 
1:=2 

Therefore 

L
00 

{(I + /3)(k - l)b21:-2 + [k(1 + /3) - (1 +a/3)] b2k-d 
1:=2 

hence by Theorem 1, h(z) E S5(a,/3). 

Also 

+(k(1 + /3) - (1 + a/3))a21:-1,j}] 

~ [tdi] /3(1- a) =/3(1- a) 
J=l 

which implies that g(z) E S5(a, /3). Thus we have the theorem. 
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By using Corollary 2, we have 

Theorem 4. Let the functions Ii (z) defined by (11) be in the class C5 (0:,13) for every j = 1, 2, ... , m. Then 
the functions h(z) and g(z) defined by (12) and (13) also belong to the same class C,(o:, 13). 

Theorem 5. Let the function l1(z) defined by (11) be in the class 8;(0:,13) and the function 12(z) defined by 
(11) be in the class C5 (0:,13). Then the function k( z) defined by 

(14) 


is in 8;(0:,13). 


Proof. Since l1(z) E 8;(0:,13) and /2(z) E C5(0:,13), by using Theorem 1 and Corollary 2, we get, respectively, 


L
00 

{(I + 13)(k - l)a2k-2,1 + [k(1 + 13) - (1 + 0:.8)] a2k-I,1} =5 13(1 - 0:) 
k=2 

and 

L 100 

{(k - 1)(1 + 13)a2k-2,2 + [k(1 + 13) - (1 + 0:13)] a2k-l,2} =5 213(1- 0:). 
k=2 

Therefore, we have 

23L {(k - 1)(1 + .8) (a2k-2,1 + a2k-2,2) + (k(1 +.8) - (1 + 0:13)] x 

(a2k-l,1 +aU-I,2)} =5 13(1- 0:) 

which implies that k(z) E 8;(0:,13), and proof of Theorem 5 is thus complete. 

3. INTEGRAL OPERATORS 

Theorem 6. Let the function I(z) defined by (1) be in the class 8;(0:,13) and let c be a real number such that 
c > -1. Then the function F( z) defined by 

F(z) = c + 1 rz tc- l I(t)dt (15) 
Zc Jo 

also belongs to the class 8;(0:, .8). 


Proof. From the representation of F(z), it follows that 


00 

F(z) =z - LbkZk, (16) 
k=2 
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where 

(c+ 1)blr:= -- air:. (17)c+k 
Therefore 

00

E {(k - 1)(1 + {J)b21r:-2 + [k(1 + (J) - (1 + a{J)] b21r:-d 

1r:=2 


=t {(k - 1)(1 + (J) (c + !) a21r:-2 + [k(1 + (J) - (1 + a{J)]
1r:=2 c+ 

+[k(1 + (J) - (1 + a{J)] a21r:-d ~ (J(1 - a). (18) 

Since J(z) E S'S(a,{J). Hence by Theorem 1, F(z) E S'S(a,{J). 


Theorem 7. Let c be a real number such that c > -1. If F(z) E S'S(a,{J), then the function J(z) defined by 

(15) is univalent in Izl < R*, where 

1 

rl = . f [ (1 + (J)(c + 1) ] ~ (k ~ 2)
l~ 2{J(1 - a)(c + 2k - 2) , 

= inf [{k( 1 + (J) - (1 + a{J)}(c + 1) ]2":2) (19)
r2 Ir: (J(1 - a)(c + 2k - 1)(2k - 1) 


The result is sharp. 


00 

Proof. Let F(z) = z - E alr:zk, (ak ~ 0). It follows from (15) that 

k=2 


Zl-c [ZC F(z)]'

J(z) = (c + 1) (c> -1) 


~ (C+k)= z - L.J -- ak Z k 


1r:=2 c + 1 


~ c +2k - 1 21r:-l= Z - L.J 1 ak-l Z 
k=2 c+ 


~ c + 2k - 2 2k-2 

- L.J 1 a21r:-2z . (20)

k=2 c+ 
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In order to obtain the required result it suffices to show that 1/'(z) - 11 < 1 in Izl < R*. 

Now 1/'(z) - 11 < 1 if 

f: Ie + 2k; 1(2k _ l)a2k_l z2k - 2+ e + 2k; 2 (2k - 2)x 

k=2 e + e + 


(21) 


According to Theorem 1, we have 

~ { (k - 1)(1 + f3)a2k-2 + [k(1 + f3) - (1 + af3)] a2k-l } < 1 (22)
~ f3(1- a) 

Hence (21) will be true if 

2k-3 (k - 1)(1 + f3)
a2k-2lzl < f3(1 _ a) a2k-2 + 

[k(1 + f3) - (1 + af3)] 
f3(1 - a) a2k-l 

(23) 


where 

. f [ - (1 + f3)(e + 1) ] ~ r -m 
1 - k 2f3(1- a)(e +2k - 2) 

and 

1 

_. f [{k(1 + f3) - (1 +af3)}(e+ 1)] ~ k> 2 
r2 - l~ f3(1 _ a)(e +2k -'- 1)(2k - 1) , -' 

Therefore I(z) is univalent in Iz I< R*. Sharpness follows if we take 

p,f3(1 - a)(e +2k 2) 2k-2
Ip.(z) = z- z 

(1 + f3)(e + 1)(k - 1) 


(1 - p,)f3(I- a)(e +2k - 1) 2k-l (k ~ 2,p, =0 or 1) 
 (24)
- {k(f3 + 1) - (1 + af3)}(e + 1) z , 
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Theorem 8. Let c be a real number such that c > -1. If F(z) = z - E
00 

akzk (ak ~ 0) belongs to the class 

S'S(Ci, /3), then the function J(z) defined by (15) is starlike of order p(O ~ 
k=2 

p < 1) in Izl < r"'(p, Ci, /3), where 

r"'(p, Ci, /3) = 	min(Rl' R2), 


inf [ (k - 1)(1+ J3)(c + 1)(1 - p) 1n'=s
Rl = k /3(I-Ci)(2k-2-p)(c+2k-2) 

. f [{k(l + J3) - (1 + ",J3)}(1- p)(c + 1)] n'=s
R2 = l~ /3(I-Ci)(2k-l-p)(c+2k-l) . 

The result is sharp. 


Proof. In order to establish the required result, it suffices to show that 


1Z:;~i) -11 < 1 - p in Izl < r'(p, "', J3). 

Now 

~ (C+k) k 1- L..J(k - 1) -- ak z 
k=2 c +1 

~(C+k) k-l1 - L..J -- ak z 
k=2 c +1 

< (1- p) 	 (25) 

provided 

(26) 


By using (22), the inequality (26) holds if 

( 
2k - 2 p) 	(c +2k 2) Iz1 2k - 3 < (k - 1)(1 + /3)-

1 - p 	 c + 1 /3(1- Ci) 
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and 

2k - 1 -	 p) (c + 2k - 1) Iz1 2k - 2 < k(1 + 13) - (1 + 0:13)
( 1 p c + 1 	 13(1 - 0:) , 

or if Izj < r*(p, 0:, 13), where 

r*(p, 0:,13) = min(R1 ,R2) 

R1 = 	 . f [ (k - 1) (1 +13) (c + 1)(1 - p) ] ~ 
1~ 13(1 - 0:)(2k - 2 - p)(c +2k - 2) 

R2 = inf [{k(1 + 13) - (1 + 0:13)}(1 - p)(c + 1)] ~ . 
k 13(1 - 0:)(2k - 1 - p)(c +2k - 2) 

Hence, f(z) E 8; in Izl < r*(p, 0:, 13). Sharpness follows if we take the functions Fp.(z) given by 

J.l13(1 - 0:) 2k-2 (1 - J.l)13(1 - 0:) 2k-1 
Fp.(z) =z - (k _ 1)(1 + 13) z - k(1 + 13) _ (1 + 0:13) z , k ~ 2, J.l =0 or 1. (27) 

Theorem 9. Let the function f(z) be defined by (1). If f(z) E 8;(0:,13), then the function F(z) defined by (15) 
belongs to 8;(p) where 

(c + 2) + 13[20:(c + 1) - c] 
(28)

p = (c +2)( 1+ 13) . 

The result is sharp. Further, the converse need not be true. 

00 

Proof Let F(z) = z - EbkZk E 8;(0'), where bk is given by (17), then by Theorem 1, it holds if and only if 
k=2 

~{2(k-1) (2k-1-0') } (29)~ (1 - 0') b2k-2 + (1 _ 0') b2k-1 ::; 1. 

Thus we have to find the largest value of 0' so that the inequality (29) holds. 

Now, by using (22), (29) holds if 

2(k - 1) (k - 1)(1 + 13) 
1 - 0' b2k-2::; 13(1 _ 0:) a2k-2, 

and 

(2k - 1 - 0') b < k(1 +13) - (1 + 0:13) a (k >_ 2). (30)1-0' 2k-1_ 13(1-0:) 2k-1, 
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Or if 

2(c+1) < 1+,8 

(1- O')(c + 2k - 2) - ,8(1- a) 


and 

(2k - 1 - O')(c + 1) k(l + ,8) - (1 + a,8) (k ~ 2) (31)
(1 - O')(c +2k - 1) 5 ,8(1- a) , 

which is equivalent to 

and 

where 

(1 + ,8)(c + 2k - 2) - 2(c + 1),8(1 - a) 
p" = (1 + ,8)(c+ 2k - 2) 

(c + 2k - l)[k(l +,8) - (1 + a,8)] - (2k - l)(c + 1),8(1- a) 
(32)

(c + 2k - l)[k(l +,8) - (1 + a,8)] - (c + 1),8(1 - a) 

It is easy to verify that p", 6" ar increasing functions of k (k > 2). Therefore, P2 = inf p" and 62 = inf 6", where - "~2 "~2 

(c + 2) + ,8[2a(c + 1) - c]
P2 = (1 + ,8)(c + 2) 

6 = (c+ 3) + ,8[2ac+ 3 - c}

2 (c + 3) + ,8[c - 2a + 5} , 


and hence 

To show the sharpness we take the function fez) given by 

,8(1 - a) 2 
-z- (33)f( z) - 1+,8 z. 
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Then 


zF'(z) 2P(1 - O')(c +1)

= -"'---~;;"":"'--";"Z 


F(z) - F( -z) (c+ 2)(1 + P) 


(c + 2) + p[2O'(c + 1) - c] 
= (1 +P)(c + 2) for z =1. 

Hence the result is sharp. 

We now show that the converse of the theorem need not be true. To this end we consider the function 

F (.) = • _ (~_:) .3 (34) 

Theorem 1 guarantees that F(z) E S8(P)' But the corresponding function 

f (z) = z _ (c +3) (1 - p) z3 (35)
(c+l)(3-p) 

does not belong to S8 (a, P), since, for this f( z) the coefficient inequality of Theorem 1 is not satisfied. 

4. FRACTIONAL INTEGRAL OPERATOR 

We need the following definition of fractional integral operator given by Srivastava, Saigo, and Owa [9]. 

Definition. Let 

(36) 

where 

I k = ° (V)k =rev + k) (37)
rev) { v(v+l) ... (v+k-l), kEN={1,2,3, ... } 

For real number P > 0, 0,7], and (. > max{O, °- 7]} - 1, the fractional integral operator 16,,:,1] is defined by 

Z-p-6 J.z ( t)16::,1] fez) = rep) 0 (z - t)P-l F p +0, -7]i Pi 1 - -; f(t)dt. (38) 

where fez) is a function analytic in a simply connected region of the z -plane containing the origin, satisfying 

fez) =O(lzIY, z -+ 0, 
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and the multiplicity of (z - ty-1 =exp((p - 1) log(z - t)) where log(z - t) is supposed to be real when z - t > O. 

Remark. For 6 =-p, we note that 

where D;P f(z) is the fractional integral of order p of f(z) which was introduced by Owa [10, 11]. 

In order to prove our results for the fractional operator, we have to recall here the following lemma due to 
Srivastava, Saigo, and Owa [9]. 

Lemma 1. If p > 0 and k > 6 - 11 - 1, then 

IP,6,,, zk _ r(k + 1)r(k - 6 + 11 + 1) zk-6 (39)
O,z - r(k - 6 + 1)r(k +p + 11 + 1) . 

With the aid of Lemma 1, we have 


Theorem 10. Let p> 0, 6 < 2, p + 11 > -2,6 - 11 < 2, and 6(p + 11) ~ 3p. 


If f(z) E Ss(a, {3), then 


1 6 

IIp,6,,, Z I> r(2 - 6 + 11)lzI - {1 {3(1- a)(2 - 6 + 11) z } (40)
O,z f( ) - r(2 - 6)r(2 + p + 11) - (1 +{3)(2 - 6)(2 + p + 11) 1 1 

and 

6 

I p6" 1< r(2 6+ 11)lzI1
- { {3(1-a)(2-6+11) } (41)Io;z' f(z) - r(2 _ 6)r(2 +p + 11) 1 + (1 +{3)(2 _ 6)(2 + p + 11) Izl 

for z E Uo, where 

(6 ~ 1) 

(6 > 1). 


The result is sharp. 


Proof By using Lemma 1, we have 


Ib':'" f(z) = r(2 - 6 + 11) 1-6 
, r(2 - 6)r(2 + p + 11) z 

~ r(k + 1)r(k - 6 + 11 + 1) k-6 
(42)

- {;; r(k - 6 +1)r(k +p + 11 + 1) akZ 
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letting 

= r(2 - 6)r(2 +P+ T}) z61P,6,r} f(z)H(z) 
r(2 - 6+ T}) o,z 

= z - E
00 

h(k)akzk, (43) 
k=2 

where 

h(k) = (2 - 6 + T})k-l(1)k , (k 2: 2). (44)
(2 - 6)A:-l (2 +P+T}h-l 

We can see that h(k) is non-increasing for integers k 2: 2, and we have 

2(2-6+T}) 
o< h(k) $ h(2) = (2 _ 6)(2 +P+T})' (45) 

Since f( z) E S; (a, (3), Theorem 1 implies that 

~ (3(1- a)

L-t ak < (3' (46)

k=2 - 1 + 

Therefore, by using (46) and (45), we have 

IH(z)1 = Izl- h(2)lzI2 L
00 

ak 
k=2 

(3(1-a)(2-6+T}) 2 
(47)> Izl- (1 + (3)(2 - 6)(2 +P + T}) Izl 

and 

IH(z)1 = Izl + h(2)lz21 E
00 

ak 
k=2 

(3(1-a)(2-6+T}) 2 
(48)< Izi + (1 + (3)(2 - 6)(2 +P+ T}) Izi . 

Sharpness follows if we take the function 

(3(1 a) 2
f(z) = z (49)(1 + (3) z . 

Similarly, by applying Corollary 2, to the function f(z) belonging to the class Cs(a,{3), we can derive 

Theorem 11. Let P > 0, 6 < 2, P+ T} > -2, 6 - T} < 2 and 6(p + T}) $ 3p. 
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If J(z) E Cs(a, f3), then 

IIP/),'I'/ Z I> r(2 - 6 +1])lzI1-O {I f3(1- a)(2 - 6 +1]) z } 
O,Z 	 J( ) - r(2 - 6)r(2 + P + 1]) - 2(1 + f3)(2 - 6)(2 + P + 1]) I I 
 (50) 

and 

P 0'1'/ I r(2 - 6+ 1])lzI1
-0 { f3(1- a)(2 - 6+ 1]) } (51)IIo:z' J(z) :5 r(2 _ 6)r(2 + P+ 1]) 1 + 2(1 + f3)(2 _ 6)(2 + P+ 1]) Izi 

for 	z E Uo, where Uo is defined in Theorem 10. The equalities in (50) and (51) are attained by the function 

f3(l-a) 2 

J(z) = Z  2(1 + f3) z . (52) 
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