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ABSTRACT

In this paper we shall study a regular right-definite eigenvalue problem for
elliptic partial differential equation with eigenvalue parameter in the boundary
conditions. We associate with it an essentially self-adjoint operator in suitably
defined Hilbert space and develop associated eigenfunction expansion theorem.

Key words and phrases: An expansion theorem, an elliptic operator, right-definite
eigenvalue problems, eigenvalue parameter in the
boundary conditions, Hilbert space formulation.

1980 AMS subject classification code (1985): 35]J, 58G25.

January 1995 The Arabian Journal for Science and Engineering, Volume 20, Number 1. 207



208

S.F. M. Ibrahim

EIGENFUNCTION EXPANSION ASSOCIATED WITH ELLIPTIC EIGENVALUE
PROBLEM WITH EIGENVALUE PARAMETER IN THE BOUNDARY CONDITIONS

1. INTRODUCTION

Regular eigenvalue problem for the Laplace operator in R' with eigenvalue parameter in the boundary conditions
have been studied by many authors, see for example, Fulton [1], Hinton [2], Walter [3], Schneider [4], Zayed and
Ibrahim [5, 6], and Zayed [7]. But regular eigenvalue problems for the Laplace operator in R",n > 2 with
eigenvalue parameter in the boundary conditions have been studied by Canavati and Minzoni [8], Odhnoft [9],
Eastham [10, 11], Zayed and Ibrahim [12], and many others. In the present paper we shall study a regular
eigenvalue problem for the elliptic operator in R”, n > 2 with eigenvalue parameter in the boundary conditions.

The problem to be discussed here can be formulated as follows: Let £ be a normal domain in R",n > 2 with the
smooth boundary d€2. We consider the following elliptic eigenvalue equation

1
Tu=-(-E,+q)u=2Au in Q, (L.
;

with the mixed boundary condition
uy +o(xX)u = Au, on 0Q, (1.2)

where we assume throughout that:

i

) 0
) E,u= E P {Pij(x)‘“a: }
. X;

S it

n
(i) v = zp,;,‘(x)a”v,‘, where v = (v,,....,v,) is the outer unit normal of Q on its boundary dQ and
ij=1

X =(X,....,X,) is a generic point in R", where u,, = a\i,
Aj
(if) g(x) is a real-valued continuous function, and 7(x) > 0 is a real-valued function such that 7(x) € c(Q),
Q =QUIQ and C() is the space of all continuous functions which are defined on Q;
(iv) p;;(x),i,j=1,...,n are real-valued functions which are continuously differentiable and p, ;= p,,;
(v) o(x)is a real-valued continuous function for all x € 0Q;
(vi) For an arbitrary complex function f(x) and a positive constant ¢, we have the “ellipticity condition”;

ip;‘;(x)f_\.‘fi\.i > C,,iif.\,i
i=1

ij=1

2

, (1.3)

forall x € Q;
(vii) A is a complex number.

Definition 1.1. The eigenvalue problem (1.1) - (1.2) is said to be “regular” if Q is bounded and 1(x) is defined on
Q.

Definition 1.2. The regular eigenvalue problem (1.1) — (1.2) is said to be “right-definite” if r(x) is positive on €.

In this paper we give an operator-theoretic formulation of problem (1.1) — (1.2), by associating with it an
essentially self-adjoint operator A with compact resolvent, and prove that the spectrum of A consists of unbounded
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sequence of real eigenvalues. Moreover, we show that the eigenfunctions of A form a complete fundamental
system in the Hilbert space H = L2 (€2; 1) ® L? (dQ), and then we prove an expansion theorem for A.

2. HILBERT SPACE FORMULATION

Let L?(Q;r) and L? (0Q) be two complex Hilbert spaces of Lebesgue measurable functions f(x) in Q and 9Q
respectively satisfying:

O [roolreotex <o

Q

) Jlroords <=
Q
where dx =dux, dx,...dx, is the volume element corresponding to €2, while ds is the surface element corresponding
to Q.
Definition 2.1. We define a Hilbert space H of two component vectors by
H=1(Q;r)® L (9Q); (2.1
with inner product

[f.glu = <f1,81>g +<f2*32>asz

- jr(x)ﬂ(x)@‘(x‘) dx + jfz<x>g7(i3 ds: 22)
Q o2
and norm
Ul = [roolfiof ax+ [ir200F a5 23)
Q aQ

foreachf=(f},f,) and g =(g,, g,) in H.

Definition 2.2, Let H " be a set of all those elements f(x) satisfying

() feCH(Q)nC*Q;

(i) %(-E,, +q)f € L*(Q;r).

We define a linear operator A: D(A) — H by

Af = G(—En +q)fi, fiv + 6(x) fi J: (2.4)
for each f = (f, f;) in D(A), in which the domain D(A) of A is defined as follows:

DAY ={(fla.flag) € H:f € H'}, 2.5)
where f|q (or flaq ) is a restriction of f on Q (or on dQ) respectively.

Remark 2.1. The parameter A is an eigenvalue and f| is a corresponding eigenfunction of problem (1.1) — (1.2) if
and only if

f=(f.f,) € D(A)and Af=Af.

Therefore, the eigenvalues and the eigenfunctions of problem (1.1) — (1.2) are equivalent to the eigenfunctions
of AinH.
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Lemma 2.1. D(A) is a dense subset of H with respect to the inner product (2.2).

Proof. Suppose that D(A) is not a dense subset of H with respect to the inner product (2.2), then there exists a non-

zero element 0 # f= (f,, f,) € H such that
[f.gly=0forall g =(g,, g,) € D(A).

In particular
(fi.81)q =0 forall g € C(Q) N C*(Q),
which means that f, = 0. Hence, using (2.5) we obtain
0 =(f2.8 )50 = (f2:81]a0),, for all g € C'(Q)N C*(Q),
which means that f, = 0. Thus f'= 0. This is a contradiction. Hence D(A) is dense in H.

Lemma 2.2. The linear operator A in H is symmetric.

Proof. Let f=(f,,f,) and g =(g,, g,) be any two elements in D(A), then

[Af.glu = J‘{—i(m/ﬂ_w )JA]_ +qf }g?l dx + J{i pijfiv, Vi + 6f.}§2 ds.

Q ij=1 aQ Li.J=I

Making use of the formula (4) of Section 4.3 in [13], the above formula (2.6) becomes

[Af.glw = _"{ipi_ifh,gl,\; + f]flﬁl} dx + J0f1§2 d5+j{i pij iy, v,}(gz - 1) ds.
a0

Q L=l aQ ij=1

Because of (2.5) the last integral in (2.7) vanishes, and consequently

{2 piifiv; & + qfngl} dx + JC‘fl g1 ds.

oQ

Applying a similar argument, it follows that

[f,Agln = J{Zpufl.\;, 8ix; +‘If1§3} dx + chl g ds.

o Lij=! Q
From (2.8) and (2.9) we find that

[Af.gln =Lf,Aglu.
Therefore A is a symmetric linear operator in H.
Remark 2.2.

() Since A in H is symmetric, then it has only real eigenvalues

(i) Since A in H is symmetric and its domain; D(A), is densely defined in H, then A is self-adjoint in H.

(2.6)

2.7

(2.8)

2.9

(2.10)

(iffy The density of the domain D(A) in H gives us the completeness of the orthonormal system of

eigenfunctions of A.

Lemma 2.3. Let f(x) be a complex-valued function such that } f( x) e C'(Q), then

[iAorax < a2 [lerad 7i0Pax+ 2u [l i007 s
Q Q aQ
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where
U= supﬂxlizx = (x1,...,X,) € Q}.
Proof. Since | f1(x)| is a real-valued function and | f,(x) € C'(Q), then by using Theorem 2 in [13, p.67], we have

v"f,(x) dx < 4p? JZ f;(x)‘ dx+2uj$f1(x)[ ds. (2.12)

Q i=1

Substituting the well known inequality:

Inool ) <l

into (2.12) we arrive at (2.11).

‘xeq, 2.13)

Lemma 2.4. The linear operator A in H is bounded from below.

Proof. Let f= (f,, f,) be any element in D(A). We have

[Af. flu = J‘{z Piifiy, Fie, +4lf [z}dx + J‘Glfllzds. (2.14)
Q Lij=! aQ
Making use of the ellipticity condition (1.3), the above formula (2.14) reduces to
[Af, flu >cr,Jgrad £l dx+Jq!f|‘ dx+JG|j][ ds. (2.15)
a0

With B = max (4%, 2), Lemma 2.3. gives the inequality

1 ' 2 i
~J!fl|“dx - J.\f,]zds < jlgrad fildx. (2.16)
p a0 0

Q

Substituting (2.16) into (2.15) we have

[Af. fln 2 H""g?"“‘)} I (%) dx + j{o(x)»— o} f1(x)] ds. @.17)
Q

Define a real number y as follows:
o t .
y:mm%mr—fﬁﬁ}mumm—gﬁ. (2.18)
xeQ Br(x) x€dQ

Then (2.17) can be written in the form

[Af.Flu 2 YIf 1}, (2.19)
This proves that the linear operator A in H is bounded from below.
Remark 2.3.

@ Hgx)20VVxe Q and if 6(x) > ¢,Vx € 9Q, then ¥ > 0. Under these assumptions we deduce that A in
H is strictly positive and consequently A = 0 is not an eigenvalue of A in H.

(if) Since A in H is symmetric and bounded from below, then for every eigenvalue A of A in H, A 2.
Lemma 2.5. The linear operator A in H is unbounded from above.

Proof. Let ®(x) be a test function with compact support on Q. We define a sequence this test function by
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®,(x)=®(mx), xeQ, m=12,... (2.20)
On using the same argument of Lemma 2.4, we find that
mz 2
(A, @1, 2 [{7 + (0 [ @ (01 dx, @21)
Q B
Taking the limit as m — oo in (2.21), we obtain
lim [AD,,, D, ], = . 2.22)

This proves that A in H is unbounded from above.

3. THE RESOLVENT OPERATOR AND THE EXPANSION THEOREM

Under the assumptions that ¢(x) 2 0 Vxe Q and o(x) > ¢,Vxe 0Q, we have shown that A = 0 is not an
eigenvalue of A in H. Then the inverse operator A™' of A exists in H. To study the operator A™! it is convenient to
give an explicit formula for it in terms of the Green’s function for problem (1.1) — (1.2) with g(x) 2 0.

Here it is difficult to characterize D(A™') = R(A), the range of A exactly. In any case, it is not true that
D(A™) = {(fla flug) € H: feCo (@}

because for such an f we.cannot in general find u = (u,,u;)e D(A) with Au = f. Hence, with reference to
[13, Section 4.4] if G (X, y) denotes the Green’s function for problem (1.1) — (1.2) with g(x) = 0 and if G(x, y)
denotes the Green’s function for the same problem with g(x) > 0, then we have define A~ as follows:

D(A™) = {(fla flaa) € H: feC' @ N C* @} 3.1

A:D(AT") - H;

A“f={_[G(x,y) fily) r(y) dy, JGo(x,y) fa(y) dS} (3.2)
Q 90
for each f = (f,, f,) € D(A™'); where
G(x,¥) = Go(x,¥) - [Gu(x,2) Glzy) q(a) da. (3.3)
Q
Remark 3.1.

(i) Applying a similar argument of Lemma 2.1., we can show that D(A™') is dense in H.
(if) A”'is a linear operator in H.

Remark 3.2. The Green’s function G (x, y) for fixed x € Q is a fundamental solution of y with respect to  (see
[13, Section 4.3]):

Go(x,y) = S(x,y) + K(x,Yy). 3.4
where S(X, y) is a singularity function defined as follows:
——x -y for n>2,
S(x,y) =4 U1 D (3.5)
- —log|x — y| for n=2.
2n '
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which is the solution of the equation A,u = 0 for x # y, where ®, denotes the surface of the unit ball in R", while
K(x,y) is a regular function satisfying the following:

K(x,y) e C'(Q)n C*(Q);

AK(x,y)=0in Q;

K, (x,y) +o(y)K(x,y) = ={S,(X,y) + 6(y)S(X,y)} on Q.

Note that G (x, y) and also G(x, y) will, by Section 4.4. in [13], satisfy estimates similar to (3.5); that is,
X = y[z"" + 5 for n> 2,

G(x,y) < (3.6)
c;‘ logx -y |+c, for n=2,

where ¢, and ¢, can be determined. We can get (3.6) by using the maximum principle. See, for example, G.
Hellwig [14].

Definition 3.1. We define linear operators B, and B, as follows:

() DB)={uel*(Qr):ueC(Q)nCX(Q)};

Blu=J'G(x,y) u(y) r(y) dy;
Q

for each u € D(B)).
(i) D(By)={uel2(3Q):ueC(Q))}

B = jco(x,w u(y) ds;
IQ

for each u € D(B,).
Remark 3.3.

(i)  With reference to [13, Section 7.4], we conclude that the linear operators B, and B, are compact in LS4 1)
and L?(0QQ) respectively. Consequently, formula (3.2) shows that A" is a compact linear operator in H.

(if) Since A in H is symmetric, then A~ in H is also symmetric.
(iify Since D(A™') # H, then A™! is an essentially self-adjoint operator.
The results of our investigations are summarized in the following expansion theorem:

Theorem 3.1. The spectrum of A consists of an unbounded sequence of real eigenvalues of finite multiplicity
without accumulation point in (—eo,00). Denoting them by

0< )\.] < 12 < 13 <...., with lim M = oo,

k—00

and the corresponding eigenfunctions by ®,,®,,®;,...., we have {®,};_, forms a complete fundamental system
in H and for every fe H we have the expansion formula - -

EDNIX S 3.7)
k=1

in the sense of strong convergence in H.

The above theorem has some corollaries for particular choices of the function fe H.
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Corollary 3.1.If f = (f,.0) € H, f, € [>(Q;r) then

and

oo

fi= z J)"(x)fl(x)d)kl(x) dx |®; (x),

k=1 \ 0

0-3, j:(X)fn(x Bu(x) dx [D2(x).

where @, = (®,,, ®,,) are eigenfunctions of Theorem 3.1.

Corollary 3.2.If f= (0,f,) € H,f,€ L9Q), then

0= sz(X)dhz x) ds [@(x).
k=1
and
jfz(xm(x) ds |y (x).
k=1
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