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ABSTRACT

An error analysis for the secant method in Banach spaces is provided under
generalized Zabrejko—Nguen Assumptions.
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AN ERROR ANALYSIS FOR THE SECANT METHOD UNDER GENERALIZED
ZABREJKO-NGUEN-TYPE ASSUMPTIONS

INTRODUCTION
In this study we are concerned with the problem of approximating a locally unique solution x* of the equation
F(x) + G(x) =0, 1

where F, G are nonlinear operators defined on some convex subset D of a Banach space E, with values in a Banach
space E, .

Sufficient conditions for the convergence of the secant method
Xp =X, —O0F(x,_,, x, y! (F(x,)+G(x,)),x_;, xo€ D, n20 )

have been given by many authors under various assumptions (see, e.g. [1-14] and the references there). Here the
divided differences 8F(x,_,, x,) € L(E,, E,) foralln > 0.

We assume that 8F(x_j, x,)™" exists for x_; # x,, and

ISFCe_y, %oy BF(x + by, y + hy) = SEG I S Dy(t, + IRyl 1) + Doty + kgl 1), 3
and

I8F(x_;, %) (G(z + h3) = GO < e(23 + I, 1) - c(t5) @
forall xe U(xy, t))={x€ E| | llx—x,ll <t,}, y€ Ulxy, t,), z€ Ulxg, t3), [Ih ISR -1y,

[l7,)l <R —t,, and ||a,]| £ R — ¢, for some fixed R > 0.

D,, D, are nonnegative and continuous functions of two variables such that if one of the variables is fixed, then
D,, D, are nondecreasing functions of the other on the interval [0, R], with D,(0,0) = D,(0,0) = 0. The function c is
nonnegative and nondecreasing on [0, R], with ¢(0) =0.

Using the majorant method and the above conditions we will provide an error analysis for the secant method.
Our estimates on the distances ||x,,, — x, |l and ||x, — x*||, generalize earlier ones [2—14], when G =0 on D (or not).
We also show how to choose the functions D, D,, and c.

CONVERGENCE ANALYSIS
We will need to introduce the constants
r =0, rg=llx—x1>0, ry=ry+|lx;—xll >0, (5

a=1-[D,(R,0)+ DyR,0)+ D(r,, 0)], 6)

the sequences foralln 20

Tpy2 = I'pyl +

{ VHEDl(t, Tn-1)+ Do (t,r)ldt + c(rpp1) — C(rn)}’ )

An+l n

ap1 = 1- [Dl(rn’ 0)+ Dz(rn.m 0+ Dl(r(}a 0], 8)

and the function T on [r,, R] by
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1 r
T(r) =n+ —b-z;—)'{.'.m [D1(I, r) + Dg(l, f')]dt + C(I‘) - C(fo)}, (9)
where
b(r)=1-[D(r, 0) + Dy(r, 0) + D,(r,, 0)]. (10)

We will now state and prove the main result:
Theorem. Let F,G: D ¢ E, — E, be nonlinear operators satisfying conditions (3) and (4). Assume:
() the inverse of the linear operator 8F(x_j, x,) exists for x_;, x, € D, with x_; # x;
(if) there exists a minimum positive number R, such that
T(R,)<R,. an
(iif) there exist R with R, < R such that the constant a, given by (6) is positive;
Then

(a) the scalar sequence {r,} n 21 generated by (7) is monotonically increasing and bounded above by its limit,
which is number R;.

(b) the sequence {x,} n > -1 generated by the secant method (2) is well defined, remains in U(x,, R,) for all
n 2 -1, and converges to a solution x* of equation F(x) + G(x) = 0, which is unique in U(x,, R) (if G =0
on D).

Moreover, the following estimates are true for all n 2 0:

"xn.—'xn—liI Srn_rn-]’ (12)

Ilx, - x*| <R, —r, (13)

I8F(x_1, x0) ™ (F(xna1) + G(xnat)| S Unar = | [D1(t, 7ut) + Da(t, 7)1t + €(rnat) = c(r), (14)
6n+1 .

|xas = x4 < ==, ((f G=0) (15)
In+l

1
Iy =1- J- [Dl((l - t)||x0 - x*“ + t"x,,.ﬂ - xol,(l) + Dz((l - t)"xo - x*ﬂ + t"x,,.ﬂ - xoﬂ, 0)](1! - Di(ro,0)
0

[ st = %a] < |50 = x4 + -‘;31, (16)

where

+net = xol) = Da(fn = o] + el = x*] |n = o) o

1
oo = [ [Diffn = x0cal + 2, - 2

+e(lxn = xof + [xn = x4) = c(lxn = xo

) a7
s, = 1-[D(llx,_; = xoll, 0) + Dy(llx*~ x,ll, 0) + D(ry, 0)]. (18)

and
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Byar = j [D1(2, rams) + Dy (8,1, ],

L]

Proof.

(@) By (5), (7), (8) and the monotonicity of the function D, D,, and c, we deduce that the sequence {r,} n2-1
is monotonically increasing and nonnegative. Using (5), (7), (8), we obtain r_j, r,, r; <R,. Let us assume
that ., <R, for k=-1,0,1,2,..., n. Then by (7) and the induction hypothesis

Tev2 € ey +

{J‘ **1[D](t:rk—l)+ Dz(l, rk)dt + C(r,,,,])—c(rk)]}

k

b(Ry)

1 Tr+1
Sn+ b(Rl){L_. [Di(2, Ry) + D2 (2, R)de + c(rgar) - C(rk-l)}

{j [Di(t, Ry) + Da(t, R)Jdt + c(Ry) - c(m)}

=T(R)) £ Ry by (11).

That is the scalar sequence {r,} n 2 -1 is bounded above by R,. By (ii) and (iii) R, is the minimum zero of
equation 7(r)-r=0in (0,R,], and from the above R; = lim r,.
n— o0
(b) By (5) and (11) it follows that x_;, x; € U(x,, R,), and (12) is true for n =0, 1. Let us assume that
X1 € Ulxy, Ry) and (12) is true for k=-1, 0, 1,..., n. We first show that 6F(x,, x,,,) is invertible. In fact, by
the induction hypothesis, and (12)

k+1 k+1

|xk+1 = xo < zllxj - xj] € Z("j —rji-1)=res1—ro SRy, (19)
i1 j=1

and hence, by (3) and (4)

I8P Gy, 20) M (OF (g %y p) = SF(x_y, 2Dl S USF(x_y, %Y {(BF (. %y 1) — 8F (g, xo)I
HIBF(x_y, x4) " (8F (xy, %0) = SF(x_;, x|

SHBF(x_y, x) (8F (xg, x4) — SF (x + (x;, — %), X + (Xp0 = XM
+I8F(x_y, %) (8F (xg + (x_; — Xo), Xy + (g — %)) — 8F (g, x|

< D, (llx, = xoll, 0) + D%, ; = Xoll, 0) + D7, 0) + D0, 0)

SD(r, 0) + Dy(r,,1, 0) + D (ry, 0)

<SD(R,,0)+Dy(R,,0) +D(r,,0) < 1, 20)

by the choice of a > 0 and hypothesis (iii). It now follows from the Banach lemma on invertible operators

that

HSF(xkaxk-fl)_lSF(x—lsxO)li < ! < ! < '1- » (21)
a1 b(R) a

where a, a,,, are given by (6) and (8) respectively.
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Using the estimates

Al =l + 200,y = X)) — X411 S T = x4 I+ 2llx = I, (22)
"hzll = “xk + t(x)H.] _xk) - xk” < t"xk.H _xk", (23)
A5l = lhx, — x4l (24)

relations (2), (3), (4), (21), (22), (23), and (24) we obtain in turn for all k=20
ey s = 2 1ll S N1BF(x,, xk+l)“15F(x—l’ xo)ll
’ HSF(X_p xg)—l [(F(ka) - F(xk) - 8F(xk_p x,‘))(xkﬂ ka)+ G(xk+1) - G(xk)]"

1
<

1
- UO |8F (x_1, x0) " (BF (x + t(xka1 — xi), Xi + t(Xpar = Xi)
k+1

= 8F (xg-1, X)X Xge1 — 2 )de + [8F(x_1, %0) (G x441) — G(xk))":|

<! {
Qg1

+ Dy(rea—ro, 1k —ro)} (25)

1
J.o [Di(ri =0 + t(reas = 7). i) | + Do (ric = 1o + Hriar = 1), 1 = 10)] (P — ri)ds

1 Ti+1
< { [Di(2,re-1) + Do(t,rp)lde + D3(rk—lark)}

Ape1 ¥

1 Ti+1
s ; { [D1(f,rk-1)+Dz(l,fk)]dl‘+0(rk-1)"C(rk)}
k+1 T

=2 Tear (26)
which shows (12) for all n 2 0, where we used 8F(x,x) = F'(x) for all x € U(x,R).

It now follows from (a), (19) and (26) that the secant iteration {x,}, n 2 -1 is Cauchy, well defined and remains
in U(x,y, R,) for all n > 1. Hence, it converges to some x* in such a way that (13) is satisfied. For n = 0, (13) gives
x* € U(x,, R,). By taking the limit as n — o in (2) we obtain F(x*) + G(x*) =0, which shows that x* is a solution
of Equation (1). To show uniqueness, we assume that there exists another solution y* of Equation (1) in U(x,, R) .

Then, using (26) for x, = x,,, = y* + t(x* - y*), we obtain

1
1 8F(x_1, xo Y{(J [F’(y* +t(x* —y*)) — 8F (xo, x0)]dt + (8F (x0, xo) - 5F(x-1,x0)]]
0

1
< j [Dl(l—t)R+tR1,0)+ D,(1- t)R+tR1,0)]dt+ Di(r9,0)+ D3(0,0) < 1 27)
0

by the choice of a and hypothesis (i), where we also used the estimates

llxg = y* = t(x* =yl = [[(1 - £Xx = y*) + t(xg —xMN < (1 - R + 1R,.
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1
It now follows from (27) that the linear operator j F’'(y* +t(x* —y*))dt is invertible. By using the
0

approximation (if G = 0)
1
F(x*) = F(y*) = j' F/(y* +1(x* —y*))(x* —y*)dt
0

we obtain x* = y*, which shows that x* is the unique solution of Equation (1) in U(x,, R).
Using the approximation
Xnst = X5 = x* =%, + (8F (Xpo1, X4 )™! OF (x-1,%0))
[8F (x-1, %0) " ((F(x*) = F(xy) = 8F (Xp-1, X )(x* = %,))) + (G(x*) = G(x))],

estimates (3), (4), and the triangle inequality, as before, we get

Jtner ] S s = 2]+ 22
n

which shows (16) for all n 2 0.

Moreover, from the estimate

1
jo |8F (-1, x0) ™ ((F"(x* + t(xp 41 — x*)) = 8F (%9, x0) + (BF (%, x¢) = 8F (x1, x0)))| dt

1
< jo [D1((1 = 0 = 54|+ t]xn 1 = o[, 0) + Da((1 = Dr0 — x¥] + t]xnsn — xo

1
< Jo [D1 (A=8R +tR,0)+ Dy (1 -t)Ry + tRl,O)]dt + Di(ry,0)

since a > 0.

1
It now follows from (28) that the linear operators J- F'(x* +t(x, 41 — x*))dt is invertible, and
0

Furthermore, using the approximation (if G =0)

1
< —
In+1 a

1 -1
[J F(x*+t(x,41 — x*))dt] OF(x_1,x)
0

1
F(xp41) = F(x*) = U Fi(x* +1(xp 1 — x*))dt](xnu - x%),
0
estimates (21) and (29), we obtain

Jener 4] <

-1
I:Jl F'(x*+1t(x,4 — x*))dt] SF(x_1, xp)
0

JBFGear, 20 Flaa)] < 72

n+l

1
< n+l1
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where v, is given by (14) for all n 2 0.
That completes the proof of the theorem.
Remarks

(a) Let us assume that the following stronger conditions are satisfied instead of (3) and (4)

N(8Fx_y, xo) (8F(x,y) — 8F(z, )l < q,(Dllx—zll + g,(Nlly~zll (30)
and
I8F(x_y, x0) (Gx)-GONI < g5(Dllx—=yll (31)

for all x,y,z € U(xo,r) € U(xo,R) ¢ D. The functions g,, g,, and g, are nondecreasing on the interval
[0, R].

Then we can show

IBF(x_y, %) (8F (x + hy, y + hy) = SF(x,y)|

< (Wl(tl + Ilhlll) = Wl(t1))+ (Wz(tz + ”hzn) - Wz(tz)) (32)
and
I8F(x_y, %) (G(z + hy) — G S wy(t5 + 151 (33)

forallx e U(xy, 1)),y € Ulxy, ty), z € Ulxy, t3),
Wl SR =1, fl SR - 15, and iyl SR — 1y,

with
wi(r) = qumdr, wa(r) = jqzmdt, and wa(r) = qu(z)dz. (34)
(] 0 0

Progf. We will only show (32), since (33) can then easily follow. Set

g=0F(x_j, xo)"'SF, let x € Ulxg, t)),y € U(xy, t,), m € N, then from (30) we obtain

leCx + 1,y + ha) = g(x, | € D lgCx+m™ jhu, y + 7 jha) = g(x+ m™ (= D,y +m7 (= Do)
ji=l

m

< D ailn+m ) m ] + i a2(r2 +m” jlha]) m~! o

j=1 j=1
[1+Ih1l] !2+!h2"

S J q()dt +J g2(t)dt as m —> oo,
h t2

by the monotonicity of g, g,, and the definition of the Riemann integral. That completes the proof for (32)
and (33).

Several authors have studied the convergence of the secant method using conditions (30) and (31) for
q,(r) =k, q,(r) = k,, and gq4(r) = kyon [0,R] G =0, (or not) for some positive constants k, and k, (see, e.g.
[31, [5-7]). If we now choose
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Di(1 + I

fﬁ-lhlﬂ
n)= [,

n

ty +nh2l
Dyfe+lpalra) = [ (e,

[ 5]

and
t3+|h3|

Cts + |hs]) - C(13) = _[ s (1)dt,
5}

then conditions (3) and (4) will be satisfied.
Moreover,

Dty +1hyll, 1)) < kyllx — 2]l

Dy(t, +Ih,ll, 1) < kylly —zll,

Ct5 +1lhslD) — C(23) < kylix -y,

which suggest that our estimates on the distances ||x,,, - x| and [|x, —x*|| will be smaller than the
corresponding ones in [2—14], ((For G = 0, or not) and the references there).

(b) Furthermore, if we choose D,, D, and D, as in the remark, then

ol
n)s [ anar,

I3}

t2+§hzl
\12) < J g2 (1)dt,
t

2

Di(1+ |

D2 (t + "hzl

and

Ds(t +|hs

!3+§h3|
|.13) < J:S gs(r)dt,

then our estimates on the distances ||x,, , — x|l and ||x, — x*|| will be smaller than the corresponding ones in

[1-14], ((for G =0, or not), and the references there).

(c) Estimates (15) and (16) can sometimes be solved explicitly for ||x, ., — x*|| and |jx, — x*|| respectively, when
for example conditions (30) and (31) are true instead of (3) and (4) for q,(r) = k;, q,(r) = k,, and g(r) =k,
on [0, R]. Estimate (15) will then provide an upper bound on |[|x,,; — x*||, whereas (16) will provide a lower
bound on the estimate ||x, — x*|| for all n 2 0.

(d) Finally, note that by (19) and (25), it can easily be seen that a stronger result can immediately follow if by
making the appropriate changes the estimate |lx, — x, || < r, — r, is used instead of ||x, — x,|| < r, for all k20
in the proof of the theorem.

(e) The uniqueness of the solution x* of Equation (1) in U(x,, R) was established only when G =0 on D. We
assume that G # 0 on D, and define the iterations

Vus1 =Y, — OF(x_;, xo)  (F(y,) + G(,)), forany y,e U(xy, R)n20
L1 =L SF(X‘I, xo)—l (F(Zn) + G(Zn ))s =Xy, Z4=X1 N 20
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Swet = Sn +j "Dyt 50) + Dy (1, 0)]dr + c(5,) = c(sp1) 21

Sp-1

5 =0, §o= ”)’1 _}’o"a S =8+ ”)’1 _yo"

tr
tusl = Iy + J‘ [Di(t.10) + Dy (£,0)]dt + c(t,) = c(tay) n 20
!,

n-1

=R, 5,<t,<R
in
8 = 1y — 51 +J' [Dy(1.0) + Da(t, 0)Jdr + c(5p-1) = c(tpr)
ta-t
50

_r" [Di(t,50) + Dy (2,0)]dr — .[ [Di(1,50) + Dy (1,0)]dt n20

- 3

and the function
Ty(r) = s + J [D1(t,50) + Dy (2,0)]dt + c(r) = c(rp).
L)

Moreover, we assume that in addition to the hypotheses of the above theorem, there exists a minimum
positive number R with R < R such that

T\ (RY) < RY,
and
n=20 n20

Then as in the theorem above, we can show:

(i) the sequence {s,} n2>-1is monotonically increasing, whereas the sequence {f,} n 2-1 is monotonically
decreasing and

lim s, = limt, = RT< R and Ti;(R)<R.

n—oca n—oa

(#i) the sequence {z,} n 2 -1 is well defined, remains in U(x,, RY) for all n> 0, and converges to a solution z*
of Equation (1), which is unique in U(x,, R), with z* = x*,

Moreover, the following estimates are true:

lz, —z, I £s,—5,, nz0
- x*¥| < R} - 20

Zn X7 = 1 Sn n<=

and

Iz, -yl st,—s, n=>0,

The condition on the sequence {§,} can be dropped if we define the sequences
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3n
Spa1 = j [Di(2,50) + D2(2,0)]dt + ¢(5,) + 5,5 =0n 20
0

tn
fast =_[ [Di(t,8) + D2(2,0)]dt + c(£,) + 51,5 = R n20
0

instead of the sequences {s,} and {z,} respectively. The conclusions (i) and (ii) will then also hold for the
new sequences {3,} and {z,} .

Moreover, the following estimates are true:
Sp = Sn-1 S 8y — Sp-1
and

t,— S, St, -5, foralln20.

REFERENCES

[11 J. Appel, E. Pascale, and P. P. Zabrejko, “On the Application of the Newton—Kantorovich Method to Nonlinear Equations
of Uryson Type”, Numer. Funct. Anal. and Optimiz., 12(3 and 4) (1991), pp. 271-283.

[2] I K. Argyros, “On Newton’s Method and Nondiscrete Mathematical Induction”, Bull. Austral. Math. Soc., 38 (1988),
pp. 131-140.

[3] I K. Argyros, “The Secant Method and Fixed Points of Nonlinear Operators”, Monatshefte fiir Math., 106 (1988), pp. 85—
94,

[4] I K. Argyros and F. Szidarovszky, The Theory and Applications of Iteration Methods. Boca Raton, Florida, U.S.A.: CRC
Press, Inc., 1993,

[S] M. Balazs and G. Goldner, “On the Method of the Cord and on a Modification of it for the Solution of Nonlinear Operator
Equations”, Stud. Cerc. Mat., 20 (1968), pp. 981-990.

[6] F. A. Potra, “Sharp Error Bounds for a Class of Newton-Like Methods”, Libertas Mathematica, 5 (1985), pp. 72-84.
[71 F. A.Potra and V. Ptak, “Sharp Error Bounds for Newton’s Process”, Numer. Math., 34 (1980), pp. 63-72.
[8] F. A.Potra and V. Ptak, Nondiscrete Induction and Iterative Processes. Boston: Pitman, 1984,

[9] 1. W. Schmidt, “Regula-Falsi Verfahren mit Konsistenter Steigung und Majoranten Printzipp”, Periodica Mathematica
Hungarica, 5(3) (1974), pp. 187-193.

[10] T. Yamamoto, “A Method for Finding Sharp Error Bounds for Newton’s Method under the Kantorovich Assumptions”,
Numer. Math., 49 (1986), pp. 203-220.

[11] T. Yamamoto, “Error Bounds for Newton-Like Methods under Kantorovich-Type Assumptions”, Japan. J. Appl. Math., 3
(1986), pp. 295-313.

{12] T. Yamamoto and X. Chen, “Ball-Convergence Theorems and Error Estimates for Certain Iterative Methods for
Nonlinear Equations”, Japan. J. Appl. Math., 7 (1990), pp. 131-143.

[13] P. P. Zabrejko and D. F. Nguen, “The Majorant Method in the Theory of Newton— Kantorovich Approximations and the
Ptak Error Estimates”, Numer. Funct. Anal. and Optimiz., 9 (1987), pp. 671-684.

[14] A. 1 Zincenko, “Some Approximate Methods of Solving Equations with Nondifferentiable Operators (Ukrainian)”,
Dopovidi Akad. Nauk. Ukrain, RSR, (1963), pp. 156-161.

Paper Received 29 September 1993; Revised 8 May 1994; Accepted 3 July 1994.

The Arabian Journal for Science and Engineering, Volume 20, Number 1. January 1995



