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1. INTRODUCTION

We will present some exact solutions of flow equa-
tions of an incompressible fluid of variable viscosity.

The basic non-dimensional equations of motion
governing steady plane flow of an incompressible
fluid of variable viscosity, in the absence of external
forces and with no heat addition, are [1]:
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The various symbols used here have their usual
meanings.
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Equation (1) implies the existence of a stream-
function y such that:

U=y, U=-VY,. 5)
The system of Equations (1)-(4), utilizing

Equation (5), transforms to the following system of
partial differential equations:
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in the variables § = x + y and 1} = x — y. In Equations
(6) —(7), the function P is given by

P=p+%(\v§+\v%)+%\v§n. )
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Once a solution of the system of Equations (6)-(8)
is determined, the pressure p is obtained from
Equation (9).

2. SOLUTIONS

In this section, we determine some exact solutions
of the system of Equations (6)—(8) using one parame-
ter group of transformations. We give here only the
one parameter group I', and its invariants that are
employed to obtain exact solutions of the flow
Equations (6) — (8). For details of one parameter group
theory the reader is referred to references [2-7].

If T, is a group consisting of a set of transforma-
tions defined by

E=a%, f=a™, V=ay,
P=a'P, p=aiy, T =a'T
with parameter o # 0, then the invariants of ", for
system of the Equations (6)—(8), are:
£ G(9)

e=_s W=F(e)’ P= 2
n n
L6
pu = H(0), = ;2). (10)

Let us now use these invariants to determine exact
solutions of Equations (6)—(8). The system of
Equations (6)—(8), using invariants (10) of I',, is
transformed to the following system of ordinary dif-
ferential equations:

F’[(1 + ©?)F” + 26F’]
=2G’ + -Rlc- ((2H + 6H’ — 662H — °H')F”
~(66H + 202H’)F’ + 6(1 — 62)HF"}, (11a)
OF’[(1 + 62)F” + 20F’]
= 20G’ + 4G + é {(1 + 362)HF"”

+(6H + 20H')F’
+(H’ + 36%H’ + 126H)F"}, (11b)

(1+6%)L” + 66L’ + (6 + 2Re Pr F’)L

- _Ee I; H 1 -e2)F” - 20F P
+4(BF” + F'Y?), a10)

for the four functions F, G, H, L of 6.
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The system (11) is underdetermined since it
involves one more unknown function than the number
of equations. The system can be made determinate by
choosing more than twenty forms [8] of F’(0). These
forms of F’(0) are chosen by employing the particu-
lar methods for determining the solutions of linear
differential equations of second order. Let us now
determine solutions of system (11) for some of these
forms of F’(0).

We see that Equations (11¢) reduces to
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1+62 2(1+0%)

([(1 - 82)F” - 20F’'1* + 4(8F” + F’)?}

”

a linear differential equation in L’, by taking

Re Pr F/(0) = -3. (12)
The solution of system (11), utilizing (12), is:
F = - 3 0+ A"
Re Pr
9 A

G=——(1+6%)+

4 Re? Pr? 1+ 62

A

H=—— A A g

2Pr 0%2(1+60%) @ e’

__18Ec{(iA L) 1
Re2 Pr (\16 ' 4Pr)(1+02)?

( 1 5A1J1+202
- +

4Pr 48 J(1+0?)?
3 4 2
+ -8 -9 +11n(1+62)
4Pr\ 4(1+6%)? 8(1+6%) 8
L 08 3 et
7Pr{ 4(1+6%)2 4(1+6?%)
2
+&-§m(1+ez>]+.3.,42[___9_
2 2 2 4(1 + 62)?
+—6—+ltan“9 _1,42(_1
8(1+062) 8 2 ]
15 9 0 1 o’
- —tan'@ - = + =
8 8(1+062) 4(1+062)
A, o’
4 { 4(1+6?%)?
_L&mqgj
8(1 +02)2 8

January 1994



A(eSme 1095+5J
2L(1+62)  4(1+02)

A ( 0 } 02 1 et
-—IIn - +—
2 V1+02) (1+8%) 4(1+6%)

_ a2
A (e(l %) + 6 + Ztan™! OJ
2(1+6%) 8

8(1+62)2

A (1se+3e3 30 2] .

+— - - —|tan™' @
8(1+62)2 2(1+6%) @

. 9 3

16(1 + 62)  2(1+ 0?%)

+21n( o H + A4
Vi + 62 .

where A*, A;, A,, A;, Ay, are arbitrary constants.

The equation (11c), on substituting L = X(6) Y(8) and
choosing X such that (1 + 62 )x’ + 36x = 0, reduces
to the normal form

Y”(0) + [2 Re Pr F'(0) + ) 3
-+

s¥o

= (1+6%)% [RH.S. of (11¢)]
This equation can easily be integrated by taking
F’ = =% RePr(l1 + 6%). (13)

The solution of system (11), employing (13), is

= tan™! B + A,
2Re Pr
G = 34, (82 -1)
- 2RePr(1+6%)?
H=A2

L=(+ 92)%[ 9ECA2 ......

-X~§+xf1‘+ 02) + A39+A4],

wherein A;, A,, A3, Ay, are arbitrary constants.

We know from the theory of differential equations
that the equation

a1 (8)E”(6) + a2(8)E’(8)
+a3(8)E(8) = ¢(8)
is an exact equation if
as(0) - a3(6) + ai(6) = 0 (14)
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where prime denotes differentiation with respect to 8.
Employing (14) in (11¢), we find

1

F' =- . (15
Re Pr
For this case, the solution of system (11), is
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wherein A, C, D, , D,, D,, are arbitrary constants.

When F’ = - 2 02, the system (11) has the
e
solution
F = 6 + Al
Re Pro
= 2 f (H - 9H ) do+ A,
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18Ec [( 81 4 209 ) 02 pressible fluid of variable viscosity are determined.

T Re Prl\ 2100 * 280 Pr Some more exact solutions can be obtained by taking
other forms of F”(0) and other invariants of group I',.
B, B 0 925

6 12 336 Pr
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