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ABSTRACT 

In this paper a-connectedness and 8-connectedness have been introduced in 
bitopological spaces by utilizing the ij-a-closure and ij-8-closure operators. 
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a.. CONNECTEDNESS AND 8..CONNECTEDNESS IN BITOPOLOGICAL SPACES 


1. INTRODUCTION 
The notion of bitopological spaces was introduced 

by Kelly [1] in 1963. In 1967 Pervin [2] presented the 
notion of pairwise connectedness for bitopological 
spaces. In 1987, Banerjee [3] introduced the notion 
of ij-9-closure and ij-8-closure operators in bitopo­
logical spaces. 

In this paper we present and investigate the notion 
of a 9-connected (resp. 8-connected) subset relative 
to a bitopological space (X, I't, 7;) by utilizing the 
ij-9-closure (resp. ij-8-closure) operators. Then we 
investigate the relationship between pairwise con­
nected subsets, 9-connected and 8-connected subsets. 
Moreover, we discuss the behavior of 9-connected­
ness and 8-connectedness under functions between 
bitopological spaces. Finally, we compare all these 
forms of connectedness and investigate their prop­
erties in ij-almost-regular, ij-semi-regular, and 
ij-regular spaces. 

Throughout the paper, by a space (X, I't, 7;) 
(or for short X), we mean a bitopological space 
(X, I't, 7;). The interior and the closure of a subset 
A of X with respect to 7; will be denoted by i-int A 
and i-cl A, respectively. Also, i,j = 1, 2 and i *- j. 

A space (X, I't, 7;) is called pairwise connected if 
X cannot be expressed as the union of two nonempty 
subsets A and B such that (A n i-cl B) U (B n j­
cl A) = 0. A subset K of (X, I't, 7;) is pairwise 
connected if the bitopological space (K, I'tb 7;k) is 
pairwise connected, where 7;k is the relative topology 
on K induced by 7; [2]. A point x E X is called an 
ij-9-closure (resp. ij-8-closure) point of a subset A of 
(X, I't, 7;) [3] if A n j-cl U *- 0 (resp. A n i-int(j­
cl U) *- 0) for any i-open neighborhood U of x. The 
set of all ij-9-closure (resp. ij-8-closure) points of A 
is called the ij-9-closure (resp. ij-8-closure) of A and 
is denoted by ij-claA (resp. ij-clflA). If ij-claA = A 
(resp. ij-clflA A), then A is called ij-9-closed (resp. 
ij-8-closed). If the subset A is ij-9-closed and ji-9­
closed (resp. ij-8-closed and ji-8-closed) then A is 
called pairwise 9-closed (resp. pairwise 8-closed). 
The complement of an ij-9-closed set (resp. ij-8­
closed set) is called ij-9-open (resp. ij-8-open). A 
subset A of a space (X, I't, 7;) is called If-regular 
open (ij-r.o) [4] if A = i-int(j-cl A) and it is ij-regular 
closed (ij-r.c) if A i-cl(j-int A). A is called pairwise 
r.O (resp. pairwise r.c) if it is both ij-r.o and ji-r.o 
(resp. ij-r.c and ji-r.c). Clearly the complement of an 
ij-r.o set is ij-r. c. 

A space (X, I't, 7;) is said to be ij-regular [1] if and 
only if for each i-open set V of X and each x E V 
there exists an i-open set U of X such that x E U C j­
cl U C V. A space (X, I't, 7;) is called ij-almost­
regular [4] if and only if for each x E X and each 
i-open set V containing x, there exists an i-open set 
U such that x E U C j-cl U C i-int(j-cl V). A space 
(X, I't, 7;) is said to be ij-semi-regular [5] if for each 
x E X and each i-open set V containing x, there exists 
an i-open set U such that x E U C i-int(j-cl U) E V. 

A function f: (X, I't, 7;) ~ (Y, 0'1,0'2) is said to be 
pairwise continuous [2] if and only if the inverse 
image of each i-open set in Y is an i-open set in X. 

2. SETS 9-CONNECTED RELATIVE TO 
BITOPOLOGICAL SPACES 

Definition 2.1. A pair (A, B) of nonempty subsets of 
(X, I't, 7;) is said to be 9-separation (denoted by 
[AIB]e) if (A n ij-claB) U (B nji-claA) = 0. 

Definition 2.2. A subset S of a space (X, I't, 7;) is 
said to be 9-connected relative to X if it cannot be 
expressed as the union of two nonempty subsets A 
and B which form a 9-separation relative to X. The 
space (X, I't, 7;) is called 9-connected if it admits no 
9-separation relative to X itself. 

Lemma 2.3. The collection 7;a of all ij-9-open sets 
in (X, I't, 7;) is a topology on X. 

Proof. 

(i) 	 X and 0 are ij-9-open sets. 

(ii) 	Suppose that A and Bare ij-9-open 
sets in (X, I't, 7;). Let x E A n B, then 
x f1. X - (A n B) = A C U BC (where A C = X-A 
and BC X-B). Now A Cand BC are ij-9-closed 
sets. Thus there exist i-open sets U and V of X 
such that x E U, j-cl un AC = 0 and 
x E V, j-cl V n BC= 0. Therefore x E un V, 
j-cl(un V) C j-cl un j-cl V. Since j-cl U C A 
and j-cl V C B, we have j-cl U nj­
cl V cAn B. Thus x E ij-inta(A n B) and so 
A n B is an fj-9-open set. 

(iii) 	Let {Ad, k E I, be any family of ij-9-open 
subsets of X and x E U A k. Then x E Ak for 

k 

some k. Since Ak is an ij-e-open set, there exists 
an i-open set U such that x E j-cl U C Ak and so 
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xE j-cl U C U Ak • Hence x E ij-inte(U A k ) and 
k 	 k 

thus 	 U Ak is an ij-a-open set. Therefore the 
k 

collection of all ij-a-open sets in (X, 7;., 7;) is a 
topology on X. 

Theorem 2.4. A space (X, 7;., 7;) is a-connected 
if and only if the space (X, 7;.e, 7;e) is pairwise 
connected. 

Lemma 2.5. Let A and B be subsets of a space 
(X, 7;., 7;). If [AIBle, 0*AoCA and 0*BoC B, 
then [Aol Bole. 

Proof. Since [AIBJe is a-separation, we have [A n ij­
cleBl U [B nji-cleAl= 0. Now ij-cleBo C ij-cleB 
and ji-cleAoCji-cleA. Thus, [AolBole is a-separation. 

Theorem 2.6. For the space (X, 7;., 7;) and a subset 
S of X the following are equivalent: 

(a) 	 S is a-connected relative to X. 

(b) 	 For each two points x, y of S, there exists a 
subset D of S such that x, y E D and D is 
a-connected relative to X. 

(c) 	 For any a-separation [A IB]e relative to X such 
that S C A U B, either S C A or S C B. 

Proof. 

(a)~ (b). It is obvious. 

(b)~(c). Let [AIB]e be a a-separation relativt; 
to X and S C AU B. Suppose that a EA n Sand 
b E B n S. There exists a set D a-connected relative 
to X and containing a, b. Let Ao = AnD and 
Bo B n D then Ao and Bo are disjoint and 
Ao U Bo = D. By Lemma 2.5, we have [AoIBole. 
This is a contradiction. 

(c) ~ (a). It is straightforward. 

Theorem 2.7. Let (X, 7;., 7;) be a space and S a subset 
a-connected relative to X. If S C Z C ij-cleS n ji-claS, 
then Z is a-connected relative to X. 

Proof. Suppose that Z is not a-connected relative to 
X. There exists a [A IB]e such that Z A U B. Since 
S is a-connected relative to X and S C Z, by Theorem 
2.6, we have S C A or S C B. If S C A, then we 
obtain B B n Z C B n ji-cleS C B n ji-claA = 0. 
This is a contradiction. The case S C B is proved in 
the same way. 

Theorem 2.8. Let (X, 7;., 7;) be a space and S a 
pairwise a-closed subset of X. If [A IBla is a 

a-separation relative to X and S = A U B, then A is 
ji-a-c1osed and B is ij-a-closed. 

Proof. Suppose that A is not ji-a-closed. Let y E ji­
cleA - A. Since S is ji-a-c1osed and S = A U B, then 
y E B n ji-cleA. This is a contradiction. Thus A 
must be ji-a-closed. To prove that B is ij-a-closed, 
just use a similar argument. 

Corollary 2.9. Let (X, 7;., 7;) be a space. If [A IB]e 
is a a-separation of X itself, then A is ji-a-closed and 
B is ij-a-closed. 

Lemma 2.10. Let B be a subset of space (X, 7;., 7;). 
If B is j-open, then i-cl B ij-cleB. 

Proof. Let x E i-cl B, therefore for every i-open 
neighborhood U of x, B n U *0 and so B n j­
cl U* 0, this means x E ij-cleB thus i-cl B C ij-cleB. 

Now, let x (/. i-cl B, there exists an i-open set 
U such that U n B = 0. Since B is j-open we 
get j-cl un B = 0. Thus x (/. ij-claB, and so 
ij-claB C i-cl B. 

Theorem 2.11. For a space (X, 7;., 7;) the following 
properties hold: 

(a) 	 Pairwise-connected subsets are a-connected 
subsets relative to X. 

(b) 	 A pair (A, B) of nonempty disjoint subsets of X 
such that A, BE 7;. n 7; results a-separation 
relative to X. 

Proof. 

(a) 	 Let [A IB]a be a a-separation relative to X and 
suppose that S A U B. Since i-cl Z C ij-cleZ 
for any subset Z of X, we have A nTis - cl B 
(A n i-cl B) n S CAn ij-cleB = 0 (where Tis 
is the relative toplogy on S induced by ~ and 
Tis-cl A is the closure of A with respect to ~s). 
Similarly, we have B n Tjs - cl A = 0. This 
shows that the space (S, 7;.s' 7;s) is not pairwise­
connected. 

(b) 	 Since An B = 0 and A E Ti for i 1,2, we 
have A n i-cl B = 0. Since B E 7;. n 7; we have 
i-cl B = ij-claB and hence A n ij-cleB = 0. 
Similarly, we have B n ji-cleA = 0 and so 
[A IBle. 

Theorem 2.12. Let (X, 7;., 7;) be a space and 
{Fm ImEl} be a family of sets a-connected relative to 
X. If the pair (Fm' Fn) is not a-separation relative to 
X for any m, n E I, then U {Fm ImEl} is a-connected 
relative to X. 
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Proof. Suppose that there exists a [A IB]o such that 
U{Fmlm E I} AU B. Since for each mEl, F'.w is 
a-connected relative to X and FmC A U B, by 
Theorem 2.6 Fm C A or Fm C B. Now put 
I, = {m E IIFm C A} and Is = {m E IIFm C B}. Then 
I, =/:: 0, Is =/:: ° and I, U I. Let ma E I, and 
mb E IS' then Fm 

a 
C A and Fmb C B. By Lemma 2.5, 

we obtain [FmJFmJa. This is a contradiction. 

Definition 2.13. [3] A function f: (X, Ii, 7;) ~ (Y, 
0'1,0'2) is said to be ij-a-continuous (ij-a-c) if and 
only if the inverse image of each ij-a-open subset V 
of Y is an ij-a-open subset of X. Equivalently, for 
every x E X and for every i-open neighborhood Vof 
f(x), there exists an i-open neighborhood U of x such 
that f(i-int(j-el U)) C i-int(j-el V). 

Definition 2.14. [6] A function f: (X, Ii, 7;) ~ (Y, 
0'1,0'2) is said to be ij-strongly-a-continuous (ij-s.a.c) 
if and only if the inverse image of each i-open subset 
V of Y is ij-a-open subset of X. Equivalently, for 
every x E X and for i-open neighborhood V of f(x), 
there exists an i-open neighborhood U of x such that 
f(j-el U) C V. 

Lemma 2.15. A function f: (X, Ii, 7;) ~ (Y, O'b 0'2) 
is ij-s.a.c if and only if f:(X, Iia. 7;a)~(Y'0'1'0'2) 
is pairwise continuous. 

Theorem 2.16. If f: (X, Ii, 7;) ~ (Y, 0'1,0'2) is ij-s. a.c 
and K is a-connected relative to X, then f (K) is a 
pairwise-connected subset of Y. 

Proof. Follows from Theorem 2.4 and Lemma 2.15. 

Corollary 2.17. If f: (X, Ii, 7;) ~ (Y, 0'1,0'2) is an 
ij-s.a.c surjection and (X, Ii, 7;) is a-connected, 
then (Y, 0'1, 0'2) is pairwise-connected. 

The following theorem offers a classifying space 
for a-connected bitopological spaces. 

Theorem 2.1S. Let Y = {O, I} and 0'1 {Y, 0,{OH, 
0'2 {Y,0,{IH. The space (X, Ii, 7;) is 
a-connected if and only if every ij-s.a.c function 
f:(X, Ii, 7;) ~ (Y, 0'1,0'2) is constant. 

Proof. 

Necessity: If f:(X,Ii,7;)~(Y'0'1'0'2) is an 
ij-s.a.c surjection, then A = f- 1(0) and B f-l(I) 
form a a-separation [A IB]o of the whole space X, 
by Lemma 2.10. Therefore (X, Ii, 7;) is not 
a-connected. 

Sufficiency: Suppose that (X, Ii, 7;) is not 
a-connected. There exists a a-separation [A IB]a 
such that X = A U B. Define a function 
f: (X, Ii, 7;) ~ (Y, 0'1,0'2) as follows: f(A) = 0 and 
f(B) 1. Since A n ij-eloB = ° we have 
ij-elo(f-I(I)) ij-eloB = (A U B) n ij-elaB B 
f-I(I). Therefore, f-l(I) is I2-a-closed where {I} is 
I-closed. Similarly, f- 1(0) is 2I-a-closed where {O} is 
2-closed. This shows that f: (X, Ii, 7;) ~ (Y, 0'1,0'2) 
is ij-s.a.c. However, f is not constant. 

3. SETS a-CONNECTED RELATIVE TO 
BITOPOLOGICAL SPACES 

Several proofs of the theorems stated in this 
section parallel to those of Section 2 and therefore 
are omitted. 

Definition 3.1. A pair (A, B) of nonempty subsets of 
a space (X, Ii, 7;) is said to be a a-separation relative 
to X (denoted by [AIB]o) if [A n ij-eloB] U [B nji­
elsA] O. 

Definition 3.2. A subset S of a space (X, Ii, 7;) is 
said to be a-connected relative to X if it cannot be 
expressed as the union of two nonempty subsets A 
and B which form a a-separation relative to X. A 
space (X, Ii, 7;) is said to be a-connected if it admits 
no a-separation relative to X. 

Lemma 3.3. The collection TiS of all ij-8-open sets 
in (X, Ii, 7;) is a topology on X. 

Proof. 

(i) 	 X and ° are ij-a-open sets. 

(ii) 	 Suppose that A and Bare ij-a-open sets in 
(X, Ii, 7;). Let x E A n B, then x f/. A C U BC 

• 

Now A C and Be are ij-8-closed sets. Thus there 
exist i-open sets U and V such that x E U, 
i-int(j-el U) n A C = ° and x E V, i-int(j­
el V) n BC = O. Therefore i-int(j-el U) C A 
and i-int(j-el V) C B, thus i-int(j-el un j­
el V) CAn B. Since x E U n V, where un V 
is an i-open set, x E ij-ints(A n B) and therefore 
A n B is an ij-open set. 

(iii) 	Let {Ak}, k E I, be any family of ij-8-open 
subsets of X and x E U Ak. Then x E Ak for 

k 

some k. Since Ak is an ij-8-open set, there exists 
an i-open set U such that x E i-int(j-el U) C Ak 
and so x E i-int(j-el U) E U Ak. Hence x E ij­

k 

ints(U Ak), thus U Ak is an ij-8-open set. 
k k 

Therefore the collection of all ij-8-open sets in 
(X, Ii, 7;) is a topology on X. 
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Theorem 3.4. A space (X, ~, ~) is 8-connected if 
and only if the space (X, ~o, ~o) is pairwise 
connected. 

Lemma 3.5. Let A and B be subsets of a space 
(X,~, ~). If [AIB]o, 0=#AoCA and 0=#BoCB, 
then [Aol Bolo· 

Theorem 3.6. The following are equivalent for a 
space (X, ~, ~) and a subset 5 of X. 

(a) 	 5 is 8-conntected relative to X. 

(b) 	 For each two points x, y of 5, there exists a 
subset D of 5 such that x, y E D and D is 
8-connected relative to X. 

(c) 	 For any S-separation [A IBlo relative to X such 
that 5 C A U B, either 5 C A or 5 C B. 

Theorem 3.7. Let (X, ~, ~) be a space and 5 a subset 
8-connected relative to X. If 5 C Z C ij-elo5 n ji-elo5, 
then Z is 8-connected relative to X. 

Theorem 3.S. Let (X, ~, ~) be a space and 5 be a 
pairwise-8-closed subset of X. If (A, B) is a 
8-separation relative to X and 5 A U B, then A is 
ji-8-closed and B is ij-8-closed. 

Proof. Since 5 is pairwise-8-cJosed ji-eloA C ji­
elo5 = 5 and hence we have ji-eloA = ji­
eloA n 5 = (ji-eloA) n (A U B) A. This shows 
that A is ji-8-cJosed. By using the same argument we 
can show that B is ij-8-cJosed. 

Theorem 3.9. Let (X,~,~) be a space and 
{Fm ImEl} be a family of sets 8-connected relative 
to X. If the pair (Fm' Fn) is not 8-separation relative 
to X for any m,n E 1, then U{Fmlm E I} is 
8-connected relative to X. 

Lemma 3.10. A function f: (X, Tl1 ~) ~ (Y, (TI' (T2) 

is ij-8-c. if and only if f: (X, ~o, ~o) ~ (Y, (Tlo' (T2o) 

is pairwise continuous. 

Definition 3.11. [7] A function f:(X, ~, ~) ~ (Y, 
(Tt> (T2) is said to be ij-super-continuous (ij-sc) if and 
only if the inverse of each i-open subset of Y is an 
ij-8-open subset of X. The function f is said to be 
pairwise-super-continuous if it is both ij-sc and ji-sc. 

Lemma 3.12. A function f:(X,~, ~)~(y,(Tl,(T2) 
is ij-sc if and only if f: (X, ~o, ~o) ~ (Y, (Tl' (T2) is 
pairwise continuous. 

Theorem 3.13. If f: (X,~,~) ~ (Y, (Tl, (T2) is an 
ij-8-continuous function and K is 8-connected rela­
tive to X, then f (K) is 8-connected relative to Y. 

F. H. Khedr and 5. M. AI-Areefi 

Proof. Follows from Theorem 3.4 and Lemma 3.10. 

Theorem 3.14. If f: (X, ~, ~) ~ (Y, (Tl, (T2) is ij-sc 
and K is 8-connectd relative to X, then f(K) is 
pairwise-connected. 

Corollary 3.15. If f: (X,~,~) ~ (Y, (Tl' (T2) is an 
ij-sc surjection and X is 8-connected, then Y is 
pairwise connected. 

Theorem 3.16. Let Y = {O, 1}, (Tl = {Y, 0, {On and 
(T2 {Y,0,{ln. Then the space (X,~,~) is 
8-connected if and only if every ij-sc function 
f: (X, ~, ~) ~ (Y, (Tl' (T2) is constant. 

Proof· 

Necessity: Let (X, ~, ~) be 8-connected. 
Suppose that there exists an ij-sc function 
f:(X,~, ~)~(y,(TI,(T2) such thatfis not constant. 
Then f is surjective and hence by Corollary 3.15, Y is 
pairwise-connected. However, by Theorem 2.11, Y 
is not pairwise-connected since (Y, (Tl, (T2) is not 
a-connected. This is a contradiction. 

Sufficiency: Suppose that (X,~,~) is not 
8-connected. There exists a 8-separation [A IB]o 
such that X = A U B. Define a function 
f: (X, ~, ~) ~ (Y, (Tl, (T2) as follows: f(A) 0 and 
feB) = 1. Since A n ij-eloB 0 we have 

ij-elo(f-l(l)) = ij-eloB (A U B) n ij-eloB B = 
f-1(1). Therefore, f-l(l) is 12-8-closed where {1} is 
l-closed. Similarly, f-I(O) is 21-8-closed where {O} is 
2-closed. This shows that f: (X, ~, ~) ~ (Y, (Tl' (T2) 

is ij-sc. However f is not constant. 

4. COMPARISONS 

Lemma 4.1. For any subset A of a space (X, ~, ~) 
i-el A C ij-eloA C ij-eleA. 

Proof. Let x E i-el A, then for any i-open neighbor­
hood U of x A n U =# 0. Since U is an i-open set we 
have U C i-int(j-el U) and so A n i-int(j-el U) =# 0. 
This means x E ij-eloA, hence i-el A E ij-eloA. 

Now let x E ij-eloA, then for every i-open set U of 
x we have A n i-int(j-el U) =# 0 and therefore 
A n (j-el U) =# 0. This means x E ij-eleA. Thus 
ij-eloA C ij-eleA and the lemma is proved. 

Theorem 4.2. For a subset of a space (X, ~, ~) the 
fol1owing implications hold: 

pairwise-connected::} 8-connected ::} a-connected. 

Proof. This follows from Lemma 4.1. 
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Lemma 4.3. If the space (X,:ft, 1;) is ij-almost­
regular (resp. ij-semi-regular), then ij-elsA = ij-eleA 
(resp. ij-elsA = i-el A), for any subset A of X. 

Proof By Lemma 4.1 we have ij-elsA C ij-eleA. 
Now, let x E ij-eleA, then for every i-open neighbor­
hood U of x we have A n j-el U =1= 0. Since 
(X, :ft, 1;) is ij-almost-regular A n i-int(j-el U) =1= 0 
which means x E ij-elsA. Therefore ij-eleA = ij-elsA. 
By the same way if the space (X, :ft, 1;) is ij-semi­
regular we have ij-elsA = i-el A. 

Theorem 4.4. Let S be a subset of X. If the space 
(X, :ft, 1;) is ij-almost-regular (resp. ij-semi-regular) 
and S is 6-connected (resp. 8-connected) relative to 
X, then S is 8-connected relative to X (resp. pairwise 
connected) . 

Proof Follows from Lemma 4.3. 

Corollary 4.5. Let S be a subset of X. If the space 
(X, :ft, 1;) is ij-regular, then the following are 
equivalent: 

(a) 	 S is pairwise-connected. 

(b) 	 S is 8-connected relative to X. 

(c) 	 S is 6-connected relative to X. 

Proof. Since ij-regular space is an ij-almost-regular 
and ij-semi-regular space, the proof follows from 
Theorem 4.2 and Theorem 4.4. 

Definition 4.6. [3] A function f: (X, :ft, 1;) ~ (Y, 
0'1,0'2) is said to be ij-almost-strongly-6-continuous 
(ij-a.s.6.c) if for each x E X and each i-open set 
V containing f(x), there exists an i-open set U 
containing x such that f(j-el U) C i-int(j-el V). 

Theorem 4.7. If f:(X,:ft, 1;)~(Y'0'1'0'2) is ij-a.s.6.c 
and K is 6-connected relative to X, then f (K) is 
8-connected relative to Y. 

Proof. Suppose that f (K) is not 8-connected. There 
exist nonempty subsets A* and B* of f(K) such that 
f(K)=A*UB* where [A*nij-elsB*]U[B*nji­
elsA *] = 0. Let A = K nf-l(A*) and 
B = K nf-1(B*), then K =AU B. Since K is 6­
connected relative to X, without any loss of generality 
we may suppose that x E An ij-eleB. Then 
f(x) E A * C Y - ij-elsB*. There exists an ij-r.o set 
V containing f(x) such that V n B* 0. Since f is 
ij-a.s.6.c, there exists an i-open set U of x such that 
f(j-el U) C i-int(j-el V) = V. Since x E ij-eleB, we 
have 0 =1= j-el un B Cj-el unf-l(B*). Thus we 
obtain f(j-el U) n B* =1= 0. This is a contradiction. 
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