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ABSTRACT

In this paper 6-connectedness and 3-connectedness have been introduced in
bitopological spaces by utilizing the ij-8-closure and ij-3-closure operators.
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0-CONNECTEDNESS AND 3-CONNECTEDNESS IN BITOPOLOGICAL SPACES

1. INTRODUCTION

The notion of bitopological spaces was introduced
by Kelly [1] in 1963. In 1967 Pervin [2] presented the
notion of pairwise connectedness for bitopological
spaces. In 1987, Banerjee [3] introduced the notion
of ij-6-closure and ij-8-closure operators in bitopo-
logical spaces.

In this paper we present and investigate the notion
of a 6-connected (resp. 8-connected) subset relative
to a bitopological space (X, T}, T;) by utilizing the
ij-8-closure (resp. ij-3-closure) operators. Then we
investigate the relationship between pairwise con-
nected subsets, 8-connected and 3-connected subsets.
Moreover, we discuss the behavior of 8-connected-
ness and d-connectedness under functions between
bitopological spaces. Finally, we compare all these
forms of connectedness and investigate their prop-
erties in ij-almost-regular, ij-semi-regular, and
ij-regular spaces.

Throughout the paper, by a space (X, T, T;)
(or for short X), we mean a bitopological space
(X, T}, T,). The interior and the closure of a subset
A of X with respect to T; will be denoted by i-int A
and i-cl A, respectively. Also, i,j=1, 2 and i #j.

A space (X, T}, T,) is called pairwise connected if
X cannot be expressed as the union of two nonempty
subsets A and B such that (ANi-cI B)U(BNj-
cdA)=. A subset K of (X, T}, T,) is pairwise
connected if the bitopological space (K, Tj;, Tp;) is
pairwise connected, where T, is the relative topology
on K induced by T; [2]. A point x € X is called an
ij-6-closure (resp. ij-d-closure) point of a subset A of
X T, 1) 3lif ANjcdl U#D (resp. AN i-int(j-
cl U) # ) for any i-open neighborhood U of x. The
set of all ij-6-closure (resp. ij-8-closure) points of A
is called the ij-6-closure (resp. ij-d-closure) of A and
is denoted by ij-clgA (resp. ij-cl A). If ij-clgA = A
(resp. ij-cly A = A), then A is called ij-6-closed (resp.
ij-8-closed). If the subset A is ij-6-closed and ji-6-
closed (resp. ij-8-closed and ji--closed) then A is
called pairwise 6-closed (resp. pairwise 8-closed).
The complement of an ij-6-closed set (resp. ij-5-
closed set) is called ij-6-open (resp. ij-8-open). A
subset A of a space (X, 7, T) is called ij-regular
open (ij-r.0) [4] if A=i-int(j-cl A) and it is ij-regular
closed (ij-r.c) if A =i-cl(j-int A). A is called pairwise
r.o (resp. pairwise r.c) if it is both ij-r.0 and ji-r.o
(resp. ij-r.c and ji-r.c). Clearly the complement of an
ij-r.o set is ij-r.c.
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A space (X, T;, T,) is said to be ij-regular [1] if and
only if for each i-open set V of X and each x€ V
there exists an i-open set U of X such thatx € U C j-
cdUCV. A space (X, T,,T,) is called ij-almost-
regular [4] if and only if for each x € X and each
i-open set V containing x, there exists an i-open set
U such that x € U C j-cl U Ci-int(j-cl V). A space
(X, T;, T,) is said to be ij-semi-regular [5] if for each
x € X and each i-open set V containing x, there exists
an i-open set U such that x € U Ci-int(j-cl U)E V.

A function f:(X, T}, T,) = (Y, 0y, 0,) is said to be
pairwise continuous [2] if and only if the inverse
image of each i-open set in Y is an i-open set in X.

2. SETS 6-CONNECTED RELATIVE TO
BITOPOLOGICAL SPACES

Definition 2.1. A pair (A4, B) of nonempty subsets of
(X, T,, T,) is said to be B8-separation (denoted by
[A|B],) if (A Nij-clyB) U (B N ji-cl,A) = Q.

Definition 2.2. A subset S of a space (X, T}, T) is
said to be 8-connected relative to X if it cannot be
expressed as the union of two nonempty subsets A
and B which form a 6-separation relative to X. The
space (X, T;, T,) is called 6-connected if it admits no
0-separation relative to X itself.

Lemma 2.3. The collection T, of all ij-6-open sets
in (X, T, T,) is a topology on X.

Proof.
(i) X and O are ij-8-open sets.

(ii) Suppose that A and B are ij-6-open
sets in (X,7,,T;,). Let xEANB, then
xg X—-(ANB)=A°U B° (where A°=X-A
and B° = X— B). Now A° and B° are ij-6-closed
sets. Thus there exist i-open sets U and V of X
suach that x€U jcdUNA=C and
x€V, jcd VN B =. Therefore x€UNYV,
Jjel(UNV)CjcdUNj-cl V. Since jcdl UCA
and jclVCB, we have j-cd UNj-
cdd VCANB. Thus x € jj-inty(A N B) and so
AN B is an ij-8-open set.

(iii) Let {A,}, k€I, be any family of ij-6-open
subsets of X and x € LkJ A,. Then x € A, for

some k. Since A, is an ij-9-open set, there exists
an i-open set U such that x € j-cl UC A, and so

January 1993



X € j-cl UCLkJ A,. Hence x € ij-intQ(LkJ A,) and
thus LkJ A, is an jj-6-open set. Therefore the

collection of all ij-6-open sets in (X, T}, T;) is a
topology on X.

Theorem 2.4. A space (X, T, T,) is 6-connected
if and only if the space (X, T},, T;,) is pairwise
connected.

Lemma 2.5. Let A and B be subsets of a space
(X, T, T,). If [A|B]y, D#A,CA and T+ B,C B,
then [A,|B,]s.

Proof. Since [A|B], is 8-separation, we have [A N jj-
cy BlU B Nji-cl,A]=. Now ij-clyB, Cij-clyB
and ji-cl,A,C ji-cl,A. Thus, [A,|B,], is 6-separation.

Theorem 2.6. For the space (X, T;, T,) and a subset
S of X the following are equivalent:

(a) S is 6-connected relative to X,

(b) For each two points x, y of S, there exists a
subset D of § such that x,ye D and D is
0-connected relative to X.

(c) For any 0-separation [A|B], relative to X such
that SC AUB, either SCA or SCB.

Proof.
(a)— (b). It is obvious.

(b)—>(c). Let [A|B], be a 8-separation relative
to X and SC A U B. Suppose that a&€ AN S and
b € BN S. There exists a set D 6-connected relative
to X and containing a, b. Let A,=AND and
B,=BND then A, and B, are disjoint and
A,UB,=D. By Lemma 2.5, we have [A,|B,],.
This is a contradiction.

(¢)—(a). 1t is straightforward.

Theorem 2.7. Let (X, T}, T,) be a space and S a subset
0-connected relative to X. If S C Z C ij-cl, S N ji-cl, S,
then Z is 6-connected relative to X.

Proof. Suppose that Z is not 6-connected relative to
X. There exists a [A|B], such that Z = A U B. Since
S is 6-connected relative to X and S C Z, by Theorem
2.6, we have SCA or SCB. If SCA, then we
obtain B=BNZCBNji-cl,SCBNji-cl,A=.
This is a contradiction. The case § C B is proved in
the same way.

Theorem 2.8. Let (X, 7;,T,) be a space and S a
pairwise 6-closed subset of X. If [A|B], is a
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6-separation relative to X and S = A U B, then A4 is
ji-6-closed and B is ij-8-closed.

Proof. Suppose that A is not ji-8-closed. Let y € ji-
clyA—A. Since § is ji-6-closed and S = A U B, then
y € BNji-clyA. This is a contradiction. Thus A
must be ji-6-closed. To prove that B is ij-6-closed,
just use a similar argument.

Corollary 2.9. Let (X, T;, T,) be a space. If [4|B],
is a 8-separation of X itself, then A is ji-8-closed and
B is ij-8-closed.

Lemma 2.10. Let B be a subset of space (X, T;, T5).
If B is j-open, then i-cl B = ij-clyB.

Proof. Let x € i-cl B, therefore for every i-open
neighborhood U of x, BN U# and so BNj-
¢l U# (J, this means x € ij-cl,B thus i-c/ BC ij-cl,B.

Now, let x ¢ i-cl B, there exists an i-open set
U such that UNB=(J. Since B is j-open we
get jclUNB=¢. Thus x ¢ij-cl,B, and so
ij-clyB Ci-cl B.

Theorem 2.11. For a space (X, T;, T;) the following
properties hold:

(a) Pairwise-connected subsets are 6-connected
subsets relative to X.

(b) A pair (A, B) of nonempty disjoint subsets of X
such that A, B€ T, N T, results 6-separation
relative to X.

Proof.

(a) Let [A|B], be a 6-separation relative to X and
suppose that §=A U B. Since i-cl Z C ij-clyZ
for any subset Z of X, we have ANT,,—cl B =
(ANicd ByNSCANij-cly,B= (where T

is the relative toplogy on § induced by 7, and

T;,-cl A is the closure of A with respect to T,).

Similarly, we have BNT,—cl A=(. This

shows that the space (S, T;, T,) is not pairwise-

connected.

(b) Since ANB= and AET, for i=1,2, we
have ANi-cl B=. Since B& T,N T, we have
i-cl B=ij-clyB and hence A Nij-cl,B=0Q.
Similarly, we have BNji-cliA =< and so
[A]B],.

Theorem 2.12. Let (X, 7,,T,) be a space and
{F,|m€& I} be a family of sets 8-connected relative to
X. If the pair (F,, F,) is not 6-separation relative to
X for any m, n € I, then U{F,,|m € I} is 6-connected
relative to X.
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Proof. Suppose that there exists a [A|B], such that
U{F,/m&I}=AUB. Since for each me€1, F, is
6-connected relative to X and F,CAUB, by
Theorem 2.6 F,CA or F,CB. Now put
I,={m€l|F,C A} and I,={m€I|F, C B}. Then
1L.#0, I+ and ILUI=1 Let m,€1, and
my,€ I, then F, C A and F,, C B. By Lemma 2.5,
we obtain [F,, |F,,],. This is a contradiction.

Definition 2.13. [3] A function f:(X, T}, ;) — (Y,
0,,0,) is said to be ij-d-continuous (ij-8-c) if and
only if the inverse image of each ij-8-open subset V
of Y is an ij-8-open subset of X. Equivalently, for
every x € X and for every i-open neighborhood V of
f(x), there exists an i-open neighborhood U of x such
that f(i-int(j-cl U)) C i-int(j-cl V).

Definition 2.14. [6] A function f:(X, T}, T,) — (Y,
0y, 0,) is said to be ij-strongly-8-continuous (ij-s.9.c)
if and only if the inverse image of each i-open subset
V of Y is ij-6-open subset of X. Equivalently, for
every x € X and for i-open neighborhood V of f(x),
there exists an i-open neighborhood U of x such that
f(-clU)CV.

Lemma 2,15, A function f:(X, T;, I,) — (Y, 0y, ;)
is ij-5.0.c if and only if f:(X, Tiy, The) — (Y, 0y,05,)
is pairwise continuous.

Theorem 2.16. If f:(X, T;, T,) = (Y, 0y, 0,) is ij-5.0.c
and K is 6-connected relative to X, then f(K) is a
pairwise-connected subset of Y.

Proof. Follows from Theorem 2.4 and Lemma 2.15.

Corollary 2.17. If f:(X,T,, T,)— (Y, 0y,0,) is an
ij-s.8.c surjection and (X, 7, T,) is O-connected,
then (Y, 0,,0,) is pairwise-connected.

The following theorem offers a classifying space
for 6-connected bitopological spaces.

Theorem 2.18. Let Y ={0,1} and o, ={Y,J,{0}},
o,={Y,J,{1}}, The space (X,T,,T,) is
0-connected if and only if every ij-s.08.c function
(X, T, ,)—> (Y, 0,,0,) is constant.

Proof.

Necessity: If f:(X, T, ,)— (Y,0,,0,) is an
ij-s.0.c surjection, then A =f"'(0) and B=f"'(1)
form a @-separation [A|B], of the whole space X,
by Lemma 2.10. Therefore (X, 7,,7,) is not
6-connected.
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Sufficiency: Suppose that (X, 7, T,) is not
6-connected. There exists a 6-separation [A|B],
such that X=AUB. Define a function
(X T, ,)~>(Y,0,,0,) as follows: f(4) =0 and
f(By=1. Since ANi-cy,B=0 we have
ij-cly(f'(1)) = ij-clyB = (AUB)Nij-clyB = B =
f'(1). Therefore, f'(1) is 12-8-closed where {1} is
1-closed. Similarly, f'(0) is 21-6-closed where {0} is
2-closed. This shows that f:(X, T,, T,) — (Y, 04, 5,)
is ij-s.08.c. However, f is not constant.

3. SETS 3-CONNECTED RELATIVE TO
BITOPOLOGICAL SPACES

Several proofs of the theorems stated in this
section parallel to those of Section 2 and therefore
are omitted.

Definition 3.1. A pair (A, B) of nonempty subsets of
a space (X, T;, T,) is said to be a d-separation relative
to X (denoted by [A|B],) if [A N ij-cl;B] U [B N ji-
c;Al= 0.

Definition 3.2, A subset S of a space (X, T;, T5) is
said to be 3-connected relative to X if it cannot be
expressed as the union of two nonempty subsets A
and B which form a 3-separation relative to X. A
space (X, T;, T,) is said to be &-connected if it admits
no 3-separation relative to X.

Lemma 3.3. The collection T;; of all ij-8-open sets
in (X, T, T,) is a topology on X.

Proof.
(i) X and O are ij-3-open sets.

(ii) Suppose that A and B are ij-8-open sets in
(X, T,,T,). Let x€ AN B, then x ¢ A°U B".
Now A° and B¢ are ij-3-closed sets. Thus there
exist i-open sets U/ and V such that x € U,
Fint(j-cl UYN A= and x€V, iim(j-
d VYN B‘=. Therefore i-int(j-cl UYCA
and i-int(j-cl V)C B, thus i-int(j-cl UNj-
cddVYCANB. SincexeUNV, where UNV
is an j-open set, x € ij-inty(A N B) and therefore
AN B is an ij-open set.

(iii) Let {A,}, k€I, be any family of ij-8-open
subsets of X and x € &kJ A,. Then x€ A, for

some k. Since A, is an ij-3-open set, there exists
an i-open set U such that x € i-int(j-cl U) C A,
and so x € i-int(j-cl U) € t}J A,. Hence x € jj-

intg,(LkJ Ay), thus LkJ A, is an ij-8-open set.
Therefore the collection of all ij-8-open sets in

(X, T,, T,) is a topology on X.
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Theorem 3.4. A space (X, T}, T;) is 8-connected if
and only if the space (X, T;, ;) is pairwise
connected.

Lemma 3.5. Let A and B be subsets of a space
(X, T,,T). If [A|B]s;, D#A,CA and O+ B,CB,
then [A,|B,]s.

Theorem 3.6. The following are equivalent for a
space (X, 7}, T;) and a subset S of X.

(a) S is d-conntected relative to X.

(b) For each two points x,y of S, there exists a
subset D of § such that x,y&€ D and D is
d-connected relative to X.

(¢) For any 3-separation [A|B]; relative to X such
that SCA U B, either SCA or SCB.

Theorem 3.7. Let (X, T}, T5) be a space and § a subset
3-connected relative to X. If § C Z Cij-cly S N ji-cl S,
then Z is d-connected relative to X.

Theorem 3.8. Let (X, 7;, T;) be a space and S be a
pairwise-3-closed subset of X. If (4,B) is a
3-separation relative to X and S = A U B, then A is
ji-d-closed and B is ij-3-closed.

Proof. Since § is pairwise-d-closed ji-clyA C ji-
cltS=S and hence we have ji-c[jA = ji-
cdsANS = (ji-cliAYN(AUB)=A. This shows
that A is ji-3-closed. By using the same argument we
can show that B is ij-3-closed.

Theorem 3.9. Let (X, 7;,T,) be a space and
{F,|m € I} be a family of sets d-connected relative
to X. If the pair (F,,, F,) is not 8-separation relative
to X for any mn€l, then U{F,|m€EI} is
d-connected relative to X.

Lemma 3.10. A function f:(X, T, T,) — (Y, 0y, 0;)
is ij-8-c. if and only if f:(X, Tis, Trs) = (Y, 015, 025)
is pairwise continuous.

Definition 3.11. [7] A function f:(X,T,, T,)— (Y,
0y, 0,) is said to be ij-super-continuous (ij-sc) if and
only if the inverse of each i-open subset of Y is an
ij-8-open subset of X. The function f is said to be
pairwise-super-continuous if it is both ij-sc and ji-sc.

Lemma 3.12. A function f:(X, T}, ,) = (Y, 0,,0;)
is ij-sc if and only if f:(X, Tj;, To5) = (Y, 0y, 0,) is
pairwise continuous.

Theorem 3.13. If f: (X, T, ,)— (Y, 0,,0,) is an
ij-8-continuous function and K is 3-connected rela-
tive to X, then f(K) is 8-connected relative to Y.
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Proof. Follows from Theorem 3.4 and Lemma 3.10.

Theorem 3.14. If f:(X, T,, ,) = (Y, 0y, 0,) is ij-sc
and K is &-connectd relative to X, then f(K) is
pairwise-connected.

Corollary 3.15. If f: (X, T,, ;) — (Y, 0y,0,) is an
ij-sc surjection and X is 8-connected, then Y is
pairwise connected.

Theorem 3.16. Let Y ={0,1}, o, ={Y,,{0}} and
o,={Y,J,{1}}. Then the space (X, T,,T,) is
8-connected if and only if every ij-sc function
f:(X, T,, ,) » (Y, 0,,0,) is constant.

Proof.

Necessity: Let (X,7,,T,) be &-connected.
Suppose that there exists an ij-sc function
f:(X,T,, ) = (Y, gy,0,) such that f is not constant.
Then f is surjective and hence by Corollary 3.15, Y is
pairwise-connected. However, by Theorem 2.11, Y
is not pairwise-connected since (Y, o,,0,) is not
6-connected. This is a contradiction.

Sufficiency: Suppose that (X, 7,,7,) is not
d-connected. There exists a d-separation [A|B];
such that X=AUB.  Define a function
(X, T,, ,)— (Y, 0,,0,) as follows: f(A) =0 and
f(By=1. Since ANj-clsB=C we have

ij-cly(f'(1)) = ij-clsB= (AU B)Nij-clyB=B =
f7'(1). Therefore, f'(1) is 12-3-closed where {1} is
1-closed. Similarly, f7'(0) is 21-3-closed where {0} is
2-closed. This shows that f:(X, T;, ) = (Y, 0,,0;,)
is ij-sc. However f is not constant.

4. COMPARISONS

Lemma 4.1. For any subset A of a space (X, T}, T,)
i-cl A Cij-clgA Cij-cl,A.

Proof. Let x € i-cl A, then for any i-open neighbor-
hood U of x A N U # . Since U is an i-open set we

have U C i-int(j-cl U) and so A Ni-int(j-cl U) # .
This means x € jj-clyA, hence i-c/ A € ij-cl;A.

Now let x € ij-clyA, then for every i-open set U of
x we have A Ni-int(j-cl U)y+< and therefore
AN (el U)y+. This means x &€ jj-clyA. Thus
ij-clsA C ij-clyA and the lemma is proved.

Theorem 4.2. For a subset of a space (X, T}, T;) the
following implications hold:

pairwise-connected => 3-connected => 6-connected.

Proof. This follows from Lemma 4.1.
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Lemma 4.3. If the space (X, T;, T;) is ij-almost-
regular (resp. ij-semi-regular), then ij-cl;A = ij-cl;A
(resp. ij-cl;A = i-cl A), for any subset A of X.

Proof. By Lemma 4.1 we have ij-clyA Cij-clyA.
Now, let x € ij-cly A, then for every i-open neighbor-
hood U of x we have ANj-clU#J. Since
(X, T,, T,) is ij-almost-regular A N i-int(j-cl U)#
which means x €ij-cl;A. Therefore ij-cl,A =ij-cl;A.
By the same way if the space (X, T, T,) is ij-semi-
regular we have ij-cl;A = i-cl A.

Theorem 4.4. Let S be a subset of X. If the space
(X, T,, T,) is ij-almost-regular (resp. ij-semi-regular)
and § is 6-connected (resp. 3-connected) relative to
X, then S is 8-connected relative to X (resp. pairwise
connected).

Proof. Follows from Lemma 4.3.

Corollary 4.5. Let S be a subset of X. If the space
(X, T,, T,) is ij-regular, then the following are
equivalent:

(@) S is pairwise-connected.
(b) S is d-connected relative to X.
(c) S is 6-connected relative to X.

Proof. Since ij-regular space is an ij-almost-regular
and ij-semi-regular space, the proof follows from
Theorem 4.2 and Theorem 4.4.

Definition 4.6. [3] A function f:(X, T}, T,)— (Y,
0,,0,) is said to be ij-almost-strongly-0-continuous
(ij-a.5.0.c) if for each x € X and each i-open set
V containing f(x), there exists an i-open set U
containing x such that f(j-cl U) Ci-int(j-cl V).

Theorem 4.7. If f:(X, T}, ,) — (Y, 0,,0;) is ij-a.5.0.c
and K is 6-connected relative to X, then f(K) is
8-connected relative to Y.
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Proof. Suppose that f(K) is not 8-connected. There
exist nonempty subsets A* and B* of f(K) such that
f(K)y=A*UB* where [A*Nij-clyB*]U][B*Nji-
clyA*] = O. Let A=KNf1A* and
B=KNf'(B*), then K=AUB. Since K is 6-
connected relative to X, without any loss of generality
we may suppose that x€ A Nij-clyB. Then
f(x) € A* C Y—ij-cl,B*. There exists an ij-r.o set
V containing f(x) such that VN B* = . Since f is
ij-a.5.9.c, there exists an i-open set U of x such that
f(j-cl U) Ci-int(j-cl V)= V. Since x € ij-cl,B, we
have PJ#j-cl UNBCj-cdd UNf'(B*). Thus we
obtain f(j-c/ U) N B* #+ . This is a contradiction.
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