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ABSTRACT

An incident plane electromagnetic wave is scattered by an infinitely stratified
scatterer. The scattering problem is reduced to an iterative sequence of potential
problems for the low-frequency coefficients. Using a priori bounds, we derive an
integral representation for the total exterior electric field.
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ON AN INFINITELY STRATIFIED SCATTERER IN THE PRESENCE OF
A LOW-FREQUENCY ELECTROMAGNETIC PLANE WAVE

INTRODUCTION

One of the present authors has previously studied
the theory of scattering of a low-frequency electro-
magnetic wave, by a scatterer consisting of a finite
number of layers with a perfect conducting core [1].
The present work extends these results in the case of
an infinitely stratified scatterer.

The method of reducing electromagnetic scatter-
ing problems to a series of problems in potential
theory was first investigated by Lord Rayleigh [2].
A significant contribution to electromagnetic low-
frequency scattering by a dielectric was made by
Stevenson [3]. Werner [4, 5] established the validity
of the series expansions for the electric and the
magnetic fields. A posteriori bounds for the error,
and various properties of the solution of the corre-
sponding potential problem, were derived by Jones
[6, 7]; he evaluated the zeroth-order approximation,
for the general case of scattering by inhomogeneous
dielectric particles. Results for a prolate spheroid
scatterer in the case of Dirichlet and Neumann
problems, are given in [8] and [9]. In [10], the zeroth
and the first order low-frequency electromagnetic
fields are evaluated for a dielectric ellipsoidal scat-
terer. Further results for low-frequency scattering
can be found in [11] and [12]. The most complicated
homogeneous case tackled so far, for Rayleigh
scattering for bianisotropic scatterers in a biisotropic
medium, is that studied by Lakhtakia in [13].

The purpose of this work is to establish integral
representations for the exterior electric field for the
scattering by an infinitely stratified scatterer. In
Section 1, we give the more general form for the
integral representations of the solutions of Maxwell’s
curl equations as in [14], in terms of the free space
Green’s dyadic. In Section 2 we describe precisely
the scatterer; we formulate the scattering problem at
low-frequencies; and present in brief the necessary
results from [1], without any quantitative analysis. In
Section 3 we construct bounds for the low-frequency
coefficients, using the well known a priori bounds for
the solutions of Poisson’s equations in bounded
domains; and prove the convergence of the series for
the low-frequency coefficients of the total exterior
electric field. Finally, we remark on the relevance of
our problem to the approximation of a continuously
varying inhomogeneous body by discrete layers.
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1. PRELIMINARIES

Let a spherical region of radius a be occupied
by a general linear homogeneous medium; consider
this region embedded in free space (e,, m,), and
being centred at the origin. In the absence of
any impressed sources, Maxwell’s curl equations,
satisfied by time-harmonic electromagnetic fields
everywhere can be concisely expressed as

VX H(r) +iwe, E(r) = J(r),
VXE(r) —iop H(r) = —K(r) (1.1)

where o is the angular frequency, ¢, the dielectric
constant, u, the permeability and

|0 ,reV
I = { —iwe,[(E-T)-E(r)+a-H(r)] ,reEV’

|0 ,reV
K(r) = { —iop [B-E(r)+ (R -T)-H()] ,reV
(1.2)

where {i is the relative permeability dyadic, € the
relative permittivity dyadic, o, B the magnetoelectric
dyadics and [ the idempotent.

The solution of (1.1) is given in [14], in a very
general form, by

ESC(r)
1
Jiwe,

1
3iwe,

30+ P, fvur')-c‘i(r,r')dvu')

J(r)

- f K(r’)-[V,.XGo(r,r’)]dV(r')} ,rEV (1.3)

H* (l")

3iop,
1
Jiwp,

- 5 K+ B fioe, f K(r')-G, (') dV(r')
1

K(r)

+ f J(r')-[v,.xc“;o(r,r')]dV(r')} ,TEV (1.4)

where P,,; denotes the principal value, and the free
space Green’s dyadic, [15], is given by
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Gutrry = (1 + 57 ) 2R lkadr=rD

dnle—r'] (1.5)

where k, = w(j,e,)” is the wave number in V.
E*(r), H*(r) denote the scattered electric and
magnetic field respectively.

In our problem we consider a dielectric scatterer
containing a perfectly conducting core with surface
S. It is well known [16, 17] that Maxwell’s equations
and the boundary conditions on a dielectric are
invariant under the substitution E—~»H, H— —E,
¢ © . This invariance property does not hold on S,
since the boundary conditions, there, are given by:

AxE(r) =0, @-H(r) =0 (1.6)

Hence, it is more convenient to use the following
integral representation from [1]

E*(r) = ;,}1; L {(VXE(r’))‘(I’ix G.(r,r")
-(ﬁ><1*3(l"))'(V,a><CN%(IM"))Jl ds(r’)
(1.7)

without replacing VX E(r) by a multiple of H(r).
The main reason for this, is that in (1.7) we can
incorporate the boundary conditions (1.6), and con-
struct a boundary value problem for the electric field
only.

2. FORMULATION OF THE PROBLEM

The infinitely stratified scatterer is a bounded,
convex and closed subset of R3. We assume that a

(Einc’ Hlm)
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perfectly conducting region V,, with a closed and
smooth boundary S, lies entirely within the scatter-
er. Let V, denote the exterior of the scatterer, which
is the propagation space of the incident plane wave.
The scatterer consists of an infinite number of
(annuli-like) layers V,, j =1, 2,..., enclosing V,, each
of which has very thin width, and such that:

inf {dist(r,V,) : r €V}
<inf {dist(r,V,) : T E V;}.
The boundary of the layer V,, j=1,2,..., is
av,=S§,,US;

where §;_, and §; are closed and smooth surfaces.
The space V; is a filled homogeneous, isotropic
medium, having dielectric constant €; and permea-
bility p;, j=0,1,2,... .

From physical considerations we may, and shall,
assume that there exist €, u, and p* >0, such that

e: =sup{lg;]:j=0,1,2,.},
P = Sup{lp‘jl:]‘: 03 1,27--'}5
and p*:r =inf{|p,|:j=0,1,2,..}.

An incident plane wave E'™, H™ propagates in
the homogeneous, isotropic medium V,, with a
harmonic time dependence exp(—iwt):

E™(r) = b exp(ik k1) 2.1

H™(r) = (kx b) (%) exp(ik,k-r) (22)

o

Figure 1.
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where k is the unit vector in the direction of propa-
gation, b is the unit polarization vector for the
electric field with b-k = 0, and k x b is the polariza-
tion vector for the magnetic field.

Let E*(r), H*(r) denote the scattered electro-
magnetic field, and E,(r), H,(r) denote the electro-
magnetic field in V,. Each of the vectors E™, H™,
E*, H*, E;, H;, must satisfy the equations:

VX Vxw(r)—k; wr)=0
V-w(r) =0 }

rev

1’

ji=0,1,2,...
2.3)

where the wave number k; = w(p;e;)" in V}, satis-
fies the relation

e
kj = _u:,e:, k; (2.4)

On the surface §; of the dielectric V;, the electric
fields satisfy the following boundary conditions

AXE(r) = AXE,,, ()

ej+l,\ ,l‘ESj,

e n'Ej+1(r)

j=0,1,2,...

2.5
while, on the surface of the perfect conductor, the
boundary conditions are given by (1.6).

It is well-known that E*(r), H*(r) must satisfy,
some appropriate, [18], radiation condition.

In the subsequent part of this work, we shall
restrict ourselves to the study of the electric field.
The corresponding analysis for the magnetic field
can, for the reasons explained above, be performed
analogously.

In [1], it is proved that the total electric field E,(r)
in V, has the following integral representation:

Eo(r) = E™(r)

T LwaEN(r'»-(ﬁxéo(r,r'»ds«')

- Zlfn‘ kY (? - 1) wa,(r’)-GO(r,r’) dv(r’)
gL (1-8) [ -6
dv(r') (2.6)

in the case of a scatterer with layers V,
j=1,2,...,N.
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It can easily be seen that (2.3) give a (vector)
Helmholtz equation, and since its solutions —
considered as functions of the wave number — are
analytic in a neighborhood of zero, [4], [5], we can
expand them in convergent power series.

Therefore, we have

i=1,2,..
2.7)

IR

Em =L el g0 @, rey,

n=0

for the electric fields, and

i

& (iko)" .
Hi) = L —5=e) @, rev, j=12,..

(2.8

for the magnetic fields, where &!(r) and P! (r)
are independent of k.

From Maxwell’s equations and the series expan-
sions (2.7), (2.8), we conclude that

B
(no8o)

Vx ¢ i(r) = % n e (r) rev,

j=0,1,2,... (2.9)

A substitution of the low-frequency expansions
(2.7), (2.8) into (2.3), (2.5), (1.6), reduces the
above scattering problem to a sequence of potential
problems that can be solved iteratively.

Therefore, the coefficients ¢¢(r) and !’ (r) of the
expansions (2.7), (2.8) satisfy the equations, for all
n=0,1,2,...

VxVxul(r)+n(n—1)

Pi€&i ) _
ul/l,(r)=0
BoEo 2( ) } c V
I j?

(2.10)

Vaul(r)=0

and the boundary conditions
i xu(r) = Axul"(r)
res, (2.11)

~ ; Tjt1 R ’
fi-ul)(r) = = d-u{*O(r) !
i
where
g;, when u{) = ¢
o; = ) ,
p;, when u}) =
and

January 1993



~ o =0
X i) } res,, (2.12)

A i) =0

In [1], it is shown that the low-frequency coefficient
of the total electric field ¢, is given in terms of the
coefficients &', &\, &Y, ..., &', by the relation:

$(r)
- B(ﬁ ) + : %’ pio (g) ."SC(VXd)gC)(r,»

@5, DA
c 2R () (1) s [ et
T YAV

~w LRG3 e

B (r,r)dV(E’),  (2.13)

where the dyadics ¥, (r,r') and 3,(r,r’) are given by

ey = - e {(n+1)1"
- (n-1) ("‘il'r)_(’?,(ﬁ{r')} (2.14)

and

3,(r,ry=n=-D|r—r'|" 3@ -r)xT (2.15)

3. LOW-FREQUENCY COEFFICIENTS WHEN

N—wx

We shall study the existence of ¢2(r) in the case
where the finite sums with respect to j in (2.17)
become series.

From (2.13), we get

vz

Wa(). B
Letting

= P&

= (3.2)

and, repeatedly, with respect to n, using the well
known a priori bounds for the solutions of Poisson’s

equation [19], we get the result that:
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sup [luf)(0)]|
4

p [TE -] sup [EAOTR

and

sup [lu?, ()|,
av;
(3.3)

where a is the characteristic dimension of the
scatterer, i.e. the radius of the smallest sphere,
circumscribable around the scatterer.

By (2.11), (2.12) we have that there exist for each
Jj, the

(21+1)'[ =D

sup [u(0)] := &, ;, n=0,1,2,... (3.4
7

and we, therefore, conclude that

lo’@l = m, (3.5)
for all n=0,1,2,..., and each j=1,2..., where
LTE ~2
'to (2'1 it [Ti(e*-1)] * &;;, n:even
i 27 ("i“ n! n=1-2i
L G IE -0 7 Gy,
n:odd (3.6)
Now, let
gF;, when ul)(r) = &{(r)
s~ { . wvm a0 - w00
and

{mf,,, when u{)(r) = ¢{(r)

m, ;= . )

m; ;, when ul(r) = ${(r) .

If, in addition we assume that:

sup {€7 ;} = &7 < + and sup {£] ;} = £ < +o,
i i

conditions that are physically meaningful, we have

from (3.6), (3.2) and the existence of sup le,| and
sup |w;|, that

mr;<cg and m) =<cy, 3.7

where ¢; and c, are constants with respect to j.
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Now we consider the two terms appearing in (2.13),
when the finite sums with respect to j become series:

L (2-1) fy, SULE)Toy (6.0 AVE)
(3.8)

2 (1 - “E,) JAW(Vx‘bg'}z(f'))'gn-p(r,r’) v’
(3.9)

After tedious calculations, and taking into account
(2.14), (2.15), and (2.9) for (3.9), we arrive at

I%2:0") - Yoo (0 )

2"*(n—p)
= n—p+2

j

rie T e, (e (3.10)
and

“(de)(/)Z(r ) n_p(l',l'l)”

=27 M n—p-1) r" 2 W2, (3.10)
Therefore, we have
(- 1) ] o5 ave )[
2ﬂ—p(n..p) n-p-1 E et A \
= n—p+2 ’ Mo.j H i
< 2“'P(n_p) n—-p-1 ( .._’_ )
S r cell + c. |V
(3.12)

and, similarly,

(1- u)f (VX GDE) B, (6 ) AV ()

)i

(3.13)

=2 Y n—p=1) r"r" 2CH(1+

where |V| denotes the volume of V;

Let Q; be the volume of the solid body with bound-
ary S, US, 1; therefore lim Q;=V,.

jo=

Hence,

L Vi= L (@-0)= -Vl

Using the Weierstrass M-test, we conclude that (3.8),
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(3.9) converge. Therefore, we have the following
expression for the low-frequency coefficient in the
exterior region V.

&) = Bk 1)"
bl zj( ) Lc(vwﬁ(r'»
' (ﬁx?,,_p(r,r’)) dS(l")

tam 2 (B) -1 20

=0

°

- %{ ) (’;) Zi(r), (3.14)

p=o

where Z%(r) and Z(r) are the sums of (3.8) and
(3.9) respectively. Since

e =0(;), wEm-o(1),

the asymptotic representation for the n-th order
coefficient can be derived from the integral relation
(3.14), if the n-th term, which is of order 1/r, is
omitted.

r—>

(3.15)

The term b(k-r)" represents the main contribu-
tion of the incident wave to the corresponding
approximation.

In the special case of a non-homogeneous ellip-
soidal dielectric scatterer with permittivity e(r) and
permeability n(r), containing a perfectly conducting
confocal ellipsoidal core, we can approximate the
scattered field by a “stratification” as described in
Section 2. Each layer V; is contained between two
consecutive ellipsoidal surfaces S;_,, S, given in ellip-
soidal coordinates by p = a;_; and p = a;, a; being
the largest semiaxis of the corresponding ellipsoid.
We suppose that o;=o;—(j—1)N '(e,~a,),
j=1,2,...,N+1, where a, and «a, are, respectively,
the largest semiaxes of the core, and the exterior
surface of the scatterer. We assume that in V], we
have constant permittivity €; and permeability . ;,
i.e. that €(r) and p(r) are approximated by piece-
wise constant functions ([18], p. 89). Then, taking
(3.14) into account, the low-frequency coefficients
of the stratified scatterer when N— o, can produce
an approximation for the scattered field of the non-
homogeneous scatterer.
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