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The aim of this note is to prove that a bounded Boolean algebra of projections on 
a weakly complete Banach space X can be embedded in a a-complete Boolean 
algebra of projections on X. 

1. NOTATIONS (1) E2 = E for each EEB; 

(2) DEB; 
Throughout this note, X will be a complex Banach 

(3) If EEB then 1- EEB;
space with a dual space X*. The value of the func

(4) If E, FEB then EvF=E+F-EFtional x* in X* at x in X will be denoted by <x,x*). 
and EAF EF are in B.We use L( X) to denote the algebra of all linear 

bounded operators on X. The zero and identity oper
ators in L(X) will be denoted by 0 and I, respectively. A Boolean algebra of projections, B, on X is said to 
C(X) will be the algebra of all continuous, complex be bounded if II Ell::; M for every E in B, where M is a 
valued functions on X. If A is a subset of X then real number. 
clm(A) is the closed linear manifold spanned by A. The 
field of complex numbers will be denoted by C. 

2.2. Definition 
2. PRELIMINARIES A Boolean algebra B of projections on X is com

plete (a-complete) if for every subset (sequence) {Ei} in
2.1. Definition 

B, the greatest lower bound AEi and the least upper 
A Boolean algebra of projections on X IS a bound VEi of {EJ exist in Band (vEi)X=clm{EiX}, 

commutative subset, B, of L(X) such that (AEJX = (lEi X. 
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2.3. Theorem 

Let B be a a-complete Boolean algebra of pro
jections on X. Then the following statements are 
equivalent: 

(1) B is complete. 

(2) B is strongly closed. 

(3) B is weakly closed. 

Proof 

(1)-+ (2): see Reference [4J (Corollary 7, p. 2201). 

(2) -+ (3): Since B is strongly closed, B = B S (the strong 
closure of B). Since B is a-complete then by 
Reference [4J (Theorem 27, p. 2218), BS 2 BW (the weak 
closure of B). Since always BSs; BW, it follows that 
B=Bs=Bw. Hence B is weakly closed. 

(3)-+ (2): Since B is a-complete, BS=BW. Since B is 
weakly closed, it follows that B = BW = BS which means 
that B is strongly closed. 

{2)-+ (1): Since B is a-complete, then by Reference [1J 
(Theorem 2.7, p. 350), BS is complete. Since B is 
strongly closed, B = BS which implies that B is 
complete. 

2.4. Let B be a complete Boolean algebra of projec
tions on X and let n be its Stone representation space 
[4J, Theorem 1.12.1, p. 41). Then by Reference [4J 
(Exercise 16, p. 2225), n is extremely disconnected in 
the sense that the closure of every open subset is open. 
If Ln denotes the Borel field of n, then to each Borel set 
eo in Ln, corresponds a unique open-and-closed set e 
such that (eo\e) U (e\eo) is a set of the first category. 
Moreover, each Borel function differs from a unique 
continuous function, on a Borel set of the first cate
gory. Now if e is an open-and-closed subset of n, we 
denote by E(e) the element of B corresponding to e. 
This mapping is extended to the Borel field Ln by 
setting E(eo)=E(e) for each Borel set eo, where e is 
the open-and-closed subset of n which differs from eo 
by a set of the first category, in the above sense. It 
follows from the definition of completeness and 
Reference [4J (lemma 4, pp. 2197-2198) that the vector 
and scalar-valued measures EOx and < EOx, x* > 
associated with XeX and X*eX*, respectively, are 
countably additive on Ln. By Theorem 2.2 of 
Reference [1J, B is uniformly bounded. Comparison of 
the above with the definition of a spectral measure 
([3J, p. 119) shows that we may regard a complete 
Boolean algebra of projections as a spectral measure 
defined on the Borel field of the Stone representation 
space. 
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2.5. Theorem 

A bounded Boolean algebra B of projections on a 
weakly complete Banach space X can be embedded in 
a a-complete Boolean algebra of projections on X. 

Proof. Let n be the Stone representation space of B. 
Let K (n) be the set of all characteristic functions of 
open-and-closed subsets of n, and let t/!:K(n)-+B such 
that t/!(Ke)=B(e) be the representation isomorphism 
for B. Let K 1 (n) be the algebra of all finite sums 
LCjKej (CEe, ej is open and closed in n), and let Bl be 
the corresponding algebra of sums LcjB(ej ). Then t/! 
extends to an algebra isomorphism t/!l:Kl(n)-+Bl 
such that t/! 1 (LCj Ke) LCj B(e) and t/! 1 is an isometry 
([2J, Theorem 2.1). Since n is totally disconnected, 
K 1 (n) is norm dense in C (n). Hence t/! 1 can be 
extended to an isometric isomorphism (also denoted 
by t/!1) t/!1: C(n)-+ L(X) and by Reference [4J 
(Theorem 4, p. 2184), 

1/1' (f)* = Lf(A)E(dA). (fEC(Q» 

where E is a spectral measure in X * defined on the 
Borel sets in n. Let L be the algebra of Borel sets in n 
and let Lo be the class of sets in L such that there is a 
spectral measure F defined by F(e)* = E(e) for every e 
in Lo. Then it is easy to show that Lo is a field (or a 
Boolean algebra of sets). 

Let {en} be a sequence of sets in Lo then 

<x. EC~/})=<x. {~,e.)*y) 
= <FC~, e. )x. y) for XEX, YEX*' 

Since <x, E(U n~ 1 en) y) is a Cauchy sequence, 
<F (U n~ 1 en )x, y) is a Cauchy sequence. Hence 
F(u n~ 1 en)x is a weak Cauchy sequence. Since X is 
weakly complete, F(Un~1en)X is weakly convergent 
for each XEX. Since F(Un~len) is naturally ordered 
and uniformly bounded, then, by Reference [3J 
(Theorem 6.4, pp. 159-160), the sequence 
{F(Un~lej)} is convergent in the strong operator 
topology. Hence, by Reference [4J (Lemma 4, pp. 
2197-2198), {F(e):eELo} is a a-complete Boolean 
algebra of projections in L(X) and B is embedded in 
it. 
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