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ABSTRACT

With the aid of quaternion algebra, finite rotations in space may be dealt with
in a simple and elegant manner.

For higher efficiency of a skew friction-gear transmission, slippage between the
points of contact should be minimized. It is shown here, that the slippage is
minimized when the line of contact between two such gears is a straight line
determined by the angular velocity vectors of the two rotating shafts and their speed
ratio. This line can be represented by a vector. Using the quaternion operator for
rotation of vectors, vector equations of the surfaces of skew friction gears are
derived.
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APPLICATION OF QUATERNION ALGEBRA TO
THE THEORY OF SKEW FRICTION GEARS

INTRODUCTION

Quaternion algebra was developed by Sir
William Rowan Hamilton [1] in 1843. He was trying,
by analogy with the complex number representation of
real two-dimensional vectors, to extend vector algebra
to include multiplication and division of two vectors
and to deal with rotations in three dimensions. He
accomplished this by introducing a triple of ordered
numbers that provides a three-dimensional analog of
the complex number system.

Quaternion algebra has been used in many branches
of science, such as geometry [2-4], vector analysis
[3,5,6], and applied mechanics and physics [2,7, 8].
More recently, dual quaternions have been applied to
the analysis of space mechanisms [9-12]. In this paper,
the quaternion operator for rotation of vectors is used
to derive the vector equations of the surfaces of the
skew friction gears.

DEFINITIONS AND BASIC OPERATIONS

A quaternion is a hypercomplex number of the form
0=q,+4qge; (i=1,2,3) (1

where g, and g; are real numbers, while e, are generali-
zations of the square root of —1 and can be con-
sidered as unit vectors associated with the given axes
of a cartesian coordinate system. They obey tae fol-
lowing rules of multiplication

el=—1, ee;=cpue, (i#)) @

where ¢;;, are the permutation symbols defined by the
relationship

+1 an even
&= {—1 twhen i, j, k is | an odd
0 no
permutation of 1, 2, 3. (3)
The product of two quaternions, Q and Q’, is
Q0 =(q0 +g:€)(q0+q;e))
=qoqp —4:q;: t+ 909:€; + 9i90€; + €;x9:9 - 4)

The product Q'Q differs from QQ’ only in the sign of
the last term.

A quaternion may be considered as a sum of a
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scalar, g,, and a vector whose components are g, i.e.

0=q0+4:,=5(Q)+V(Q) )

The product of two quaternions QQ' may then be
written

00'=SS"-V:V4+SV4+SV4V XV, ©)

In the case when the scalar parts of the two quater-
nions are zeros, i.e. when the quaternions are solely
vector quantities, we have

VV'=-V:-V4+VxV=8Q00)+V(QQ). (7

Hence, multiplication of twovectors, V and V', yields a
quaternion quantity whose scalar part is equal to the
negative value of their dot product, and the vector part
equal to their cross product.

The conjugate of a quaternion Q, written @, is
defined as

0=S(0)-V(Q)=4g,—qg;e: ®)

The norm of a quaternion Q, written ||Q||, is the
product of the quaternion and its conjugate

1Q1=00=00=44, (i=0,1,2,3). )

A quaternion whose norm is unity is called a unit
quaternion which we shall denote by g. Any quater-
nion, Q, may be normalized to a unit quaternion

Qg 0
= =— (10)
=gl "ol
Since the norm of a unit quaternion is unity, it can
be readily shown that

-1

d=4
A unit quaternion, g, may be written in the follow-
ing form

g=cos 0+s sin 0 (12)
where:
4o , J44) :
cos =——, and sin f=>—", (i=1,2,3)
10 (0]
(13)
and when g¢,q;#0, the unit vector
4qi€; )
s= . i=1,23 (14
(9:9)) ( ) )

is referred to as the axis of the unit quaternion.



The unit vector, s, obeys the rule of multiplication
stated for the unit vectors, e;, namely

s?=ss=—1. (15)

Applying this rule to higher powers of s, we have, in
general

s"=(—1)"2, for n even,

§"=(—1)""12%g for n odd. (16)
Since
2 4
cos 0=1—2—!+4—!—,,,
and
. 63 6°
sin 0=0—§+§!——... (17)

using these expressions and Equation (16), we can
write

2 03 94 95 "
q=1+59—5—s—37+ﬁ+s§— =

(18)

where e is the base of natural logarithms.

ROTATION OF A VECTOR

With the aid of quaternion algebra, finite rotations
of a rigid body about a fixed point may be dealt with
in a simple and elegant manner.

Consider a position vector, r, that intersects an axis,
s, at point O, as shown in Figure 1. The rotation of
that vector, through an angle 20, to-a new position
defined by r, can be represented by the following
quaternion operation

r=qrq”’ (19)

where q is the unit quaternion, as defined by Equation
(12), whose unit vector s lies along the s-axis. Its
direction is determined by the right-hand rule. The
angle, 6, in Equation (12) is equal to one half of the
angle of rotation.

Transformation of the vector r into the vector r’, by
pure rotation, is an orthogonal transformation during
which the norm of the vector is preserved. This can be
readily verified by taking the norm of both sides of
Equation (19)

'l =1lgrg = *I=llgll lirll lig=*ll=Ilrll (20)
In the following, we shall show that Equation (19)
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Figure /. Rotation of a Vector in Space

indeed represents the rotation of the vector from r to r’
position.

Using in Equation (19) the definition of the unit
quaternion and of its inverse, we can write

r'=qrq '=(cos § + s sin O)r(cos H—s sin 6)

=r cos? @ +sr sin 0 cos @ —rs sin § cos @ — (sr)s sin? 6.
(21)

Using the rules for multiplication of vectors (Equation
(7)) and for triple-vector product, we can show that

r'=r cos 20+s xr sin 20+s(s-r)(1 —cos 26). (22)

Replacing s r by r cos ff, where f is the angle formed
by the two vectors, and replacing the vector r by its
components, sr cos  and nr sin , we obtain

r'=sr cos f+nr sin f§ cos 20+s xr sin 20, (23)

All the above vector components are shown in Figure
1. Since

nr sin B cos 20+s xr sin 20 =n'r sin , (24)
we can write
r'=sr cos. f+n'r sin f. (25)

Therefore, the quaternion transformation, as defined
by Equation (19), does indeed represent a rotation of a
vector about the s-axis.

Using the exponential notation, rotation of a vector
about an s-axis can be written

r=e%re %, (26)

A special case exists when vector r is rotated in a
plane perpendicular to the s-axis.
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Figure 2. Rotation of a Vector in a Plane

In general, post-multiplication of a vector by a unit
quaternion yields

rg=r(cos 8+ s sin 0)
= —(r*s) sin +r cos 0+rxssin 6. (27)

When vectors r and s are perpendicular, their dot-
product is zero and the last equation takes the form

rg=r cos 8+rxs sin f=r (28)

where r’ is the vector obtained by rotating r through
an angle § in the c.w. direction, as shown in Figure 2.
In a similar way, it can be shown that pre-multiplica-
tion of vector r by a unit quaternion results in rotation
of that vector by the same angle, 6, but in the c.c.w.
direction.

From the above discussion we conclude that, when
a vector r and the s-axis are perpendicular, a simul-
taneous pre- and post-multiplication of a vector by a
unit quaternion, or its inverse, leaves that vector
unchanged.

Using the exponential form of notation for the unit
quaternion, rotation of a vector r, perpendicular to the
s-axis, can be written as follows

r=er=re ¥ (29)

where 0 is the angle of rotation in the c.c.w. direction.
The form of the above equation resembles the notation
for the rotation of a vector in a complex plane.

SURFACES OF SKEW FRICTION GEARS

Consider a problem of transmitting motion between
two skew shafts by means of friction gears. Let the
axes of the two shafts, shown in Figure 3, be denoted
by s, and s,. Further, let the shafts rotate with uniform
velocities o, and ®,. Denote the distance between the
axes, 0,0,, by the vector ¢; consider an arbitrary point
M to be a point of contact; point M’ is its projection
on the line 0,0,. While considering any point of
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Figure 3. Skew Axes

contact between two bodies moving in a given re-
ference system, it is important to distinguish three
momentarily coinciding points, M,—fixed in the re-
ference frame, M ,—fixed in the body 1, and M,—fixed
in the body 2. Here, bodies 1 and 2 are the gears 1 and
2, respectively. With this clarification, we can write the
expressions for the velocities of points M, and M,
with respect to the frame

Vi0=0, xO M=0, x(O,M'+M'M)
=0; xOM +0, xM'M (30)
and
V0= —0, xMO,+0, xM'M. (31)
The relative (slip) velocity of the points M, and M, is

Vi2=V30— V39
= (ml x OIM'+(!)2 XM'02)+((”1 _‘wz)x M’M.

(32)

Vectors, @, x O, M’ and @, x M'O,, are perpendicular
to the line 0,0,. If we attach these vectors to some
point, say M, they will form a plane that is per-
pendicular to 0,0, and parallel to both @, and w,.
We observe that the vector (o, —®,)xM'M is per-
pendicular to that plane and to the vectors, ®,, ®,,
and M'M.

For high efficiency of the gear transmission, the
absolute value of the slip velocity |v,,| should be
minimized. Since the vectors (o, x O, M'+wm, x M'0,)
and (@, —®,) x M'M are perpendicular, we can write

min [v;,|=min |(®; x O;M’'+@, xM'O,)|
+min |0, —m,) x M'M|. (33)
We observe that the second term in this equation
becomes zero when vectors (@, —®,) and:M'M are
parallel. This establishes the direction of M'M. Now,

we shall look for the location of point M’ on 0,0,
that will minimize the first term in the last equation.



Let O,M' = ic, where 1 is some scalar quantity such
that 0<A< 1. Then the first term can be written

l(@; x O;M'+@, x M'O,)|=|[io; + (1 — Aw,] x ¢|. (34)

Since ¢ has a constant value and it is perpendicular to
the vector [A®, + (1 —2))w,], in order to minimize the
above term, it is sufficient to minimize the magnitude
of the vector

A, +(1-Now,=u (35)
which can be written
|u|=\/[/12wf+(1—i)2w§+21w1w2(1—l) cos f1 (36)

where f is the angle formed by vectors ®, and ®,. For
[u] to be a minimum, its derivative with respect to A
must be equal to zero. Differentiating Equation (36)
with respect to A and setting the result equal to zero,
we have

Aot —(1-2)w;— 24— Dw,w,cos =0  (37)
Dividing the last equation by 3 and setting
w,/w, =n, we obtain

n*A—(1—-2)—Q2i—1)n cos f=0. (38)
Solving for 1, we get
1—n cos
=nz+T2nc%ﬂ' (39)

From the above discussion we conclude that the line
of contact, for which the slippage is a minimum, is a
straight line parallel to (0, —®,) and intersecting
0,0, at point M’ whose position on that line is
defined by Equation (39).

If we define r; to be a vector radius defining the
position of an arbitrary point on that line, measured
from the point O,, then we can write a vector equation
for that line

r=Ac+u®, —o,) (40)

where u is any real number.

Rotation of the vector r, about the s,-axis, will
generate a surface known as a hyperboloid of re-
volution. Using the quaternion notation, we can write
the vector equation for that surface

6/2 —s,0/2
R, =e%%2r e %2, (41)

A similar set of equations can be written for gear 2,
namely

r,=@A-1)c+uw, -0, (42)
and

R2=e529/2rze—529/2 (43)
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Figure 4. Surfaces of Skew Friction Gears

where the vectors, r, and R,, are measured from the
point 0,. The generated surfaces and the skew friction
gears are shown in Figure 4.

The vector Equations (41) and (43) were derived for
skew friction gears, they also represent the pitch sur-
faces of a pair of hypoid bevel gears.
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