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ABSTRACT

A Fourier spectral method in combination with the standard midpoint Euler temporal
discretization for the KdV equation is considered. The global existence and convergence
of the numerical solution are investigated rigorously. An iteration method for solving the
nonlinear algebraic systems at each time level is also proposed, with its compression
factor strictly estimated.
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1. INTRODUCTION

The KdV equation is an important mathematical model, with wide applications in quantum mechanics,
nonlinear optics, etc. [1]. It can be described as follows:

U +@U(t))e + Ugee(t) =0, —oco<z<o0o, 0<t<LT
(1.1)

Uli=o = U , —0< &<,
where 8,U = §7 , U, = 2 , ®(U) = U™*! with n being a nonnegative integer. Uy is a given function.

The KdV equation has been intensively investigated during the past decades. There is a lot of work in
the literature concerning its numerical solutions, e.g. [2-5]. It is well known that a key point in constructing
numerical schemes is the reasonable simulation of the conservations satisfied by the original problem. Usually
the schemes possessing such a property are implicit in treating nonlinear terms. Meanwhile, implicit schemes
often permit larger step sizes in time marching, which are critical in the study of long-time behaviors. Thus
the analysis of implicit schemes is of practical significance. However, relatively less work has been done on its
rigorous analysis.

Guo Benyu [4, 6] proposed a class of (linearly) implicit difference schemes and spectral schemes for the KdV
equation. He proved that the numerical solutions satisfy the first and second conservations for some specific
choices of scheme parameters. Also, he analyzed strictly the generalized stability and the convergence of these
schemes. Wineberg et al. [7] proposed a spectral method with Crank-Nicolson time differencing (both for
linear and nonlinear terms) for the KdV equation, and generalized it to 2-dimensional K-P equations. They
also presented a rough estimation of the compression factor for the iterative solutions of the resulting nonlinear
algebraic equations, and reported lots of numerical results. But it still leaves open as for the global existence
and convergence of the numerical solutions. Frutos and Sanz-Serna [8] proposed a kind of fourth order temporal
discretization for (1.1). The kernel of their algorithm is the simple midpoint Euler discretization, with positive
and negative step sizes. The numerical results presented therein seem very attractive, especially when such a
technique collaborates with the spatial spectral discretizations. However there is also no theoretical analysis
about this nonlinearly implicit scheme. Recently, He Guogiang [9-11] proposed some techniques for the analyses
of implicit difference approximations of nonlinear evolution equations. One of his essential ideas is to study the
existence and convergence of a solution to a nonlinear scheme at the same time.

In this paper, we extend some of the ideas in [9-11] to deal with a nonlinearly implicit spectral scheme for
(1.1). It combines the temporal midpoint Euler discretization and the spatial Fourier spectral discretization, and
possesses the first and second conservations. We analyze the global existence and convergence of the numerical
solution rigorously. Also, an iteration method for solving the nonlinear algebraic equations at each time level is
proposed. We show strictly the compression factor of this iteration is of order O(r!/2), which clarifies the rough
estimation, 0(,-2/ 3), of the compression factor in [7]. ‘Besides, since the analysis in this paper is also true for
negative time step sizes, therefore all the results can be applied to the analysis of the schemes in [8].

An outline of this paper is as follows: in Section 2 the implicit spectral scheme for (1.1) is described. In
Section 3 , we first show an a priori estimate of the error between the numerical solution and the exact solution.
Then we propose an iteration for solving the nonlinear algebraic equations resulting at each time level. Based on
the analysis of this iteration, we prove the global existence of the numerical solution. Finally, the convergence is
readily obtained by the existence and the a priori estimate.
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2. SCHEME

In this section, we describe the implicit spectral scheme for (1.1). First we give some notations.
Let I = (0,27), and L?(I) is the space consisting of all the square integrable, complex valued functions. Its inner
product (-,-) and norm || - || are defined as follows

(u,0) = -il;r--/luﬁd:c Clull = V)

Let m > 0 be an integer and 1 < g < co. Denote as usual by L¢(I),W™4(I) and H™(I) = W™?(I) the classical
Sobolev spaces. || - ||m,q is the norm of W™4(I), || - ||m and |- |, are the norm and semi-norm of H™(I), resp.,
(see [12] for details). Furthermore, let Cg°(I) be the set of all the 27- periodic, infinitely differentiable functions.
Wy(I), Hy*(I) are the closures of C°(I) in W™?(I) and H™(I), resp.

Now we consider the Fourier spectral approximation in spatial direction. Let N be a positive integer, define

Vv ={v(z)= ) vel® | v =7, VIj|<N),
ljilsN

where 7 is the complex unit. Actually Vi is the set of real valued trignometric polynomials of degree < N.
Denote by Py the L?-orthogonal projection upon V.

Next we consider the finite difference discretization in temporal direction. Let r be the step size in ¢.
Sp={t=kr|0<k<[L]}and
1
w(t) = ~(o(t +7) - o(t),

N 1

(t) = -i(v(t + 7) + v(t)).
The implicit Fourier spectral scheme for (1.1) considered in this paper is described as follows: to find u(t) € Vy
for all ¢t € S;, such that

ue(t) + PNO(0(t)); + tzee(t) =0, WteS,, t<T-r,
21
{ u(O) = PNUO . ( )

It is easy to verify that the solution to (2.1) possesses the discrete analogues of the first two conservations of
(1.1). More precisely,

/; u(t)ds = /1 w0)dz , V€S,

and

/uz(t)dz = /uz(O)d:c , VtesS, .
I I

3. THEORETICAL ANALYSIS

3.1. A Priori Error Estimation

Let U(t) = U(z,t) be the exact solution to (1.1). Define UN(t) = PyU(t). Then we have from (1.1) that:

{ UN() + Pn®(ON (@), + UN.(t) = f(t), VteS., t<T-r, :
3.1)
UN(O) = PnUy ,
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where

f() = U (t) - 007 (1) + Pul[(U7 (2)), — B(U(2)),] -

Suppose for the present that solution u(t’) to scheme (2.1) exists for t’ =0, 7,---,t+ 7, and its difference e(t’)
from UN(t'), i.e., e(t’) = u(t') — UN(t'), satisfies

et Ylipm < Mo, V&' <t (32)
with M, being a positive constant. Then subtraction of (3.1) from (2.1) gives:

er(t) + Pn(B(1)), + éxea(t) = —f(2) (3.3)

with
(1) = ®(UN (1) + é(t)) - ®(ON t)) .

By taking L? inner product with 2é(¢) on both sides of (3.3), we get:
(le@)II*); = 2(&(2), éx(2)) = =2(F(1), €(1)) - (34)
Now we estimate the inner products in the above equality. Clearly

270, éN] < I + IFOI” < 5(lle(t + I +lle)) + ) -

By integration by parts,

n

[2(&(1), ()] = 22( "fl )((U”u))‘(é(t))"“",éz(t»

1=0
1 n R é n+2-1
pE(") (e (S5=) )

d l n+1 . -1+ A2
52Z‘m__—,( , )l((U”(t)) 0¥ (1), (@)™

=1

<e (leé(t)lllmo) el ,
=1

where c; is a positive constant depending only on mazog:<r||UY (®)ll1,00 - It can be bounded above by a constant
independent of N , provided that U(t) € Hy(I) with s > 3 (cf. [13]). Hereafter we will use ¢; to denote the
general constants, independent of 7 and N , which can be of different values in different cases. Thus it follows
from (3.2) that

12((2), €2(1)] < calle@® < ex(lle(t + 7)II* + lle@)I”)

with ¢; = ¢; i (M,)" . By the above estimates, we derive from (3.4) that:
I=1
T 2 T 2 = 2
(1 =5 —cnllet+ " < 1+ 5 +c2n)le” + 7llF O -

Assume 7 is sufficiently small, then:

2 147/2+ V(2 =2
lle(t+ n)II* < HELZEAT|le(1) + =77 If D]

< (L +ean)le@I? + 371 FON”
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with ¢3 = 3(1/2 + ¢;). Hence:
lle(t + DI < p(e(0), ft + et

where

p(e(0), F.t +7) = [le(O)I + 37 3 IF)I” -

t/=0

Lemma 1. Assume 7 and N~! are sufficiently small. u(t’) exists for all ¢’ <t + 7, and satisfies

le@ 2w < Mo, Vt'=0,7, - t+T,

with My being a positive constant. Then we have for all t’ <t + 7, that

lletII* < p(e(0), F 2" Yest".

3.2. Existence and Convergence

Assume 7 = o( N~1/2) and that N is sufficiently large. Furthermore, the initial error e(0) and the truncation
error f(t) satisfy:
MoN-'/2 ’ ~caT

. <2
p(e(0), £, T) = [le@IF +3r > IFOI" < (55— e (3:5)
!"ISE'I'S:f
Suppose now the solution u(t’) at each time level t/ = 0,7, -,t exists and satisfies
let 7w < Mo, VE'=0,7,-,t. (3.6)

Then we consider the solution of scheme (2.1) at time level ¢ + 7. We prove by an iteration method that there
exists a solution u(t + 7) to (2.1), and show that (3.6) holds also for t' =¢ + 7.

Consider the following iteration for solving u(t + 7):

{ LI py(H) 4 () =0, k=012,

3.7)

We first prove the boundedness of the iteration sequence {2*}. Let e¥ = z*¥ — UN(¢ + 7). Then we get from
(3.1) and (3.7) that:

{ c,‘-"#(L)--*'PN(\i’):c+(31‘;'1-}:%&2)am‘:::::_.f(t)a k=0,1,2,---, (38)
e = e(t) — TUN () , ‘
where i

b= o0y _goN ) .

2

Denote by e}, ¢; (t),¥;, and f;(t) the j-th Fourier coefficients of e*, e(t), ¥, and f(t), resp. Define a new norm
|- |o for v € Vv such that
blo = 3 lvjl -

liIEN
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Obviously [13], for all |j| < N,

loil < ol < [lvllpee < Ivlee < V2N + 10| - (3.9)

We prove by induction that:
|ek|ooSM0$ k=0;1)2)"'y . (310)

Consider first the case k = 0. By the assumption (3.6), the a priori estimate holds for time level ¢t. Thus we
have from Lemma 1 that:

le@®II” < p(e(0), f,t)e™" .
It follows from (3.5) that
lle®Il < %MoN“’2 . (3.11)
Note 7 = o(N~'/2) and (3.9), we have for suitably large N that:

€%l < VEN +1[€%)| < V2N + 1(Jle(®)l + TlIUFB)I) < Mo (3.12)
which completes the induction for £ = 0.

Now we suppose (3.10) holds for all k&’ = 0,1,2,---,k, and then examine |e¥+!| . By comparing the j-th
Fourier coefficients on both sides of (3.8), we arrive at:

k+1 k+1
;T —ei(t) .- g€ +ei(t) z
4 iy - 113% =—f;(t) .

It implies:

1+irj3/2 ity = T :
k+1 _ (1) — - OF
R oy LA Rl pr ey A R ey Y O
By taking modulus on both sides of the above equation, we obtain:
T y ~ ~
5] < les )]+ ——E i+ 71y o).
V1+(73%/2)
Summing up the above inequalities for all |j| < N, we have
k+1 j ST £
e < Ol +7 2 i+ Ol

1SN

- 11/2 1/2
<l +7| T rrcberay Lz t\ifjf] +71f®)leo

LIFISN

11/2
.2

el +7| T oy | N0+ 71fE), - (3.13)

il

It is easy to see that:
1

i? b &2 _
S <o, Ty e =T

lil<N
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On the other hand, by (3.6) and the induction assumption (3.10), we get that:
~ - k k
Nl <l (O () + 05| o =52

< cs(lle*l + lle()ll)
< es(le*lo +le(®)leo) »

where cg is a positive constant depending only on ||UN(¢)|| . and My . Hence (3.13) implies that:
e+ < err'/2leb|, + R(D) (3.14)
where
R(t) = (1 + cr/?)e(t)] o + TIF ()]s -

By (3.5), we have
lMON—1/2 1/2

—_—
2V3
Assume now N is sufficiently large that the following is valid:

ifs 4 NTVIN T
2

ulFHOIES

(14 err'/? 4 11—/-2-) <1
7 .

Thus it follows from (3.9),(3.11),(3.14) and the induction assumption that:
1]y < err/2Mo + VIN T [(L+ err/2) e + 7l FO]
< {errt/? 4 NANEL() 4 cor1/2 4 Z70)} Mo
S MO )
which completes the induction.

Lemma 2. Suppose 7 = o(N~'/2) and N is sufficiently large, (3.5) and (3.6) hold. Then the iteration sequence
{2*}, defined in (3.7), satisfies

|2 —UN(t+7)|, SMo, k=0,1,2,---. (3.15)

Next we prove the convergence of the sequence {2*}. By the iteration (3.7), we have

E+1 _ Lk k k-1 E+1 _ Lk
F4 2 +PN[@(Z +u(t))_¢(z +U(t))] +(E______z_) =0’ k=0,1,2,-~.
2 2 - 2 Tz
Similarly to the derivation of (3.13), we arrive at:
1/2
-2

gk <7 S A TN < et/ 2| W R 3.16
| o < u% gy B LA R (3.16)

where ¥(¥) = @(zk'{;ﬁ”) - @("kd;"(”). It can be bounded as:

zk— 1

. k—1 e 1, k_ k=
O <0y (= + 01 ===l o ==

< cglle® — 2|
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where cg depends only on ||[UN (t)|| e [UY (¢t + 7)|| « and Mo. Thus we have from (3.16) that

!zk-}-l _ zkloo _S 69T1/2|zk _ zk—lloo .

From the above inequality we conclude the convergence of {z*}. We take u(t + 7) = limg— oo 2* , which is a
solution to (2.1) and satisfies:

le(t + Pllgee < le(t+ 7]y = Jim 4], < Mo .

Lemma 3. If 7 = o(N~/2) and N is sufficiently large. Equations (3.5) and (3.6) are fulfilled. Then the
iteration sequence {2*} converges to u(t + 7) with a compression factor O(r!/?). Furthermore, u(t + ) thus
defined satisfies:

lu(t +7) = UM (t + 7)|| e < Mo .

Remark 1. In [7] the convergence property of the iteration procedure (3.7) was also investigated. However, the
compression factor there obtained, which is of order 0(1'%), is actually for each Fourier coefficient of {z*}. The
convolution effects of the nonlinear term were clearly neglected.

By the above lemmas, we can readily obtain the global existence and convergence.
Theorem 1. Suppose 7 = o(N~1/2) and N is sufficiently large. (3.5) holds with a positive constant My. Then:

(%) there exists a solution to scheme (2.1) for each time level t € S;;
(#) the iteration (3.7) for solving (2.1) possesses a compression factor of order O(7'/2) in norm | - | ;
() the solution obtained by (3.7) satisfies the error estimate

llu(t) = UN@)|| < p(0, f,t)est, Ve S, .

Remark 2. If the exact solution U of (1.1) is suitably smooth, e.g., U € C*(0,T; L*) (N C?(0,T; H**+1), then we
can easily show that p(0, f,T) = O(7*+ N~2*), which implies the overall convergence rate for u(t) is O(r2+N"*).
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