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ABSTRACT

In this paper we use variational techniques to address the problem of existence and
uniqueness of solutions of a class of singular two-point boundary value problems. We then
use a Galerkin method with special basis functions to discretize the problem. We prove
convergence of the solution of the discrete problem to that of continuous problem and
give the order of convergence in various energy and uniform norms. The orders of
convergence obtained are optimal.
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A GALERKIN METHOD FOR SINGULAR TWO POINT LINEAR
BOUNDARY VALUE PROBLEMS

1. INTRODUCTION

Many problems in physics and engineering give rise to second-order differential expression of the form:

1
Uy) =) +ay on (0,1), (1.1)
with boundary conditions. In general, one would be interested in solving the equation:

) = f, (1.2)

where y satisfies the boundary conditions. These equations may be regular or singular at each point of the
interval (0,1).

In the regular case, problem (1.2) is well understood and its numerical analysis has been extensively studied.
Very successful software has been written for solving regular equations, of which we mention the programs
SLEIGN [1] and DO2KEF [2]. Apart from a limited number of special cases, the errors involved in approximating
singular problems are not yet well understood (see [3] p. 1665). In this work we provide some error estimates
for approximating such problems. The trade-off between the roughness of the data and the rate of convergence
of the numerical solution will be illustrated. (See also [4]).

Singular problems of the form (1.2) appear in many areas of applied mathematics; in transport processes [5],
in the study of electrohydrodynamics [6], in the theory of thermal explosions [7], and in the separation of variables
in partial differential equations [9]; just to name a few fields. The code SLEIGN2 [8] is written to compute the
eigenvalues of the Sturm-Liouville problem in some singular cases. The Galerkin method for singular problems
was considered in [10-12]. Special finite difference methods were considered in Chawla et al. [13]. The reader is
referred to the references cited in the aforementioned articles for more details.

In this article the questions of existence, uniqueness, and regularity of sulutions of a class of singular two-
point boundary value problems will be investigated to the extent needed for the error estimates of the numerical
approximation. The variational setup of the problem will also be considered as well as the equivalence between
the solution of the variational problem and the solution of the boundary value problem. Then we will investigate
a Galerkin method, with special patch functions (considered earlier by Ciarlet et al. [10]), for the numerical
approximation of the solution. We will derive error estimates in various energy and uniform norms and show
how the accuracy of the approximation is affected by the norm in which we study convergence or, equivalently,
by the regularity of the data. Extending these results to nonlinear problems will be the subject of a later paper.

2. PRELIMINARIES

For r > 0 on I = (0,1) we let L"(I) denote the weighted Hilbert space with the inner product
o = [ ve)r(e)r(e)s (2.1)
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We also let V, be the Hilbert space consisting of functions u € L2 (I) which are locally absolutely continuous on
I, u(1) = 0 and u' € LZ(I). The inner product on the space V, is defined by

sy, = [ V(@7 @p(a)ds. 22)

The notation L;,.(I) is used to denote the space of functions y € L[e, §] where [a, 8] is any compact subinterval
of I.

Throughout this paper we assume that the real valued functions p, ¢, w satisfy

qu € L) (2.3)
pt € Lige(I), P ¢ Lioe([0,@)) for any o > 0, (2.4)
1
pw > 0, / p~t e LL(0,1), and (2.5)
T
/ w(z)dz = 0 implies / p(x)dz = 0 for E C I measurable. (2.6)
E E

Additional assumptions will be specified when needed. Assumption (2.4) means that £ is singular and 0
is a singular point for £. See [14]. Under the above assumptions it can be shown [15] that the boundary
condition at 0 may be taken as limz_o(py’)(z) = 0. For ¢ = 0, assumptions (2.3),(2.5) allow for limit circle (LC)
(f: p~l e L2(0, 1)) as well as a class of limit point (LP) cases for the operator £ [15]. Our goal is, thus, to
investigate the problem (1.2) together with the boundary conditions

(py)(0*) =0 }

y(1)=0 @7)

both theoretically and numerically. Finally, we will make use of the operator L:
D(L) = {ye L3(1) : ) € LE(1), y(1) = lim(py')(z) = 0}

It is known that L is self-adjoint [15].

3. THE MAIN RESULTS

We study the theoretical and numerical aspects of the problem (1.2),(2.7) first for the case ¢ = 0 and
then introduce the function ¢ with nonzero values as a perturbation of the former case and strive to keep the
assumptions on ¢ minimal. This way we hope to be able to illustrate the effect of ¢ on the analysis, the regularity,
the error estimates, etc.

The operator L is real in the sense that Z_f = Z? YVfe D(Z) as can be readily checked. Since the data
functions we consider are all real valued, this means that it is enough to consider only real inner products.
Therefore we will drop the conjugation overbars for the rest of this paper.
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3.1. Existence, Uniqueness, and Regularity of the Solution

Various results about the existence, uniqueness, and regularity of the solution of (1.2),(2.7) are needed in
order to obtain error estimates for the Galerkin method. We will state and discuss these results here. We will
also have some comments about the conditions required for such results to follow. In particular we will discuss
applicability of the boundary condition u/(0) = 0 which is most frequently used in the literature. The results
listed below are organized into two categories: ¢ = 0 and ¢ # 0.

Theorem 3.1 (LC, ¢ = 0) For every f € L2(0,1) the unique solution u of (1.2 ),(2.7) is absolutely continuous
on [0,1]. The operator L=1 : L2(0,1) — CI[0,1] is compact.

Remark 3.1 It follows from (2.3) that C[0,1] is continuously embedded in L2 (0,1). As a corollary of this and
Theorem 3.1 we get that L~' : L2(0,1) — L2(0,1) is also compact. This is a well known result in the limit
circle case.

Theorem 3.2 (a) If f € LY (0,1) then (1.2),(2.7) has a unique solution which is absolutely continuous on [0, 1].
(b) If f € L2(0,1) then (1.2),(2.7) has a unique solution which is absolutely continuous on (0,1].
(¢c) The operator L~ : L3(0,1) — C[0,1] is compact.

Theorem 3.3 (LP1, ¢ =0) Foranyu €D ( ) we have u' € L2(0,1).

Remark 3.2 1. In general, the result of Theorem 3.8 cannot be sharpened in the sense that we may not have
continuity of v’ on [0,1]. For example, if in (1.2),(2.7) we take p(z) = z,w(z) = 1,¢(z) =0, and f(z) =In z
which is @ limit circle case, then the solution u(z) = —2 — zInz + 2z has an unbounded derivative at z = 0.

2. If p(z) = w(z), p is monotone increasing and f € L(0,1) then the boundary condition at * = 0 may be
stated as u'(0) = 0. In particular this is true for p(z) = w(z) = z* which is the case considered in the literature.
3. In the first part of Theorem 3.2, the condition f € LY (0,1) cannot be relazed to f € L2(0,1). For example,
if in (1.2), we take p(z) = 23, w(z) = z%?,¢(z) = 0, and f(z) = 2, then the solution to (1.2) is u(z) = 7;: -1
which is unbounded at z = 0.

4. Theorem 3.3 means that the space V, defined in Section 2 is the natural space to consider for the derivation
of the solution and consequenily for the set up of the Galerkin method.

The results for the case ¢ # 0 will be obtained through the variational formulation of the problem (1.2),(2.7):
Find u € V, such that

B(u,v) = (f,v)y forallveV, (3.1)
where
B(u,v) = (u,v)v, + (qu, v)u. (3.2)

The following conditions are imposed on the function ¢(z):

Coi= [ @ [ ) wieyie <o (53)

e @@ w(e)de
7= ule‘gp ”u“%f, b (34)
qu € L2(0,1) for all u € V,. (3-5)
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Theorem 3.4 Under the conditions (3.3),(3.4), the variational boundary value problem (3.1) has a unique
solution u € V}, i.e., (1.2),(2.7) has a unique weak solution.

Theorem 3.5 Under the conditions (3.3)-(3.5) we have

(1) The unique solution u of (3.1) is also the solution of (1.2),(2.7).
(2) (LC) If f € L2(0,1) then u is absolutely continuous on [0,1].
(3) (LP1) If f,q € L3 (0,1) then u is absolutely continuous on [0,1].

Remark 3.3 1. In the case (LC), (3.5) holds if g € LL(0,1). (3.3) also holds in that case (because of (2.3)).
In the case (LP), (3.3), (3.5) hold if ¢ € LT(0,1).

2. In the case (LP), if ¢ € LY(0,1) and ¢ > 0 then all conditions (3.3)-(3.5) are satisfied. In particular this is
true for p(z) = w(z) = 2%, a« > 0.

4. THE GALERKIN APPROXIMATION AND CONVERGENCE RESULTS

Let 7:0 =29 < 2; < --- < Zn41 = 1 be a mesh on the interval [0,1] and for i = 1,2,-.- N define the patch
functions

ri'(x) e <e<az,

ri(z) =< rf(e) ifzi <z <z, (4.1)
0 otherwise,
where
ri(z) = 1,
z 1
, ds
ri(z) = -f——”?—- =23, N
fr.‘—x mds
and

[ hds
T?(JZ):TE%, Z:l,?,---,N.
p(s)

T

The above patch functions have been used by Ciarlet et al. [10]. Next we define the discrete subspace Vy of
Vo by

Vn = span {r;}{¥,.
The discrete version of the weak problem (3.1) reads:
Find 4® € Vy such that
B(u®,vn) = (f,un)w for all uy € V. (4.2)
It follows from (3.1) and (4.2) that
B(u—u®,un) =0 for all vy € Vy.
Note that condition (3.4) implies that the bilinear form B(u, v) is coercive which guarantees the existence of the

solution u€ of (4.2). u€ is called the Galerkin approximation of (3.1) (and consequently of (1.2),(2.7)). We can
now state our results on the convergence of the Galerkin solution u® to the weak solution u of (3.1).

December 1997 The Arabian Journal for Science and Engineering, Volume 22, Number 2C. 83



G.K.Beg and M.A. El-Gebeily

Theorem 4.1 (LC,LP1) If the function q satisfies (3.3) and f € L2,(0,1), then

| =]y, < CVETD IIfll,

where C depends only on the data and £(wn) is given by

on) = max [ ( / o idt) w(s)ds (4.3)

0SISN Jo, p(t)
Theorem 4.2 (LC, LP1) If f g € LY(0,1), then
|u€ = v, < CVETN)[Iflleo -

Theorem 4.3 (LC) If f € L2(0,1) and g € L(0,1), then

[u€ = v, < CVE@EN)IIf,

where

0<i<N /o,

L(mN) = max{f(ﬂ'N), max o (/arm ;(lt—)dt)z w(s)ds} . (4.4)

Remark 4.1 1. In the case of Theorem 4.2, if the additional assumption ¢ > 0 is made, then the order of
convergence improves to £(my). See Remark 5.2.

2. In the literature most authors treat the case p(z) = w(z) = z*. In [12], Jesperson obtains O(h?) convergence
for the L2 norm and O(hlogh) convergenc for the L™ norm under more restrictive assumptions on the mesh
and the function q. Simillar results were obtained by Eriksson et al. [11]. In our case, the order of convergence
£() reduces to O(h?) in both norms.

3. In [10] Ciarlet et al. obtain the convergence estimate £(w) under more general assumptions on q. However,

in their case the function — was assumed integrable on [0,1]. In our case, the loss of integrability of — reduces
p p

the order of convergence to \/£(w) as indicated in Theorem J.1. This result illustrates the effect of the strength
of singularity on the order of convergence.
4. Comparing theorems 4.2,4.3 we see that relazing the conditions on q and f reduces the order of convergence

from \/4(m) to \/{1(7).

5. PROOF OF THE RESULTS

5.1. Proof of Theorem 3.1

Our boundary value problem in this case reads

£(u) = — 555 (p(2)¥'(2)) = f(2), 0< z <1
limg_, o+ p(z)u'(z) =0 (56.1)

u(l)=0
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(5.1) gives the unique solution

u(z) = /: ;(1—0- (/(: f(s)w(s)ds) dt. (5.2)
For z > (0 we may integrate by parts to obtain
u(z) = /xl ;;(ltjdt /OI Ff()w(t)dt +/: (/1 o0 ) f(s)w(s)ds. (5.3

Using the fact that

[ ;zlzjdtfozf(t)w(t)dtﬁf: (fl o0l )If(s»l (s)ds (5.4)
[ %,

where ||-||,, denotes the norm in L2 (0,1). Thus

u(0) = /0 1 ( / 1 p(lt)dt> £(5)w(s)ds (5.6)

and (5.2) is an indefinite integral. Therefore u is absolutely continuous on [0,1].

we obtain

lu(z)l < lIfl, ) (5.5)

The compactness of L~! follows from a straightforward argument which uses the Arzela—Ascoli theorem and

(5.4).

To complete the proof of Theorem 3.1 we show that v’ € Lf,(O, 1).

1
/ plvf de
0

1l

. ' 1 ! N,
Jim, p(e)u @)l — [ (pu) uds

1
/0 f(@)u(z)w(z)dz
1f 1l Tl »

IA

where we have used (5.6), (5.1) and the continuity of u.

1/2

Remark 5.1 Since [u/(2)| < 55 (fy w(s)ds) " |Ifl,, ,then if

! - 1/2
m1_1.1{)14_ @ (/0 w(s)ds) < 0o (5.7)
then |u'(z)| has a bounded limit at ¢ = 0. If the limit in (5.7) is 0, then u'(z) — 0 as ¢ — 0F. This is the

case for example for p(z) = z%, w(z) = 22~ 1*¢ for any € > 0. If f € L=(0,1), then we get similar results for
p(z) = w(z) = z*. However, in general, u'(0) may not be zero.
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5.2. Proof of Theorem 3.2

The proofs of (a) and (c) are similar to the limit circle case except that we use Holder’s inequality instead of
Cauchy Schwartz inequality. To prove (b) we note first that (5.3) implies the absolute continuity on (0,1] of u.
To show that u € L2 (0,1) we estimate the L2,(0,1) norm of the two terms on the right of (5.3). The first term
is estimated as follows:

[ (/fw)(]%)wd < |1f||§/01/[)xw([v11§)2wdx
<t (7 (] 5)e) (] 5)wee
< ufni(/ol([i-)w)zm.

Similarly we can estimate the second term.

5.3. Proof of Theorem 3.3

The proof that v’ € Lf,(O, 1) is the same as in the limit circle case.
5.4. Proof of Theorem 3.4

Before proving this theorem we state and prove the following lemmas; throughout which we assume that the
conditions of Theorem 3.4 are satisfied.

Lemma 5.1 (qu,v)w < Cqlfully, [[v]ly, -

Proof
/01 g(t)w(tyu(t)o(t)dt

[ oot ([ wieras) ([ viors) a

[ ettt (/ N mu'(s)ds) ( [ mvl(s)ds>

el e, [ ottt ([ ) e

Collullv, llvllv, O

I

IN

Il

Corollary 5.1 V, is continuously embedded in LZ(0,1).
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Proof. Putting ¢ = 1 in the previous lemma we obtain
(u,v)u < Cillully, lvllv,
and so

2 2
llully < Crlfully, .0

It can now be readily checked that the bilinear form B(:,-) given by (3.2) is continuous and Vj-elliptic and that
£(v) = (f,v)w is a linear bounded functional on V.

Theorem 3.4 now follows from the above lemmas and the Lax-Milgram theorem.

5.5. Proof of Theorem 3.5

We begin by collecting some facts about the relationships between the spaces D (Z), V, and L2(0,1). We
recall here that assumptions (3.3)-(3.5) are in effect.

Lemma 5.2 (a) V), is continuously and densely embedded in L2 (0,1)
(b)]fuéD( ) and v € V, then pu'v|; = 0
(¢) D (L) is dense in V.

Proof. (a) Follows from Corollary 5.1.

(b)) Letue D ( ) and f € L2(0,1) be such that pv’ = —fg fw, then

A< [ /Iv'l
< Iflly ol (/O (/1 %) w) 1/2

The above inequalities give the desired result.

lpe'v)(2)] = fw

(c) Let v € V}, be such that (u,v)y, =0 forallu € D ( ) Then

1 1 1
0 :/ pu'v' = pu'v|; -—/ (pv') v = -/ (pu') v = (Lu,v)y.
0 0 0
Since L is surjective, then v = 0 a.e.w. Hence by assumption (2.6) v = 0 a.e.p. Therefore D (Z) is dense in
V,.0

It thus follows from the Lax-Milgram theorem that (3.1) has a unique solution. To show that the weak
solution is also the classical solution of (1.2) we introduce the operator S defined by

D(S) {u€V,: v~ B(u,v) is continuous in L2 (0,1)}
Su = f where

B(u,v) = (f,v)w Vvel,.
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A standard argument (e.g. see [16]) may now be used to show that S = L+q and the equivalence of the weak and
the classical solutions. This proves part (1) of Theorem 3.5. To prove part (2) we notice that by the boundedness

~ -1 ~
of the operator (L + q) on L2(0,1) and assumption (3.3) it follows that the solution u of (L + q) u=fisin
D (Z) . The desired result follows in the LC case from equations (5.2) and (5.6). Part (3) follows from the fact

that L=! : L2(0,1) — CJ0,1] is compact (Theorem 3.2) and that adding the LS function ¢ does not alter the
domain of L. We then recall (5.2) and (5.6) again.

5.6. Proof of Theorem 4.1

Standard proofs of theorems of the type of Section 4 usually use the Aubin-Nitsche trick and inequalities
like Hardy’s inequality. In our case either of these techniques can be used because either the solution u does
not have enough smoothness properties or the inequalities are not sharp enough for our purposes. Our proofs
will hinge on the knowledge of the closed form of the inverse of the matrix A = (B(r;,r;)) (with ¢ = 0). To
prove Theorem 4.1 we proceed by introducing a special interpolant u! of the solution u of (3.1) (known as the
Vn-interpolant of the solution [10]) . The error of the Galerkin approximation is compared to the error of the
interpolant. Then the order of the error of the interpolant is worked out. This is done in Lemma 5.4. Theorem
4.1 will be a direct consequence of the aforementioned lemma.

We begin by introducing the Vy-interpolant u! of the solution u

N
ul(z) = Zuir;(a:) (5.8)

i=1
where u; = u(z;) and r; is given by (4.1), i = 1,...,N. We note here in passing that u’ is the orthogonal

projection of u with respect to the inner product (-, )y, :
(u—ul,on)y, =0 (5.9)
for all uy € Vi . The following two relations are also easily checked

B(u® —u',on) = (g(u—u'), 08w, (5.10)
and
(w® =o' o)y, = (g(u — u%),vn)u, (5.11)
for all vy € Vy .
Lemma 5.3 Let u® be the Galerkin approzimation and u’ be the Vy-interpolant of the solution u of (3.1). Then
=€y, < (14125 ) Ju= ], (512
» 147 »
where Cy and v are given by (3.3) and 3.4).

Proof.

In (5.10) put vy = u® — v/ and note that |B(u,v)| < (1+C)llully, llvlly, and [B(v,v)| > (1 +7) [l
Yv € V.0 ’
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Lemma 5.4 Let g = f — qu where u is the solution of (3.1). Then

Ju— ']}y, < 2lll, VI.

Proof. For z € [2;,2;41],1 =0,... N we use the fact that }:ﬁl ri(z) = 1 and integration by parts together with
(5.2),(5.6) to obtain:

u(z) — ul (2) = r} (1:)/ (/x‘ p(t)) g(s)w(s)ds + 7'4+1("’)/ ,H(/f“r1 (t)) g(s)w(s)ds. (5.13)
Z/x'“

/011 ;,(17) (/Oz g(S)w(s)ds) i +
S

=1 '

(L5t pmse- [ ([ ) e}

o [ ([ ) ([ o)

ig( p(s)) o L L e (S)w(s)d5> det
(735 [ s ([ [ gemom) e

Each term under the first summation can be majorized as follows:

([ o / e (/ / p(t)"(s)’”(s)‘“) 4

Then:

(u(z) - u’(:::))'l2 p(z)dz

=y,

5o

j=1

< ([75) (7) [ 5 ([ somons) ae
- / +-(1_( 9(s) w(s)ds)zdz
< / "5 ([ Foeun) (/:w(sws) s
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([ o) [ = () (o) ) da
([ sremtoae) [ ([ 55) o

and each term under the second summation can be majorized as follows:

([ 5) [ e U ([ ) smons) o
(L7 5) L i ([ meams) ([ ([ ) v

IN

i

< ([ srowon) ([ pa(l))lf w7 ) v
< ([ wmon) ([ 35 [ U ) v ([ s%)
([ ) [ ([
Therefore,
fa-u'ly, < [ Peueds [T ([T 2) wer
[ mas) [ ([ )
< s(am [ ([ ) o) S [ oo

i

4 9 Tit1 Tit1 ds d
]
ol gz, [ ([ 7)o

Theorem 4.1 now follows from (3.3), Lemma 5.4 and the boundedness of the operator (Z + q) . The last
statement follows from the inequalities:

((i—*— q) U u)y = (zu,u)w + (qu,u)y = ”uH%,P (1 + (‘lllu,“’t;)w)
ully,

v

A+l > Cllulf,
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5.7. Proof of Theorem 4.2
Lemma 5.5 ||u—u!|| < Cl(mn)]|fllo

Proof. For any z € [z;,zi4+1],1=0,1,...N

ue) - '(a) < [ oo ([ 25 wiepas

where g = f — qu. To see this we consider two cases: ¢ = 0 and 7 > 1.

For i = 0 i.e., for z € [0, z1] we have
u(z) —ul(z) = wu(z)—u(z)
- /x - p—(ls—) /0 " (t)w(t)dt ds
s ds [* e “dy
/x ;(;)- A g(s)w(s)ds—i—/x g(s)w(s)/s P_(’Sds
[ oo [ teaor [ ttouce) [ s

o 1 odt
/0 lg(s)I / ;(t—)w(s)ds. (5.14)

Fori=1,...,N, by (5.13) we have

I

AN

u(z) —ul(z) = fe 5%5 /f (/: dt )g(s)w(s)ds

f 1 ds 0
:c d" Tigpl [Tidl
+f e ds / (s)w(s)ds
z;  p(8)

([ ) [ stmoas s f T e
/ lg(s) lw(s)/ - d8+/ m/ " p(t !y(s |w(s)ds

[ e [ Ssutes (5.15)

~ -1
The result follows again from the boundedness of the operator (L + q) as an operator on C[0, 1]. See Theorem
3.2 part (3) and the proof of part (3) of Theorem 3.5. O

IN
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n (5.11) taking vy =r; for i = 1,---, N, we obtain

( G —uf r|>Vp (‘I(u“u )a"z)w

N
= Y (a5 —uy){r,mi), = di.
j=1
This gives a system of equations

Ae=d
where A = (ai;) = ((ri,rj}v,) is a symmetric and tridiagonal matrix given by:
a 1
n =
I e’
1 1
(T T + T ’ i=23"')N)
fz;‘—x ;??lﬁds fxi i 5(1;7(18
ai; = ! i=1 N-1
1,441 f;‘.l.l E(I;Sds, =4 )

e = (&) = (a; — u;) and d = (d;) is given by:

f s) fxa dt

d = / h(s)u(s)d

and

fr‘ h(s)w(s) fx‘-l ﬁ%ds fx"“ h(s)w(s) fx"“ 5—‘%%

d,‘ - 7 T )
Lo, L5t
where h(s) stands for ¢(s)(u(s) — u%(s)). The inverse of the matrix A, denoted by B =
written as:
Sy s
bij =
Iy iz
Therefore,
N
lesl < ) bijlds
j=1
= S [ e 2 [
Z/z p(s) j;ﬂ p(s)
<

.Z /:.5, p(@)
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i>1

(5.16)

(5.17)

(5.18)

(5.19)

(bij), can be explicitly

(5.20)
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We see that:
E 1 ol /15('“) [ ehoterds + 1 e 132 Inq )}wg y

- /xj% = h(s)|w(s)ds + /: = )f lh(S)f'zfs%% g
*f,, p(s)f lh(S)}:::%xg ok

: / o) / e)u(a)ds + | beus) [ s+
[ [ motuted

= [ [ et [ ot [ S

<

/x Ih(s) () / Sdss | e)lu(s) [ : o4

Also for j = 2,---, N, by a similar approach, we have:

1 ds Lods %
/xj@ldjl < /R’)‘ [ h@pueds +

[ ds Jo Ihs)lu(s) [ sd
0)

j“”t-!-l dt
z ()

[ et [ Sods+ [ o [ sas
Substituting these two inequalities in (5.20), we obtain:

ITN41 1
/z Ih(s)lw(s)f o) ——ds +/ Ih(s)lw(s)/s %ds

1 U
2/0 |h(s)lw(s)/s ;(-ﬁds

/ la(s)(u(s) = uE()lwl) / o

IN

IA

le:}

IA
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Let u — «® = v. Then:

| fo —u| < 2/01 lg(s)] 1v'(i!)dtl/"1 %w(s)ds
() ([ )" [ o
< bl [ atotote) ([ ‘z))mds

= o=y, [ ([ (t))mw(s)ds, (5.21)

Now:

R R C R M U
< Ilu—ull|w+21g}?§vlai-’uél
< Ju=df|,, +4C" |ju- “G“V, (5.22)

L]

3/2
where C' = fol lg(s)] (fl 5‘{15) w(s)ds. Since ¢ € L (0,1) for the LC case then C' < oo. For the LP1 case

fo ( f ! _dt ) w(s)ds < oo if f L1 e 13, 1). The result of the theorem, therefore, follows from Theorem 4.1
and Lemma 5.5.

Remark 5.2 If as in Remark 4.1 we assume that ¢ > 0, then ( 5.16) can be written in the form
(A+Qle=b

where the elements a;; of the matriz A are given by ( 5.17)-(5.19), Q is a tridiagonal matriz whose elements
gij = (qrj, ri)w are nonnegative, b is a vector with elements b; given by

= (‘I(u - ul)s T'i)w
and e is the vector (e;) = (o — u;). It is not hard to show that A is an M-matriz (see Ortega[17]), qij < —a;j

(i # j) for sufficiently small mesh size and that A + Q is an M-matriz with (A+Q)™"' < A~L.Thus |e| <
A-1|b|. A proof along the same lines of Theorem 4.2 would give

el <2 [ a0 ats) = @) [ s wlshds
Thus

11(11‘5?( lai — ui| < 2C, ”u — u’“oo
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Therefore,
lu-wle < flu—uf], +fu® =,
< v vl +2 max i - ol
< (1+44C) Ju—d'|, .

The rate of convergence £(nn) now follows from Lemma 5.5.

Remark 5.3 In the special case p = w and p is increasing we can easily show that the method is O(h?) where
h = maxoci<n (Tit1 — 2i).

5.8. Proof of Theorem 4.3

We first need the following lemma:

| N 5 1/2
Lemma 5.6 ||u—u/|| < Cmaxicicn (f;;m (f:'“ 54(:‘5) w(s)) 1l -

Proof. The proof follows from (5.14), (5.15) and the use of Cauchy-Schwartz inequality. O

The proof of the theorem is a direct consequence of this lemma, (5.22) and Theorem 4.1.

6. EXAMPLES

In this section we give some numerical examples to illustrate the generality of the method as well as verify
the theoretical findings of the foregoing sections. In all these examples we take a uniform mesh size h = -l’—%
where a = 0 and b = 1. In Example 1 we take a LP1 case where the function p(z) is not of the form z® which
is widely used in the literature. In this example f, ¢ are continuous and v/'(0) = 0. In Example 2 we take again
a LP1 case with u/(0) # 0 while f,g are continuous. In Example 3 we take a limit circle case with f € L2. In
Example 4 we take a LP1 case with w(z) = 0 on a set of positive measure. Finally in Example 5 we take a LP1
case with f € L2, such that the solution is unbounded at the singular point z = 0. In all the examples except
the last one the relative errors in the uniform norm are given. In the last example the relative error in V,-norm
is given. The theoretical order of convergence ( \/£(wn) or \/£1(7n)) is also calculated for different values of h

for each example.

Example 1 (LP1)

p() = 1-e™*
w(z) = 1.0
g(z) = =z
flz) = —2®+z422e" 27 +2
u(z) = 1-2?
flu—u|,. { 0.91671 x 1072 when h=0.1
llullo | 091863 x 10~* when A =0.01
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VEmN)

Example 2 (LP1)

0.3202 when h=0.1
0.10013 when h = 0.01

p(z) z?
w(z) ]
q(z) -z
f(x) —32% + 422 - 192+ 8
u(z) 322 — 4z +1
u—ul|,, 0.37051 when-h =0.1
[lulloo 0.039708 when h = 0.01
0.22361 when h = 0.1
V(N)
0.070711 when A = 0.01

Example 3 (LC)

p(x) z
w(z) 1
q(z) z
f(=) 2 Inz—Inz —2
u(z) zlnz
flu—uC|_ 0.62537 when h=0.1
llullo 0.12518 when h =0.01
0.44721 when h = 0.1
VEa(rn)
0.14142 when h = 0.01

Example 4 (LP1)

p(z) =z, ¢(z)=0.0, f(z)=10.0

1 fo<z<
w(z)=< 0 if
1 if

L
3
2
z 3
1.

IAN A
IAN A

1
3
2
35«
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-10z+%¥+% In(3) ifo<z<y,

uwz)={ -2he+2+Lm(2) ifi<zr<i (6.2)
-1-391nz+10(1—x) if%gzgl

lu = v

= 0.04371 when A =0.0333
llulloo

Vi(rn) = 0.18257 when h = 0.0333

Example 5 (LP1)

pe) = °
w(z) = z3
¢oz) = =
) = VE-z+ o
1

u(z) = —\/_5_1

_ .G

W = 0.05773, h=0.01

Ve

VI(rN) = 0.28284, h=0.01.
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