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ABSTRACT

Phase-controlled converters are widely used because these converters are simple, less
expensive, reliable, and do not require any communication circuit. Series motors are
extensively used in many applications that require both high starting torque and essentially
constant horsepower. This paper is concerned with the detailed study of the performance
characteristics of an AC-DC full-controlled converter supplying two DC-series-motor
loads. The converter-loads combination is simulated on a digital computer. Different modes
of operation (continuous and discontinuous converter currents) are considered. The critical
firing angle at which the mode of operation changes from one mode to another is deduced.
The performance characteristics such as, input power factor, supply current distortion
factor, supply current fundamental power factor, torque-speed, and motor current ripple
factor have been derived and studied for both constant firing angle and constant load
power of one motor. Waveforms for each load current and converter current are investigated
for different modes of operation.

Key words: Controlled rectifiers, AC~-DC converters, Full-controlled converters,
DC-Series-motor, Parallel loads.
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ANALYSIS OF AN AC-DC FULL-CONTROLLED CONVERTER SUPPLYING
TWO DC-SERIES-MOTOR LOADS

1. INTRODUCTION

Controlled rectifiers employing power thyristors form the large majority of static power converters. The thyristors are
phase controlled to give variable direct voltage from an AC voltage source. The phase controlled converters are simpler
and less expensive, and have faster time response, minimal required maintenance, higher efficiency, smaller size, less
weight, and more reliable operation, as compared to forced commutated converters. They are extensively used in
numerous domestic and industrial applications. In such converters, thyristor commutation (i.e. transfer of current from
one thyristor to the next) is easily achieved by a process referred to as line commutation. No additional circuitry is
required for the commutation process [1, 2].

Some researchers have studied converter performance connected to a passive load. Chung [3] presented a steady-state
analysis of a two-branch resistance—inductance parallel circuit controlled by an AC switch. Al-Juhani [4] also made an
analysis of an AC-DC converter supplying two-parallel inductive loads. Regarding the active load, Doradla and Sen [5]
presented one of the early attempts to study solid state series motor drive. They made an evaluation of control schemes
for a thyristor-controlled DC motor [6]. Harmonics presented by a converter supplying a single-motor has also been
studied [7]. Most of the work reported in the literature is related to a converter supplying a single DC motor or two
parallel passive loads.

Series motors are extensively used in many applications that require high starting torque and that require essentially
constant horsepower [8]. The presence of more than one motor connected in parallel is commonly met in practice. The
analysis and performance of the phase-controlled converter with single motor load can not be applied in such a situation,
unless all loads are of the same parameters, speed, and torque; a situation that is unlikely to be the case in practice.

In this paper, analysis of a phase-controlled (AC-DC full-controlled) converter feeding two DC series motor loads of
different parameters, speed, and load torque will be investigated. The steady-state analysis of this system will be
obtained for each of the two modes of operation (i.e. continuous and discontinuous converter current).

2. METHODOLOGY

In order to evaluate the overall performance of a converter-motors combination, certain performance parameters for
the DC motor and the input supply have to be considered. The paper will reach its goal via following stages.

1. Study of the behavior of an AC-DC full-controlled converter supplying two DC series-motor loads through the
derivation of the expressions for:
(a) Converter current.
(b) Motor current and its ripple factor.
(c) RMS value of the fundamental component of the supply current.
(d) Input power factor.
(e) Supply current distortion factor.
(f) Supply current fundamental power factor.
(g) Critical firing angle at which the mode of operation changes from one mode to the other.
(h) Extinction angle of the discontinuous converter current.
(i) Torque-speed characteristics for each motor.

2. Preparation of a computer program (in Fortran) to compute system performance.

3. Study of the results obtained.

3. STEADY STATE ANALYSIS

The circuit under consideration is shown in Figure 1, where S1, 52, $3, §4 are four power thyristors connected as a full
converter. The sinusoidal voltage source is considered to have an rms value of V volts, frequency of w/2n Hz and zero
internal impedance. The load consists of two parallel DC series motor loads. The supply and the motor currents are
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controlled by changing the thyristors-firing angle. The supply current may be continuous or discontinuous depending on
the firing angle, the load parameters, and motor speeds. Thyristors §1 and $3 are fired at an angle o relative to the supply
zero voltage whereas S2 and S4 are gated at 7 + o.. Each of the two modes of operation will be treated separately.

3.1. Continuous Mode

In this mode, the converter current #; is assumed to have a positive value at any instant of time. However, as the value
of a increases, the value of i, at wr = o decreases until it reaches zero value at the so-called critical firing angle ., .
Beyond this critical firing angle, the converter current will be discontinuous.

Throughout the period o0 < wr < m+ o, the voltage across each motor in the continuous mode is equal to the supply
voltage, assuming zero drops across thyristors. This means that:

Vavsinwr =iy Ry + Ly Liy + K i N, + K

al dr

reslNl (1)
VaVsinwr =i,R,y + Ly by + K ypiegNy + Ko N5 )

where: i, and i, are the armature currents during the continuous mode.
During this mode, the converter current i, equals the supply current i, and is given by:
fg =l =i+, OSOIST+O. 3)

If steady-state speed and magnetic linearity are assumed, and the armature circuit resistance R, and inductance L,
include the resistance and inductance of the series field winding, the solution of Equation (1} is of the form:

iy =v2(V12Z)sin(or - 9,) + K, e @02 (K N JR)(1-e @)y )

res

where: R =R, +K, N, K, and K are constants of motor one, Z, = RE+(0L,)?; ¢, = tan' (0L, /R);
O =wL, /R, K, =1, —\/-Z-(V/ZI)sin((xwd)x); and I is the initial value of i at ot = q.

Under steady state operation, i, at wt = o, equals that at ¢ = T+ ¢ and is equal to:

I, ==2(V/Z)[A+e™ W) 1 - ™ 2 sin(o— ¢,) ~ (K, N, I R)) . (5)
i
>
+
i §1 AP t
O S
v €
O
'f S4 83

Figure 1. Terminal voltage control of two DC series motors by a single phase full-converter.
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The critical firing angle o, which is the highest firing angle, for the continuous mode, satisfies the condition:
IL’1+I(.'2=O . (6)

Therefore, the critical firing angle o, is given by:

o, =sin"'[(A,C, +AZC? + (A? + BB - C1) (A2 + BD)] (7)
where: A, = F,cos¢, + F, cos 0, ; F=—(2V/Z)(1+e ™20y 1 -T2y,

Fy==(2V1Z,)1+e V) /(1-¢™9))y, B, = Fsino, + F,sin¢,; and

Cl = (Kre.\'lNl /Rl) + (KresZNZ /R2) .
For negligible values of K,,,, and K,,,5, . (as expected) is independent of the supply voltage.

The ripple factor of i, is given by:

Kcr! = Vlglrmxllfluv -1 s (8)

where / and /,,,, are the rms and the average values of the motor current, respectively.

clrms clav

The rms value of the fundamental component of the supply current is:

and the phase angle of that component is given by:
O=tan’(a,/b,) , (10)

where a, and b, are the amplitudes of the cosine and sine fundamental components of i, respectively in the
continuous mode.

The supply power factor is:

Pf =y /1 gy )c080 (11

and the supply current distortion factor is:

Df: Icfllcsrms ’ (12)

where [, is the rms value of the supply current.

Full expressions for 1,,,,.s, L c1avs L eorms» @c1» @and b, are given in the Appendix.

3.2. Discontinuous Mode

The discontinuous mode of operation occurs at firing angles greater than .. In this mode, the current i; increases
from zero at ¢ = o to a maximum value and then decreases to become zero again at wf =3 which is referred to as the
extinction angle. The angle B is, of course, <7+o. Thus, the current iy, is zero for BEwr<m+ot.

Throughout the period ot < wr < 3, the load voltage is equal to the supply voltage. This means that:

V2Vsinar = iy Ry + Ly iy, + K ypiign Ny + Ko Ny , and (13)
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During o. < wt < B, the converter current iy equals the supply current and is given by:
fgg =lg =lg +igy - (15)
The solution of Equation (13) is of the form:

i =2V 1Z,)sin(t - 0,)+ K 5,70 (K N TR )1 -y (16)

resi

where: Ky =1,-G2viZ)sin(@-0,) , an
and [, is the initial value of i, atwt=a.
During the period B < wr <7 + @, the converter current is equal to zero, and iy = —iy, .
The motors are connected in parallel. Thus:

Rig + L, %‘}n + KNy =Ryigy + Ly ,(Tl,idz +K, N, . (18)
Solving (18), one obtains:

g1 = (KpegaNy = K e NOIRy + Ry + 1y = (K o3 Ny = K g N IR, + Ry ))e TP/ (19)

where: @ =(L,, + L,,)/(R +R,), and I}, is the initial value of iy at wz=f and is given by:
Iy = N2V /Z))sinB - ;) + K e F /D — (K, (N 1R )1 - e F7 00y (20)
Atwt=m+«, iy equals I, . Therefore, from Equations (17), (19), and (20) one gets:

Ly =[((K,ooNy ~ Koy NDIR, + Ry))(1 - "By 4 (217 )(sinB - ¢,) - sin(o.~ §,)

B B0 _ (g N /R (1 — B meaBI0) g _ B0/ Q) ~(roPQ)y @
Similarly:

Ly =[((K ey N, = K oo N2) IR, + Ry))1— "™y 1 (2 1 Z, )(sin@ - 0,) - sin(—0,)

B0 WaBID (N [ R )(1 = @) m0 Oy _ B/ @) sy (22)
The extinction angle B is determined by the solution of the equation:

Ly =~ly (23)

And the critical firing angle o, can also be obtained when B is assigned to the value of m+ o in (21), (22), and (23).
The ripple factor of i, is given by:

Ky = V(Idzlrmslljlav)-l s (24)

where 1, and [, are the rms and the average values of the motor current respectively. The rms value of the
fundamental component of the supply current is:

Ly =\/(031 +bi)I2 (25)

and the phase angle of that component is given by:
6= tan‘l (at“ /bd}) s (26)

where a, and b, are the amplitudes of the cosine and sine fundamental components of i, respectively in the
discontinuous mode.
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The supply power factor is:

Pf = (Idf / ldsmw)COSB s (27)

and the supply current distortion factor is:

Df = Ic!f / Idsrmx ' (28)
where [, is the rms value of the supply current.
Full expressions for ;1,60 {g1avs L dsrms» @ay» @and by, are given in the Appendix.

The developed power is given by:

P

motor

=K Nl soor, @9

m()l()l;."”
And the torque is obtained from:

T;nmor = Kd_f’l?l()f()lﬁ ' (30)

s

4. PERFORMANCE CHARACTERISTICS

In order to study the performance characteristics of the system under consideration (full-converter supplying two
series-motor loads), a computer program has been developed based on the equations derived in section 3.

The following data of the load parameters are used:

Motorone: R, = 1.0 Q. Motor two: R, =0.15 Q.
L, =0012H. L, =0.02H.
K, =0.027 H. K,»=003H.
Ko = 0.0273 V/radss. K2 = 0.075 V/rad/s.

And the rms value of the supply voltage is V = 120.0 Volt.

4.1. Computer Results
4.1.1. Critical Firing Angle

According to Equation (7), the variation of the critical firing angle o with respect to the speed of motor two, N2, for
different values of that of motor one, N1, is shown in Figure 2. It is noted that the critical firing angle o decreases as the
speed of any motor or both is increased.

4.1.2. Current Waveforms

The waveforms of the converter current and motor current are obtained using Equations (3) and (4) in the continuous
mode and using Equations (15), (16), and (19) in the discontinuous mode. These waveforms are shown in Figure 3a and
3b for continuous mode and in Figure 4 for discontinuous mode.

4.1.3. Torque-Speed Characteristics

The torque speed characteristics (N2 versus T2) at different firing angles are shown in Figure 5 keeping the speed N1
unchanged. The regions of discontinuous converter current are obtained by the dotted lines. As expected, the converter
current is discontinuous at high values of the firing angle o, high speeds and low values of torque.

4.1.4. Constant-HP Operation

Series motors are normally used for constant-horsepower applications. However, the torque speed curves for a
particular firing angle do not conform to constant power characteristics. If the motor is required to operate at a constant
power level, the firing angle has to be adjusted accordingly [1].
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Figure 2. The critical firing angle versus speed N2 for different values of speed N1.
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Figure 3a. Current and voltage waveforms of the system Figure 3b. Current and voltage waveforms of the system
operation in continuous converter current mode at operation in continuous converter current mode at
N1=500 rpm, N2=1500 rpm, and 0. =30deg. NI=500 rpm, N2 =1500 rpm, and o. = 0, ,=57.949 deg.
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Figure 6 shows variation of firing angle O with respect to the speed N2 for different values of horsepower of motor two
keeping the speed N1 unchanged. The critical firing angle is also indicated. Again the dotted lines indicate discontinuous
converter current. Torque-speed characteristics of motor two for different horsepower levels of the same motor are that
shown in Figure 7 keeping the speed N1 unchanged. These characteristics are drooping in nature. The system produces high
torque at low speed and low torque at high speed.

4.1.5. Supply Power Factor and Fundamental Power Factor

The supply power factor and the supply fundamental power factor versus speed N2, for different values of firing angle O
keeping the speed N1 unchanged are shown in Figures 8 and 9, respectively. These figures show that these factors decrease
as the firing angle is increased. The variations of the supply power factor and fundamental power factor with respect to the
speed N2 for different horsepower levels of motor two are shown in Figures 10 and 11, respectively keeping the speed N1
unchanged. When the motor is used for constant-horsepower applications, these figures show that the supply power factor
and the fundamental power factor deteriorate with a decrease in speed. Also these figures show that these characteristics
decrease as the load horsepower is decreased.

4.1.6. Distortion Factor

Figures 12 and 13 show the relation between the distortion factor and the speed N2 for different values of horsepower
levels of motor two and for different values of firing angle respectively keeping the speed N1 unchanged. These figures show
that the distortion factor increases as the load horsepower is decreased and as the firing angle is increased for
continuous converter current mode. The opposite conclusions have been obtained for the discontinuous converter current
mode. It is noted that the best value of the distortion factor is obtained when the firing angle equals the critical firing
angle.
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Figure 4. Current and voltage waveforms of the system Figure 5. Torque-speed characteristics (N2 versus T2)
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NI=500 rpm, N2=1500 rpm, and o. =70 deg. Ni= 1000 rpm.
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Figure 6. Firing angle versus speed N2 of the system
operation at different values of horsepower levels of motor 2,
at N1=1000 rpm.
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4.1.7. Ripple Factor

The variation of the ripple factor of the current of motor one versus speed of the same motor for different values of
horsepower levels and for different values of firing angle keeping the speed of the other motor unchanged are shown in
Figures 14 and 15 respectively. The same relations for the other motor are shown in Figures 16 and 17. It is evident that,
the ripple factor increases with the increase of either the firing angle or the speed of any motor. The ripple factor also
increases as the load horsepower is decreased.Comparison of Figures 14 and 16 shows that the ripple factor increases as
the motor armature circuit time constant, 7, is decreased. (1 = L, /R, = 12m.sec and T, = L»/R ,» = 133.33m.sec).

5. CONCLUSIONS

In this paper, an AC-DC full-controlled converter supplying two DC series motor loads has been investigated. The
steady-state analysis of the system has been derived analytically for each of the two modes of continuous and
discontinuous converter current. In each mode, expressions for the converter current and its ripple factor, the input power
factor, the motor currents and their ripple factors, the supply current distortion factor, the supply current fundamental
power factor, and the torque-speed characteristic for each motor have been derived and studied. Also the critical firing
angle at which the mode of operation changes from one mode to the other has been derived and investigated. In view of
the analysis and results presented in this paper, the following conclusions have been inferred:

s  The critical firing angle decreases as the speed of any motor (or both) is increased.

e The converter current is discontinuous at high values of the firing angle «, high speeds, and low values of
torque.

o The supply power factor and the fundamental power factor decreases as the firing angle is increased and as the
motor horsepower is decreased provided that the motor speeds are unchanged. These factors increase as the
motor speeds are increased provided that the motor horsepower is kept constant.

s For the continuous converter current mode, the distortion factor has a high values at high values of firing angles
and low values of the motor horsepower provided that the motor speeds are unchanged. For the same mode, the
distortion factor also has high values at high values of the motor speeds provided that the firing angle is kept
constant. The opposite conclusions have been obtained for the discontinuous converter current mode. The best
values of the distortion factor have been obtained when the firing angles equal the critical firing angles.

¢ The motor current ripple factor has a low values at low values of firing angles and high values of the motor
horsepower provided that the motor speeds are unchanged. It also has low values at low values of motor speeds
provided that the firing angle is kept constant. The motor current ripple factor increases as its armature circuit
time constant is decreased.
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APPENDIX
Continuous Mode

The average value of the motor current is obtained from: ;= 1/ n)J' e i_,dwt and is given by:
a

L0 =2¥2(V /%2, )cos(a - 9;) + (K Q) /Y1 = ™)~ (K, Ny T RD[1=(Q) /)1~ VO] (A-1)

and the rms value of the motor current is obtained from: 7 . = ‘/(1 /n)f Maijldm; and is given by:
o

Lyme = [(V21Z2) 4 (K + (K oy N, I R)YCN2VQR 1(7Z,(1+ Q)11 Q,)sin(et ~ 0,) + cos(a — ¢
A+e™NY_(4J2VK, N, I 7Z,R,) cos(0i— ;) +(Q) / 2M)(K oy + (K ,eq Ny 1 R))? (1— 727/ A)) -

(20,K ;e Ny I R YK o + (K poy Ny I R))1=€H )4 (K N TRV (A-2)
Similarly, the instantaneous, average, rms value, and the ripple factor of i, are given by (4), (A-1), (A-2), and (8),

respectively after replacing the subscript 1 by 2.

The rms value of the supply current is obtained as:

+
Lms = ,/umj:‘“f},dm =‘/13.n., 1 + WD 2 dr - (a-3)

It could be shown that rms value of supply current is given by:

Legms =V 2ims + 12yome +A+B+C+D+E+F+G+H +J , (A-4)

where: A =(@2V?12,Z,)cos( 0, - 0,)»
B = (20,0, /M(Q) + Q)N Koy + (K Ny T RDNK g + (K 3Ny 1 Ry )Y(1 - e TH @120
C =@V2VQ2 InZ, (14 Q1)K oy + (K ,paNo I Ry))(1/ Qy)sin(0i— §,) + cos(oi— b, ))(1 + )
D = (V2VQ2 ImZ, (14 Q1)K o + (K ey Ny I RN/ Q) )sin( 0t = §) + cos(e - §,))(1 + e )
E =(-442VInZ,)K, N,/ R))cos(Ct~0,)
F =(-4y2VIRZ XK, ,N, I Ry)cos(0t = 0,)
G = (-2Q, /XK (K, aNy IR+ (K g [Ny TR XK g 2Ny TR N1 - MO0,
H =(=20; 1)K 3 (K o Ny T Ry) + (K o Ny 1 R YK s Noy I R - ™9y and

J =2(Km:IN1/RI)(Kn:2N2‘IR2) *

and a, and b, are the amplitudes of the cosine and sine fundamental components of i, respectively and are given by:

44 The Arabian Journal for Science and Engineering, Volume 25, Number 1B. April 2000



M.M. Al-Hindawi, Y.A. Al-Turki, and O.T. Al-Subaie

2t
a,= 1/ ’n)J. i, coswtdwt
a

=2V 1Z,)sin 6; +(2Q7 1+ Q2 YM(K o + (K ;o N / RN/ ;) cos o ~sin a)(1+ e ™ 9))
+(4K o N, /TR, ) sin = (N2V / Z,)sin 0, + (203 [(1+Q2)m)(K o + (K iy Ny I RN/ Q,)

cos o.—sin o)(1+e ™))+ (4K, ,N, / R, )sin (A-5)

andby »

el

21:+a_ .
= (l/n)_[ i, sin wtdwr
a

(V2V 1Z,)cos ¢, + (2Q2F 1+ Q2)R)(K oy + (K o5y N / R))(1/ Q, )sin o + cos o)
1+ MY (4K . N, I TR, ) cos &+ (N2V 1 Z,) cos &, + (203 I(1+ Q2 )m)(K , +

(K resaNo 1 RN/ Qy)sin o+ cos ay(l + ey — (4K, ., N, I TR, ) cos . (A-6)

Discontinuous Mode

n+a
The average value of the motor current is given by: 1,,,, = (I/TE)J‘ iy dwt . Therefore:
a

Livay =(2V 1 Zm)[cos@— ;) - cosB—0,)]+(Q, /YK gy + (K, Ny / R )1 - /Dy 4
(K o5 Ny 1 R Y@ =B/ 1)+ (K, Ny = K o NI, + R))(+ 0= B) /) +(Q/ ) (A-7)

(K resaNy = K g ND IR, + Ry) = Iy e PO ),

n+a
The rms value of the motor current is found tobe: 1, = ‘/(1/ n)J i2,dwt . Therefore:
a

Litms = (@V2 InZ)[B-00/2+[sin2(0c— ;) -sin2(B- )V 41+ N2V I1Z,)(K, 4N,/ R)

[cos@- ;) —cos@—)1+(2v2V /TZ)QE 11+ 0Ky +(K,eqNy/ R ) E 1/ Q)
sin(B-¢;)—cosB-,))+((/ Q)sin@~ ) +cos@—~ ¢ )]~(Q / 2K gy +(K,oq N,/ R))

(202D _1) Q) MK gy (KoM R)+ 2K Ny RPN D18 1) 4 (K, N, /R (A-8)
B-0)/ T+ ((KyeoNy =~ KpegN)IR + R)Y (R4 0= B) /1) + QI ((K 5N = KretNy)

IR+ o)) =Ly (K eiNy = Ko MR + R )N 2P0 1) (Q/21) (Koo Ny = KreNy)

IR+ Ry))— Iy (2P0 72,

Similarly, the instantaneous, average, rms values, and the ripple factor of iy, are given by (16), (19), (A-7), (A-8), and
(24), respectively with the exception that the subscripts 1 and 2 are interchanged.

[ B
The value of the supply rms current is obtained from: /gms = 4/(1 /")L ildor (A-9)

B
Thus: 7, =\/(]/n)IBi31dmt+(lln)I i}zdmm(l/n)jpzid,i“dmz ) (A-10)
a a a
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Then rms value of the supply current is found to be:

Liopms =1V IMZ)[B - 0)/2 +[sin 2(0t— 0,) ~sin 2B - 0))/ 41+ V2V /Z YK o Ny / Ry)
[cos(B - 0,) ~ cos(et— )]+ (2V2V IRZ N K1+ QP N(K 41 + (K o Ny R (—(1/Q))
sin(B - ;) —cosB— ;) + ((1/Q,)sin(e— ;) +cos(0~ & )]~ (@, / 27)K 4y + (K oy Ny 1 Ry)?
(eHBVD) 1) 4 (0, /MY2K 3y (K i Ny I R+ 2(K o Ny T R IETED) _1) 4 (K, N, IR,)?
B-0)/m+ V2 InZ2)(B-0)/2 +[sin 2(0i~ 0,) - sin 2B ~ 0,)1/ 4]+ V2V I 1Z, (K .o,

1 Ry)[cos(B~ ;) ~cos(e— )]+ V2V I 7Z, Q2 11+ Q2K g3 + (K o3 N | Ry))[e /0D
(=(1/Q,)sin(B~ ;) —cos(B - 9,)) + ((1/ Q,)sin(a — §,) + cos(a — $,))1 - (Q, / 2m)

(K g3+ (K g2 Ny I R (€T2EQ) _1) 40, IM)2K 3 (K yoia Ny I Ry) + 2K o3 Noy 1 R
(CED) 1y 4 (K,,,N, IR} B-0)/n+(2VEIMZ,Z,)cos(0, —0,)B-0) - (V2 /INZ,Z,)
[Sin(2B— 0, ~0,) - Sin(20t~ 0 ~ )]+ N2V 172, XK Ny / R oS 0) — cos e~ 03]

+ V2V ITZ (K 10yNo | Ry cosB - 0,) — cos(c — 0,)]+ 22V /7Z,)(Q2 /(1 + QF))

(K gy + (K N, 1 R))E D (—(1/ Q) )sin(B - 9;) — cos(B - 6,)) + (1/ @) )sin(e-0,) +

co8(0t = 0, ))]+ V2V /1Z, XQF 1+ QNK 43 + (K 12Ny / R e (—(1/ 0, )sin(B - ¢,)
—cos(B- ;) +((1/Qy)sin(0L— ¢;) +cos(a — & NI+ (20,0, /T, + Q)N K gy + (K, oq Ny / Ry)) (A-11)
(K gy + (K oy Ny | R)Y1 = e @HE-00C)y 4 (20 1)K 0 Ny I RK g3 + (K resaN, I Ry))
(eCEDD) _1y 4 (20, ITYK 053Ny I Ry MK gy + (K oy Ny 1 RONETE D) _1y 4 (2/m)

(KreslNl /Rl )(Kre:2N2 /R2)(ﬁ-a)l“2-

and ay; and by, are the amplitudes of the cosine and sine fundamental components of iy, respectively and are given by:

ag =2V 12nZ))[coso- ;) - cos2B ~ ¢,) = 2(B - o) sin; 1+ 2(QF /(m(1+ OF))(K 4y +
(K peaNy 1 R))eF "D 1/ ) cosP+sinp) +((1/ Q) cos 0 —sin )] - (2K N, /TR, )
(sinB - sina) + (v2V / 21Z, )[cosQaL - 0,) ~ cos(2B - 0,) - 2(B - o) sin 0, 1+ 2(Q2 /(n(1 + (A-12)

QMK 33 + (K piaNo 1 R E) (170, ) cosB+sinB) + ((1/ Q, ) cosa - sin )] -
(2K .o N, /TR,))(sinP —sinar), and

bar =2V 1 2nZ,)[sin(20—¢,) - sin(2B - ,) + 2(B - @) cos, 1+ 2(Q] /(n(1 + QP N)(K 1y +

(K s Ny 1 R))TE (170, )sinB - cosP) + ((1/Q, )sin o + cosa)] + (2K, N, /TR, ))

(cosB —cost) + (v2V 1 2nZ,)[sin(20. — ¢, ) — sin(2B~ 0,) + 2(B— ) cos b, 1+ 2(Q2 K(m(i+ (A-13)
OINNK 4z +(K o2 Ny 1 R0 ((1/ 0, )sinB - cosPB) + (1/ Qy)sinar + cosa)] +

(2K .5, N, IRy ))(cosB—cosar).
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