
ANALYSIS OF AN AC-DC FULL-CONTROLLED 
CONVERTER SUPPLYING TWO DC-SERIES-MOTOR 

LOADS 

Mohammed M. AI-Hindawi *, Yusuf A. AI-Turki, and 
Obaid T. AI-Subaie 

Department of Electrical and Computer Engineering 
King Abdul Aziz University 

Jeddah, Saudi Arabia 

J ~ , 

~~" .~~~I ~...".....".~ ~".~ ~~ .~~ ~ ~I ~I~ ~fi.=...l' ~Lo,J1l1 

~I ~~I ~Jljill ~lS..r:- tl~1 ~ ~.~ ~I"J u-'I ~~ 'i".4:1:-~" '~1>1..iS.I1 

.~G ~I.)..ii u-'I ~~ ~I d.I~" .~I ~I~ ~ ~~ t"~ u-'I ~~ 

i:?~ ~4 tfi.=...ll t;"u1 ~~" ~l.....:.dJ (~-",""WI tl~~) ~ (....,I.)~ ~I Il..\ ~ 

~ "1 .1.:Io.1"d.,rali:?:W1 t,;lll ~~" ~~ w!~) .JI;.jS~ i:?l.i11 ~t~,,:L.u~G ~.)~I 
, - ~ .)~I~" .J...,.c.:til .)~I~) t,;..ul.)~ ~ w.o JS1 (""'I.)..ul tll..\.:;u ..ii" .(aJl.:J1 tllA ~ 

.(~I 

~ •• '-4~A II ~' II. AIJ L:; 1._":. LA~ -:11 ~ -" JI,.,.",.,t'i1 ~ I' 4.JJI..t..o ~ ~li t :J C-- If u-o t."...... .) -~ ":!' :.F"'" .:J .) t - , 

.~I.)~ ~ ,,:j :. ~fI J.,ol..t..o" .tj...i.ll J,;.,J..o ~.).u J-ol..t..o :w.o ~ ~'iJI..t..o" dO);. 0 (""'I.)J ~j 

~I"j ~~ ~b w.o ~ (""'I.)..ul tllA ~ ..ii" .d.,r:-~ .)~ ~j..o:j J.,ol..t..o" .~~y-JI r:a t",;..J1 ~" 

~l:-bl~I" ~1.;l~U 4y.1 JlS..£'i1 w.o ~jW ~I t~ ~jW" .~.,rall .1.:Io.i ~.)..ii ~~" .JI,.,.",.,t~1 

.4:.c:.~ ~ -..;".".t:. ~ u.t.=.ll 

,. Address for correspondence: 
Department of Electrical and Computer Engineering 
King Abdulaziz University 
P.O. Box 9027, Jeddah 21413 
Saudi Arabia 

April 2000 The Arabian Journal/or Science and Engineering, Volume 25, Number lB. 31 



M. M. Al-Hindawi, Y. A. Al-Turki, and O. T. Al-Subaie 

ABSTRACT 

Phase-controlled converters are widely used because these converters are simple, less 
expensive, reliable, and do not require any communication circuit. Series motors are 
extensively used in many applications that require both high starting torque and essentially 
constant horsepower. This paper is concerned with the detailed study of the performance 
characteristics of an AC-DC full-controlled converter supplying two DC-series-motor 
loads. The converter-loads combination is simulated on a digital computer. Different modes 
of operation (continuous and discontinuous converter currents) are considered. The critical 
firing angle at which the mode of operation changes from one mode to another is deduced. 
The performance characteristics such as, input power factor, supply current distortion 
factor, supply current fundamental power factor, torque-speed, and motor current ripple 
factor have been derived and studied for both constant firing angle and constant load 
power of one motor. Waveforms for each load current and converter current are investigated 
for different modes of operation. 

Key words: Controlled rectifiers, AC-DC converters, Full-controlled converters, 
DC-Series-motor, Parallel loads. 
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ANALYSIS OF AN AC-DC FULL-CONTROLLED CONVERTER SUPPLYING 
TWO DC-SERIES-MOTOR LOADS 

1. INTRODUCTION 

Controlled rectifiers employing power thyristors form the large majority of static power converters. The thyristors are 
phase controlled to give variable direct voltage from an AC voltage source. The phase controlled converters are simpler 
and less expensive, and have faster time response, minimal required maintenance, higher efficiency, smaller size, less 
weight, and more reliable operation, as compared to forced commutated converters. They are extensively used in 
numerous domestic and industrial applications. In such converters, thyristor commutation (i.e. transfer of current from 
one thyristor to the next) is easily achieved by a process referred to as line commutation. No additional circuitry is 
required for the commutation process [1, 2]. 

Some researchers have studied converter performance connected to a passive load. Chung [3] presented a steady-state 
analysis of a two-branch resistance-inductance parallel circuit controlled by an AC switch. Al-Juhani [4] also made an 
analysis of an AC-DC converter supplying two-parallel inductive loads. Regarding the active load, Doradla and Sen [5] 
presented one of the early attempts to study solid state series motor drive. They made an evaluation of control schemes 
for a thyristor-controlled DC motor [6]. Harmonics presented by a converter supplying a single-motor has also been 
studied [7]. Most of the work reported in the literature is related to a converter supplying a single DC motor or two 
parallel passive loads. 

Series motors are extensively used in many applications that require high starting torque and that require essentially 
constant horsepower [8]. The presence of more than one motor connected in parallel is commonly met in practice. The 
analysis and performance of the phase-controlled converter with single motor load can not be applied in such a situation, 
unless all loads are of the same parameters, speed, and torque; a situation that is unlikely to be the case in practice. 

In this paper, analysis of a phase-controlled (AC-DC full-controlled) converter feeding two DC series motor loads of 
different parameters, speed, and load torque will be investigated. The steady-state analysis of this system will be 
obtained for each of the two modes of operation (i.e. continuous and discontinuous converter current). 

2. METHODOLOGY 

In order to evaluate the overall perfonnance of a converter-motors combination, certain perfonnance parameters for 
the DC motor and the input supply have to be considered. The paper will reach its goal via following stages. 

1. Study of the behavior of an AC-DC full-controlled converter supplying two DC series-motor loads through the 
derivation of the expressions for: 

(a) Converter current. 

(b) Motor current and its ripple factor. 

(c) RMS .value of the fundamental component of the supply current. 

(d) Input power factor. 

(e) Supply current distortion factor. 

(I) Supply current fundamental power factor. 

(g) Critical firing angle at which the mode of operation changes from one mode to the other. 

(h) Extinction angle of the discontinuous converter current. 

(i) Torque-speed characteristics for each motor. 

2. Preparation of a computer program (in Fortran) to compute system performance. 

3. Study of the results obtained. 

3. STEADY STATE ANALYSIS 

The circuit under consideration is shown in Figure 1, where SI, S2, S3, S4 are four power thyristors connected as a full 
converter. The sinusoidal voltage source is considered to have an rms value of V volts, frequency of wl21t Hz and zero 
internal impedance. The load consists of two parallel DC series motor loads. The supply and the motor currents are 
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controlled by changing the thyristors-firing angle. The supply current may be continuous or discontinuous depending on 
the firing angle, the load parameters, and motor speeds. Thyristors SI and S3 are fired at an angle a. relative to the supply 
zero voltage whereas S2 and S4 are gated at 1t + a.. Each of the two modes of operation will be treated separately. 

3.1. Continuous Mode 

In this mode, the converter current il is assumed to have a positive value at any instant of time. However, as the value 
of a. increases, the value of il at wt a. decreases until it reaches zero value at the so-called critical firing angle o.e . 

Beyond this critical firing angle, the converter current will be discontinuous. 

Throughout the period a. :5 Wt :5 1t + a., the voltage across each motor in the continuous mode is equal to the supply 
voltage, assuming zero drops across thyristors. This means that: 

(1) 

(2) 

where: iel and ie2 are the armature currents during the continuous mode. 

During this mode, the converter current lel equals the supply current ics ' and is given by: 

(3) 

If steady-state speed and magnetic linearity are assumed, and the armature circuit resistance Rat and inductance Lal 

include the resistance and inductance of the series field winding, the solution of Equation (I) is of the form: 

i = f2(VIZ)sin(wt-tI\)+K e<-(wt-U)IQ\)_(K N IR)(I_e(-(Wt-U)IQI») 
cl "'II L t 'f't cI rest It' (4) 

where: Rt = Rat + Ka/INI' KaJl and Kresl are constants of motor one, ZI ~ Rr + (WLal )2 ; $1 = tan -[ (wLa) I RI); 

Q\ wLal/Rt , Kcl =lcl-!2(VIZI )sin(o. $I);and lclis the initial value of iclatwt=o.. 

Under steady state operation, lei at Wt = a. equals that at wt = 1t + a. and is equal to: 

(5) 

+ 

v 

S3 

Figure 1. Terminal voltage control of two DC series motors by a single phase full-converter. 

The Arabian Journal/or Science and Engineering, Volume 25, Number lB. April 2000 



M. M. Al-Hindawi, Y. A. Al-Turki, and O. T. Al-Subaie 

The critical firing angle ac' which is the highest firing angle, for the continuous mode, satisfies the condition: 

Icl + Ie2 = 0 . 

Therefore, the critical firing angle ac is given by: 

Ct (KrestNt I Rt ) + (Kres2N2 I R2 ). 

For negligible values of Krest and K res2' ac (as expected) is independent of the supply voltage. 

The ripple factor of iel is given by: 

where I drills and I e1av are the rms and the average values of the motor current, respectively. 

The rms value of the fundamental component of the supply current is: 

and the phase angle of that component is given by: 

9=tan-t(act lbct ) , 

(6) 

(7) 

(8) 

(9) 

(10) 

where ael and bel are the amplitudes of the cosine and sine fundamental components of ies respectively in the 
continuous mode. 

The supply power factor is: 

Pf = (/'1 IIcsrms)cos9 , (11) 

and the supply current distortion factor is: 

Df = Ie! IIcsrms , (12) 

where I csrms is the rms value of the supply current. 

Full expressions for I e1rms' I c1av' I esrms' ael , and bel are given in the Appendix. 

3.2. Discontinuous Mode 

The discontinuous mode of operation occurs at firing angles greater than aC' In this mode, the current il increases 
from zero at wt = a to a maximum value and then decreases to become zero again at Wt = ~ which is referred to as the 
extinction angle. The angle ~ is, of course, < n+a. Thus, the current idl is zero for ~ ~ Wt ~ 1t + a . 

Throughout the period a ~ wt ~ ~, the load voltage is equal to the supply voltage. This means that: 

(13) 

(14) 
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During a:5 wt:5 B, the converter current id/ equals the supply current and is given by: 

(15) 

The solution of Equation (13) is of the form: 

i = r:;2(V 1 Z )sin(wt "') + K e(-(Wt-U)/,QI) - (K N 1 R )(1- e(-(wt-U)/QI») 
d1 "1/ L. 1 '1'1 d1 res I 1 1 ' (16) 

where: (17) 

and 11IJ is the initial value of idJ at wt = a. 

During the period B:5 wt:51t + a, the converter current is equal to zero, and idJ = -id2 . 

The motors are connected in parallel. Thus: 

(18) 

Solving (18), one obtains: 

idJ = (Kres2N2 -KresJN1)/(RJ +R2)+U:II-(Kres2N2 -KresJNJ)/(Rl +R2))e(-(Wt-J))/Q) (19) 

where: Q = w(Lal + La2 )/(RJ + R2), and 1:/1 is the initial value of idJ at wt= B and is given by: 

I' = ( '2v IZ )sin(A - '" ) + K e(-(J)-U)/Q,) - (K N 1 R )(1 e(-(J)-a)IQI») dl "1/ L. J I-' '1'1 dl re.~1 I 1 • 

At Wt = 1t + a, id I equals I d I . Therefore, from Equations (17), (19), and (20) one gets: 

Similarly: 

Idl = [«Kres2N2 - Kres,NJ)/(RJ + R2))(I-e<-(1t+a-/3)/Q)) + (.J2v 1ZI)(sin$ - <1>1) - sin(a -<1>1) 

e<-<jj-o:) I QI) )e(-(1t+u-/3)IQ) - (Kresl Nil RI )(1- e(-(jj-o:)I QI»)e(-(1t+u-/3)/Q)]/(l_ e(-(jj-o:)/<2J)e(-(1t+u-/3)/Q») . 

Id2 = [«KresINI - Kres2N2)/(RJ + R2))(I-e(-(1t+a-/3)/Q))+(.J2v 1 Z2)(sin(3-<I>2)-sin(a-<I>2) 

e(-(jj-o:)/<?:!»)e(-(1t+u-/3)IQ) -(Kres2N2 1 R
2

)(l-e(-(jj-o:)/Qz»)e(-(1t+U-/3)/Q)]/(1-e(-(jj-o:)/<?:!)e(-(1t+a-/3)/Q») . 

The extinction angle B is determined by the solution of the equation: 

Idl = -ld2 

And the critical firing angle at: can also be obtained when B is assigned to the value of 1t + a in (21), (22), and (23). 
The ripple factor of idl is given by: 

K drl = ~(lJlrms 1 IJlav) -1 , 

(20) 

(21) 

(22) 

(23) 

(24) 

where I dlrms and I dlav are the rms and the average values of the motor current respectively. The rms value of the 
fundamental component of the supply current is: 

Idf=~(aJI+bJI)/2 , (25) 

and the phase angle of that component is given by: 

8=tan-l(adl /bdl) , (26) 

where adl and bdJ are the amplitudes of the cosine and sine fundamental components of ics respectively in the 
discontinuous mode. 
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The supply power factor is: 

Pf = (/(1/ Ildsrms)cos8 , (27) 

and the supply current distortion factor is: 

(28) 

where I dsrms is the rms value of the supply current. 

Full expressions for felli-m,p I dlav' Idsrm,S' adl , and bell are given in the Appendix. 

The developed power is given by: 

P t ::;: K , .. N1 2 
t ' 1110 or ',aJ mo or,'m, (29) 

And the torque is obtained from: 

T =K
rf
,f 2 

motor a motor,ms (30) 

4. PERFORMANCE CHARACTERISTICS 

In order to study the performance characteristics of the system under consideration (full-converter supplying two 
series-motor loads), a computer program has been developed based on the equations derived in section 3. 

The following data of the load parameters are used: 

Motor one: Ral = 1.0 Q. 

Lal = 0.012 H. 

KaJl = 0.027 H. 

Kresl = 0.0273 V Irad/s. 

And the rms value of the supply voltage is V = 120.0 Volt. 

4.1. Computer Results 

4.1.1. Critical Firing Angle 

Motor two: Ra2 = 0.15 Q. 

La2 = 0.02 H. 

KaJ2 = 0.03 H. 

Kres2 = 0.075 V Irad/s. 

According to Equation (7), the variation of the critical firing angle Cle with respect to the speed of motor two, N2, for 
different values of that of motor one, N 1, is shown in Figure 2. It is noted that the critical firing angle Cle decreases as the 
speed of any motor or both is increased. 

4.1.2. Current Waveforms 

The waveforms of the converter current and motor current are obtained using Equations (3) and (4) in the continuous 
mode and using Equations (15), (16), and (19) in the discontinuous mode. These waveforms are shown in Figure 3a and 
3b for continuous mode and in Figure 4 for discontinuous mode. 

4.1.3. Torque-Speed Characteristics 

The torque speed characteristics (N2 versus n) at different firing angles are shown in Figure 5 keeping the speed N 1 
unchanged. The regions of discontinuous converter current are obtained by the dotted lines. As expected, the converter 
current is discontinuous at high values of the firing angle Cl, high speeds and low values of torque. 

4.1.4. Constant-HP Operation 

Series motors are normally used for constant-horsepower applications. However, the torque speed curves for a 
particular firing angle do not conform to constant power characteristics. If the motor is required to operate at a constant 
power level, the firing angle has to be adjusted accordingly [1], 
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Figure 2. The critical firing angle versus speed N2for different values of speed N1. 
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Figure 6 shows variation of firing angle a with respect to the speed N2 for different values of horsepower of motor two 
keeping the speed Nl unchanged. The critical firing angle is also indicated. Again the dotted lines indicate discontinuous 
converter current. Torque-speed characteristics of motor two for different horsepower levels of the same motor are that 
shown in Figure 7 keeping the speed Nl unchanged. These characteristics are drooping in nature. The system produces high 
torque at low speed and low torque at high speed. 

4.1.5. Supply Power Factor and Fundamental Power Factor 

The supply power factor and the supply fundamental power factor versus speed N2, for different values of firing angle a 
keeping the speed Nl unchanged are shown in Figures 8 and 9, respectively. These figures show that these factors decrease 
as the firing angle is increased. The variations of the supply power factor and fundamental power factor with respect to the 
speed N2 for different horsepower levels of motor two are shown in Figures 10 and 11, respectively keeping the speed Nl 
unchanged. When the motor is used for constant-horsepower applications, these figures show that the supply power factor 
and the fundamental power factor deteriorate with a decrease in speed. Also these figures show that these characteristics 
decrease as the load horsepower is decreased. 

4.1.6. Distortion Factor 

Figures 12 and 13 show the relation between the distortion factor and the speed N2 for different values of horsepower 
levels of motor two and for different values of firing angle respectively keeping the speed Nl unchanged. These figures show 
that the distortion factor increases as the load horsepower is decreased and as the firing angle is increased for 
continuous converter current mode. The opposite conclusions have been obtained for the discontinuous converter current 
mode. It is noted that the best value of the distortion factor is obtained when the firing angle equals the critical firing 
angle. 
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Figure 16. Current ripple factor of motor two versus 
speed N2 of the system operation at different values of 

horsepower levels of motor 2. at N 1 = 1000 rpm. 
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Figure 15. Current ripple factor of motor one versus 
speed N1 of the system operation at different values of 

firing angles, at N2=1500 rpm. 
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Figure 17. Current ripple factor of motor two versus 
speed N2 of the system operation at different values of 

firing angles, at N1=1500 rpm. 
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4.1.7. Ripple Factor 

The variation of the ripple factor of the current of motor one versus speed of the same motor for different values of 
horsepower levels and for different values of firing angle keeping the speed of the other motor unchanged are shown in 
Figures 14 and 15 respectively. The same relations for the other motor are shown in Figures 16 and 17. It is evident that, 
the ripple factor increases with the increase of either the firing angle or the speed of any motor. The ripple factor also 
increases as the load horsepower is decreased. Comparison of Figures 14 and 16 shows that the ripple factor increases as 
the motor armature circuit time constant, 't, is decreased. ('tJ = Lal/RaJ = 12m.sec and 't2 = La21R,,2 = 133.33m.sec). 

s. CONCLUSIONS 

In this paper, an AC-DC full-controlled converter supplying two DC series motor loads has been investigated. The 
steady-state analysis of the system has been derived analytically for each of the two modes of continuous and 
discontinuous converter current. In each mode, expressions for the converter current and its ripple factor, the input power 
factor, the motor currents and their ripple factors, the supply current distortion factor, the supply current fundamental 
power factor, and the torque-speed characteristic for each motor have been derived and studied. Also the critical firing 
angle at which the mode of operation changes from one mode to the other has been derived and investigated. In view of 
the analysis and results presented in this paper, the following conclusions have been inferred: 

• The critical firing angle decreases as the speed of any motor (or both) is increased. 

• The converter current is discontinuous at high values of the firing angle a, high speeds, and low values of 
torque. 

• The supply power factor and the fundamental power factor decreases as the firing angle is increased and as the 
motor horsepower is decreased provided that the motor speeds are unchanged. These factors increase as the 
motor speeds are increased provided that the motor horsepower is kept constant. 

• For the continuous converter current mode, the distortion factor has a high values at high values of firing angles 
and low values of the motor horsepower provided that the motor speeds are unchanged. For the same mode, the 
distortion factor also has high values at high values of the motor speeds provided that the firing angle is kept 
constant. The opposite conclusions have been obtained for the discontinuous converter current mode. The best 
values of the distortion factor have been obtained when the firing angles equal the critical firing angles. 

• The motor current ripple factor has a low values at low values of firing angles and high values of the motor 
horsepower provided that the motor speeds are unchanged. It also has low values at low values of motor speeds 
provided that the firing angle is kept constant. The motor current ripple factor increases as its armature circuit 
time constant is decreased. 
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APPENDIX 

Continuous Mode 

The average value of the motor current is obtained from: I clQV = (lin) Lfl+Q ic1do,H and is given by: 

and the rms value of the motor current is obtained from: Iclrms = (lIn) LJI
+

a 
;;Idrot and is given by: 

(A-2) 

Similarly, the instantaneous, average, rms value, and the ripple factor of ie2 are given by (4), (A-I), (A-2), and (8), 
respectively after replacing the subscript I by 2. 

The rms value of the supply current is obtained as: 

(A-3) 

It could be shown that rms value of supply current is given by: 

(A-4) 

where: 

and ad and bel are the amplitudes of the cosine and sine fundamental components of ies respectively and are given by: 

The Arabian Journal for Science and Engineering, Volume 25, Number J B. April 2000 



M.M. AIMHindawi, Y.A. AI-Turki, and O. T. AI-Subaie 

J
2TC+a 

acl = (I/1t) a ics cosOltdOlt 

-( /iv I Zl) sin CPl + (2Q12 1(1 + Q1
2 )1t)(Kcl + (K res I N I Rl »«11 Ql) cos a -sin a)(l + e<-TCIQI» 

+(4KreslNII1tRl)sina-(/iV IZ2)sinCP2 + (2Qi 1(1 + Qi)1t)(Kc2 + (Kres2N2I R2»«I/Q2) 

cos a- sin a)(1 + e<-TCIQ2» + (4K res2N 2 11tR2) sin a, 

f
2TC+a 

and by b cl = (1I1t) a ics sin Oltdrot , 

(.J2v I Z l) cos CPl + (2Q12 1(1 + QI
2 )n)( K cl + (K resl N I R) »«(11 Ql) sin a + cos a) 

(l+e<-TCIQI»-(4KreslNl/1tRdcosa+(/iv IZ2)cosCP2 +(2Qi 1(1+ Qi)1t)(Kc2 + 

(K res2N 2 I R2 »«11 Q2 )sin a + cos a)(1 + e(-TCIQ2» - (4K res2 N 2 11tR2) cosa. 

Discontinuous Mode 

lTC+a 
The average value of the motor current is given by: I dJav = (l/1t}J a id1 dOl t . Therefore: 

Idlav = (J'iv I Zln)[cos(a-CPJ)-cOS$-CP1)]+(Ql/1t)(Kd) + (Kres1N)I R1»(I-e<-<P--a)/G» + 

(Kres)N11 R)«a-J3)/1t) + «Kres2N2 - Kres) N1)/(R1 + R2»«1t+a-J3)/1t) + (QI1t) 

«(Kres2N2 - KreslN)/(RI + ~»-I~I)(e(-(TC+a--{i)/Q) -1). 

f
TC+a 

The rms value of the motor current is found to be: I dlnns = (lIn) a iJ1dOlt. Therefore: 

Idlnns = {(2V2/1tZ1
2)[$-a)/2+[sin2(a-<l>t)-sin2(J3-<l>t)]/4]+(2.J2V l1tZl)(KresINII Rt) 

[cos$-cp)-cos(a-<l>t)]+(2.J2V 11tZ1)«jf 1(1 + Qf»)(Kd1 + (KreslNII Rt»[e(-<P--a)/QI)(-(lIQl) 

sin(J3-<l>t)-cos(J3-<l>t»+«II Ql)sin(a-CPl)+cos(a-<l>t»]-(Q I 21t)(Kd1 + (KreslNlI Rl»2 

(e<-2(~a)/QJ) -I)+(QI/1t)(2Kdl(KreslNll RI)+2(KresIN11 R1)2)(eH P--a)/QI) -1) + (KreslNII Rl)2 

(J3-a) In + «Kres2N2 - Kres1NI)/(Rt + R2»2«n+a-J3) In) + (2Q 11t) [«Kres2N2 - Kres)N1) 

I(R1 +~»2 -1~1«Kres2N2 -KresINl)/(RI +R2»](eHTC+a-~)/Q) -1)-(QI2n)«(Kres2N2 -KreslNl) 

I(RI + ~»_1~1)2(e<-2<TC+a-~)/Q) -1) }112. 

(A-5) 

(A-6) 

(A-7) 

(A-8) 

Similarly, the instantaneous, average, rms values, and the ripple factor of id2 are given by (16), (19), (A-7), (A-8), and 
(24), respectively with the exception that the subscripts 1 and 2 are interchanged. 

The value of the supply rms current is obtained from: I dsrms = (lIn) S: i1 dwt . (A-9) 

Thus: I dsrms (A-IO) 
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Then rms value of the supply current is found to be: 

Idsrms = {(2V 2InZh[$- a) 12 + [sin2(a -4>1) -sin 2(~-4>1)]/4] + (2.J2V InZl)(KresINII Rl ) 

[cos$ - 4>,) - cos(a - 4>,)] + (2.J2V InZl )(Q,2 1(1 + Ql
2 »(Kd, + (K reslN,1 R, »[e<-</3-a)/'2I) (-(11 Ql) 

sin(~-4>I)-COS$-4>,»+ «IIQl)sin(a-4>,) +cos(a-4>I»] -(Q,/2n)(Kdl + (KresiNII Rl»2 

(e<-2<p-a)/Q() -1) + (Ql/n)(2Kdl(KresINII R1) + 2(Kres,Nl l Rl )2)(e<-</3-a)/QI) -1) + (KreslNll Rl)2 

(~-a)/n+ (2V 2InZi)[$- a)/2 +[sin2(a-4>2) -sin2(~-4>2)]/4] + (2.J2V InZ2)(Kres2N2 

I R2)[cos$ - 4>2) - cos(a - 4>2)] + (2.J2v InZ2 )(Qi 1(1 + Qi »(Kd2 + (K res2 N 21 R2»[e<-</3-0:)/Q2) 

(-(11 Q2 )sin$ - 4>2) - COS$ - 4>2» + «11 Q2 )sin(a - 4>2) + cos(a - 4>2 »] - (Q2/2n) 

(Kd2 + (Kres2N21 R2»2(e<-2<P-a)/~) -1) + (Q2In)(2Kd2(Kres2N21 R2) + 2(Kres2N21 R2)2) 

(e<-<P-O:)/Q2) -1) + (Kres2N21 R2 )2(~_ a)/n + (2V 2 InZlZ2)COS(4)2 -4>1 )(~ - a) - (V 2 InZIZ2) 

[sin(2~-4>2 -4>,) -sin(2a-4>2 -4>J)] + (2.J2V InZ2 )(KreslN11 Rl)[cos$-4>2) -cos(a -4>2)] 

+ (2.J2V InZl)(Kres2N21 R2 )[cos~-4>I) -cos(a -4>1)]+ (2.J2V InZ2)(Qll(1 + Ql» 

(Kdl + (KresINJ I R,»[e<-</3-a)/Q,) ( -(11 QI )sin(~-4>2) -cos(~- 4>2» + «11 Q1 )sin(a - 4>2) + 

cos(a - 4>2 »] + (2.J2V InZl )(Qi 1(1 + Qi »(Kd2 + (Kres2 N 21 R2 »[e<-</3-a)/Q2) (-(11 Q2 )sin(~- 4>1) 

- COs(~ - 4>,» + «11 Q2 )sin(a - 4>J) + cos(a - 4>1 »] + (2QIQ2 /n(QI + Q2»(Kdl + (K reslNll RI» 

(Kd2 + (Kres2 N21 R2»(I-e<-<Q,+Q2)(P-a)/'2IQ2» + (2Q2In)(KresINII R,)(Kd2 + (Kres2N21 R2» 

(e<-(P-O:)/Q2) -1)+ (2Ql/n)(Kres2N21 R2)(Kdl + (KreslNII R,»(e<-(p-a)lQ,) -1)+ (2/n) 

(Kres1N11 RI )(Kres2N21 R2)(~-a) }1I2. 

(A-II) 

and adl and bd1 are the amplitudes of the cosine and sine fundamental components of ids respectively and are given by: 

adl = (.J2v I 211Z1)[ cos(2a - cj)l) - cos(~ - cj)t) - 2«(3 - a) sin cj)d + 2(Q12 1(1t(1 + Ql »)(Kdl + 

(KreslN] I Rl »[e<-</3-«)/Q() (-(1/ Q1 ) cos (3 +sin(3) +«11 Q] )cosa- sina)]-(2Kres!N1/n:R1» 

(sin(3- sina) + (.J2v 1211Z2 )[cos(2a-cj)2) -cos(2(3 -cj)2) - 2«(3-a)sincj)2] + 2(Qi l(n(1 + 

Qi »)(Kd2 + (K res2 N 21 R2»[e(-(/3-«)/Q2) (-(1/ Q2 ) cos (3 + sin (3) + «11 Q2 )cosa - sin a)] -

(2Kres2N21n:R2»(sin(3-sina). and 

bd1 = (.J2v 1211Z1 )[sin(2a-cj)I) -sin(2(3-cj)I) + 2«(3-a)coscj)d + 2(QI2/(n(1 + Ql>))(Kd1 + 

(Kresl Nil RI »[i-(/3-a)/Q,) (-(1/ Q1 )sin (3 - cos (3) + «1/ QI )sin a + cosa)] + (2Kresl Nil n:RI » 

(cos(3 -cosa) + (.J2v 1211Z2)[sin(2a-cj)2) -sin(2(3-cj)2) + 2«(3-a)coscj)2]+ 2(Qi l(n(l + 

Qi »)(Kd2 + (K res2 N 21 R2 »[e(-(/3-«)/Q2) (-(1/ Qi )sin (3-cos(3) + «1/ Q2 )sina + cosa)] + 

(2K res 2 N 21 n:R2»( cos(3 - cos a). 
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