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ABSTRACT 

This paper is concerned with the two-dimensional steady state machining process 
in which the direction of motion of the tool is perpendicular to its cutting edge. 
Since plastic deformation is generally confined in a narrow zone of intense shear 
under normal cutting conditions, a simple shear plane model is assumed in the 
theoretical analysis. It is shown that, for most engineering materials, a region 
below the shear plane is brought to the yield point by the cutting action, while the 
chip material is non-plastic due to its elevated yield stress. The theoretical model is 
used to estimate the mean thickness of the shear zone and the associated mean 
strain rate, a knowledge of which is essential for checking the validity of the shear 
angle formula. 
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ON THE ESTIMATION OF SHEAR PLANE ANGLE AND MEAN STRAIN RATE 
IN TWO·DIMENSIONAL MACHINING 

INTRODUCTION 

In the orthogonal machining of metals, a wedge
shaped tool having a straight cutting edge moves per
pendicular to this edge and parallel to the surface of 
the workpiece. If the depth of cut is small compared 
to its width, the process is effectively one of plane 
strain. Depending upon the material properties and 
cutting conditions, the chip can be either continuous 
or discontinuous. For the continuous chip formation, 
the problem can be considered as one of steady 
state, which is by no means unique. It is mainly this 
two-dimensional steady state process that has been 
frequently discussed in the literature for theoretical 
treatments. 

The simplest theoretical asssumption for the 
cutting process consists of a simple shear deforma
tion across a straight shear plane AB extending from 
the tool to the surface of the workpiece (Figure 1). 
Assuming that the work done per unit volume is a 
minimum, Merchant [1] derived the formula. 

7r
4> = 4" - V2 (A a), (1) 

where 4> is the shear plane angle, a the rake angle of 
the tool, and A an average angle of friction between 

h 

the chip and the tool. Unfortunately, the shear angle 
predicted by (1) does not agree well with experi
mental results. Lee and Shaffer [2] assumed that the 
chip is stressed to the yield point in a triangular 
region adjacent to the shear plane, the deformation 
still being caused by a simple shear across AB. Using 
the theory of slipline fields, they obtained the shear 
angle relation 

(2) 

which has also been found to be in poor agreement 
with experiment. Hill [3] has shown that for an 
ideally plastic material, the shear plane angle must 
lie within a certain range in order that the yield limit 
is nowhere exceeded. Merchant's solution lies 
outside this range (except for 4> = 7r / 4), while Lee 
and Shaffer's solution forms one boundary of it. The 
last-named authors also proposed a built-up nose 
solution that involves a certain coefficient of friction 
between the bottom of the nose and the machined 
surface. Since an independent determination of this 
coefficient is lacking, no satisfactory comparison of 
the theory can be made with experiment. 

B 


Figure 1. Geometry of Orthogonal Machining Involving a Single Shear Plane. 
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Rowe and Spick [4] used a kinematic approach to 
derive the shear angle relationship without reference 
to a coefficient of friction. Their analysis is equiva
lent to minimizing the cutting force with respect to 4> 
under the condition that the frictional force trans
mitted by the tool is a constant. Work-hardening has 
been considered by Palmer and Oxley [5], and later 
extended by Roth and Oxley [6], using a modified 
form of the Hencky equations and an experimentally
determined velocity field. A finite element solution 
has been recently put forwarded by Iwata, Osakada, 
and Terasaka [7]. 

Curled chips have been considered by Christo
pherson [8], Kudo [9], and Dewhurst [11] among 
others. Assuming that the chip is curled at the outset 
and the curled chip rotates as a rigid body after the 
material is sheared across a cylindrical surface, 
Christopherson derived a set of equations from 
which the relevant parameters of the cutting process 
can be evaluated. Of greater theoretical interest is 
Kudo's simple slipline field solution for an ideally 
plastic material. The work -chip interface is taken as 
a curve, a part of which is a circular arc. The mate
rial in the region covered by the field deforms in such 
a way that the chip is forced to curl as it leaves the 
tool. The solution requires a variation of the fric
tional stress along the tool face. A slightly modified 
slipline field has been proposed by Dewhurst [11], 
who employed the matrix method for analyzing the 
problem. 

One of the main reasons for the discrepancy 
between theory and experiment is the total neglect of 
strain-hardening in the customary treatment of the 
machining process. Most of the published solutions 
including strain-hardening are either semiempirical, 
or far too complicated for practical purposes. The 
present investigation is based on a solution of the 
shear plane type given by Chakrabarty [12], in which 
the ability of the material to work-harden is allowed 
for in an implicit manner. The resulting shear angle 
relationship is presented in this paper for complete
ness, and used to obtain the mean strain rate in the 
shear zone of the machining process. 

SHEAR ANGLE FORMULA 

It is assumed, as usual, that the cutting speed is 
sufficiently high, so that the deformation can be 
reasonably approximated by a single shear plane. 
Since the engineering shear strain experienced by the 
material is usually greater than 2.0, it is evident that 
the fully hardened material above the shear plane is 

likely to be everywhere below the yield limit. It is 
reasonable, therefore, to look for the possibility of 
a portion of the workpiece immediately below the 
shear plane being stressed to the yield point. The 
material, on crossing the shear plane, partially 
unloads so as to become non-plastic. Both the yield 
stress and the maximum shear directions must be 
regarded as discontinuous across the assumed shear 
plane, which coincides with a slipline for the work
piece material. Indeed, if the maximum shear direc
tions were to be continuous, the different values of 
the shear yield stress across the shear plane would 
violate the condition of tangential equilibrium. In a 
real metal, the yield stress would vary continuously 
through a narrow zone of intense shear, the limit of 
which coincides with the shear plane. 

The proposed slipline field (Figure 2) contains a 
stress discontinuity AD which separates two regions 
of constant stress. In the triangular region ADE, the 
sliplines meet the stress-free surface AE at 45°, while 
in the remainder of the field, the sliplines are parallel 
and perpendicular to the shear plane. It follows from 
the Geiringer equations and the boundary conditions 
that no deformation occurs in ABCDE, although it is 
at the yield limit. Hence there is no strain-hardening 
in this region either. Since the sliplines are reflected 
in the discontinuity AD, it follows from geometry 
that the angle which the a-lines make with AD 
is e = 7r /8 4>/2. The jump in the hydrostatic 
pressure across AD is 

2k sin 29 = 2k sin Or - <1> ) , 

where k is the initial shear yield stress of the material 
at the appropriate temperature. Since the hydrostatic 
pressure along the free surface AE is equal to k, the 
normal pressure acting on the shear plane is: 

Although a centered fan field seems more appropriate 
for 4>::s 7r / 4, a slightly better agreement with experi
ment is provided by the discontinuous field, and 
consequently (3) will be used for all'values of the 
shear angle. 

The line of action of the resultant tool force is 
inclined at an angle A. - a + 4> with the shear plane 
(Figure 1). Since the tangential stress across the 
shear plane is equal to k, the normal pressure on this 
plane is 
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p = k tan (A - a + $) . (4) 

From (3) and (4), the required shear angle relation
ship can be expressed in the form 

1 +V2 cos $ 
tan (A - a) = tan ( 1T / 4 + $) + V2 sin $' (5) 

which shows that $ depends only on the difference 
A - a, in accord with the experimental observation. 
The variation of $ with A- a predicted by (5) is evi
dently non-linear, but the departure from linearity is 
very small. The shear angle $ would be mariginally 
increased for a given A- a > 0 if the discontinuous 
stress field is replaced by a continuous one involving 
a centered fan in the range $~1T/4. 

The component of the tool force in the direction of 
cutting, known as the cutting force, is most conven
iently obtained by considering the forces acting on 
the shear plane. Since there is a shear stress k and a 
normal pressure p acting uniformly on AB, the 
horizontal force (per unit width) transmitted across 
AB is 

F = kh(p+k cot $) , 

where h is the depth of cut. Substituting for p from 
Equation (3), we obtain 

~ = 1 + 2 sin (~ - cl>) + cot cl> , (6) 

which is again a function of $. From (5) and (6), the 
dimensionless cutting force FIkh can be calculated 
for any given A and a. For a given depth of cut, the 
cutting force rapidly increases as the shear plane 
angle decreases. From the geometry of Figure 1, the 
ratio of the chip thickness t and the depth of cut h is 

t cos ($-a) 
(7)It = sin $ 

Equations (5) and (7) give the ratio t/ h as a function 
of A and a. The length BG in Figure 2 may be con
sidered as approximately equal to the length I of the 
chip-tool contact in the machining process, and an 
expression for 1/h may be written down from simple 
geometry. 

RANGE OF VALIDITY 

It is easy to show that the rigid workpiece material 
near corner B remains non-plastic. The condition 
under which the yield criterion is not violated within 
the chip will now be examined. The stress will be dis
continuous across AB, since the yield stress itself is 
discontinuous, which means that AB is not a slipline 

·Figure 2. Slipline Field for Orthogonal Machining of a Work-Hardening Material. 
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for the material immediately above the shear plane. This is a quadratic in pik, and the solution is: 
The stress is assumed to be a uniform compression q 
in the triangular region ABG, where AG is a stress 
discontinuity inclined at an angle 'Tf 12 'A to the tool 
face. AG is therefore parallel to the resultant tool 
force. The material beyond AG is assumed stress
free. It is easy to see that the frictional condition on 
the tool face is then automatically satisfied. The fact 
that the shear stress must be continuous across AB 
gives 

q 2k cosec 2 ('A Ct +4» , (8) 

the stress state in ABG will be statically admissible if 
q $ 2k', which is the plane strain uniaxial yield stress 
in this region. Evidently, k' depends on the mean 
strain rate and temperature in the shear zone, as well 
as on the total engineering shear strain '\( having the 
magnitude [14] 

cos Ct 
(9)'\( = sin 4> cos (4) - Ct) • 

Since the validity of the solution requires the right
hand side of (8) not to exceed 2k', the inequality 

k' ~ k cosec 2 ('A - Ct + 4» 

must be satisfied for all possible values of 'A and Ct. 

Using (5), the above inequality can be written entirely 
in terms of 4> as: 

k' 1- sin 24> 
-k ~ 1 + (10)1 + 2 sin ('Tf I 4 - 4» , 

As 4> decreases from 45°, the right-hand side of (10) 
slowly increases from unity, approaching the value 
V2 as 4> tends to zero. The right-hand side also 
increases when 4> increases from 45°, but the value 
of this expression is less than 1.5 for 4> < 63° or 
A Ct> -42.r. The inequality will therefore be 
satisfied in most cases of practical interest. 

If the ratio k' /k is such that the inequality (10) is 
violated, the region ABG will be stressed to the yield 
point, and the workpiece will be entirely non-plastic. 
The Ct -lines in the plastic region ABG must be 
inclined at an angle 'Tf I 4 - 'A to the rake face of the 
tool. The normal pressure across AB is no longer 
given by (3), but can be determined from the yield 
condition q 2k' in ABG, and the fact that the 
shear stress across AB is still equal to k. The 
elimination of 'A Ct + 4> between (4) and (8) then 
furnishes [13] 

~ = ~ ± J{(~r -I} . (11) 

When plk is known from (11), the shear plane angle 
is obtained from the formula: 

4> = tan -} l!. (A - Ct) , (12)
k 

in view of (4). It may be noted in passing that (1), 
(2), and (5) are contained in (12) as special cases. 
Since k'ik depends on the mean strain rate and tem
perature, both of which are functions of 4>, a process 
of trial and error will be necessary to obtain con
sistent values using (11) and (12). For a given A - Ct, 

the computed value of 4> will be lower than (5), but 
higher than (2). For a given value of k'lk, the shear 
angle relationship furnished by (11) and (12) repre
sents a straight line parallel to that given by (2), 
and terminating at a point on the curve represented 
by (5). 

The shear plane angle 4> predicted by the present 
theory is shown by the solid curve, Figure 3, as a 
function of 'A - Ct for 4> $ 45°. The curve lies between 
the broken straight lines which correspond to the 
shear angle relations due to Merchant and Lee and 
Shaffer. The predicted curve is tangential to the 
upper broken line at 4> 45°, where 'A Ct according 
to all the three theories. The experimental results of 
Merchant [1] and Thomsen et al. [15], covering a 
wide range of values of 'A and Ct at various cutting 
speeds, are also plotted for comparison. It is evident 
that the agreement between the calculated and 
observed values of angle 4> is generally good for the 
present shear angle relationship. Figure 4 shows the 
variations of the specific cutting force Flkh and the 
specific chip thickness tlh with the rake angle Ct and 
the angle of friction 'A. 

STRAIN RATE AND TEMPERATURE 

The shear plane may be considered as the limit of 
a narrow transition region of variable thickness, 
through which the strain-hardening of the material 
and the subsequent unloading take place rapidly in a 
continuous manner. Since the direction of the maxi
mum shear stress in the region ABG makes angle of 
'Tf/4 with AG, the shear plane AB is inclined at an 
angle 
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to the maximum shear direction in the chip material 
adjacent to the shear plane. The numerical computa
tion based on Equation (5) reveals that 13 varies from 
oto 16° as X. -a increases from 0 to 40°. The thickness 
of the transition zone does not therefore vary signif
icantly according to the present theoretical model. 

It is reasonable to suppose that the path of the 
particles crossing the transition zone rotates through 
an angle 13/2 during the loading, while the remaining 
angle 13/2 is required for the partial unloading. 
In other words, the upper boundary of the shear 
zone is inclined at an angle 13/2 to the shear plane 
AB (Figure 5). Hence, the mean thickness of the 
shear zone is 

""" 13 
~ 
0 

~ 
' 20 
-e-

10 

0 

LEE AND SHAFFER 

10 20 

A- a (DEGREES) 

5 (a + 1J4 I3h) cosec 4> 

= {a + HA -(X + <I> ~)} cosec <1>, (13) 

where a is the projection of the shear zone thickness 
at point A along to the direction of cutting. The mean 
strain rate in the zone of shear is approximately 
equal to v/5, where v is the magnitude of the veloc
ity discontinuity across the shear plane AB. Since 
v = U cos a/cos (4) - a), where U is the cutting 
speed, we obtain 

v 4 U cos a sin 4> sec (4) - a)- (14)8 4a+h(X.-a+4>-1T/4) , 
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Figure 3. Shear Angle Relationship in Orthogonal Machining and Comparison with Experiment. 
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in view of (13). Available experimental results . 4U cos 0. sin <t> sec ( <t> - 0.) 


tend to suggest that the ratio al h has an approx· 'Y = h(O.S + A 0. + <t> - 'IT / 4) (15) 

imately constant value over a wide range of cutting 

conditions. Assuming a = h18, which makes It would be interesting to consider the significance 

the above formula agree with Stevenson and of the above formula in relation to the assumption 

Oxley's empirical formula [16] when A - 0. = 0, made by Stevenson and Oxley that the mean thick

the expression for the mean strain rate is finally ness &of the shear zone is proportional to its length 

obtained as b. According to the present theory, 


9~--------~--------~--------~--------~--------~ 

7~---------+----------~----------+---------~----------~ 

3~~-------+----~~~~----------~~~----~----------~ 

1 
-10 o 10 20 30 40 

a (DEGREES) 
Figure 4. Variation of the Dimensionless Cutting Force with the Rake Angle for Different Angles of Friction. 
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1_a 

Figure 5. Geometry of the Assumed Shear Zone in Orthogonal Machining. 

B 


b h 4 
'& = '& cosec <t> = 0.5 +'" - Cl + <t> 

which shows b/& varies with the parameter'" - Cl. 

This result is in agreement with the experimental 
observation of Stevenson and Oxley [16], although 
these authors suggested a constant value C for the 
ratio b/&. In Figure 6, the mean strain rate given by 
(15) is compared with that given by the empirical 
formula 'Y Cv/ b with C 6.5, which is a suitable 
mean value of the multiplying factor. The mode of 
variation of the strain rate predicted by the present 
theory appears to be more realistic. Hastings, 
Oxley, and Stevenson [17] computed the mean strain 
rate in their machining theory on the basis of their 
empirical formula, which seems to be a rather poor 
approximation. 

The yield stress of the material crossing the shear 
zone depends not only on the strain and the mean 
strain rate, but also on the mean temperature in the 
shear zone. This mean temperature exceeds the 
original temperature of the workpiece by the amount 
0.5 AT, where A T is the rise in temperature given by 
[13]: 

hi 
u 

10~----~----~-----~-----

81-----+----t----;:;-----::~------I 

2~---t----+-----+---~ 

0"-----'----'------1-------' 
-10 0 10 20 30 

0: (DEGREES) 

Figure 6. Influence of Rake Angle and Angle of Friction on 
the Mean Strain Rate i Orthogonal Machining. 
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T}F 	 { sin 1\ sin <p }ilT = - 1 -	 16
hpc cos (I\-a) cos(<p a) ,( ) 

where F is the cutting force, p the density of the 
workpiece material, c its specific heat, and T} the 
proportion of the generated heat that is convected 
into the chip. The parameter T} may be obtained 
from an experimental curve derived by Boothroyd 
[18]. The shear yield stress k' of the chip material 
may be computed from the power law k' B-'( 
where the constants Band n are experimentally 
determined for the computed values of the mean 
strain rate and temperature. 

Usui and Takada [10] calculated a range of values 
of a nominal shear angle <p using a slipline field 
proposed by Kudo [9]. The field is defined by several 
independent parameters which cannot be uniquely 
determined from an average angle of friction 1\. 
Their theoretical results, which apply to a non
hardening material, form a wide band in the plot of 
<p against 1\ - a. Although the available experi
mental points fall within this band, it is hard to see 
how the results may be used for a quantitative 
estimation of the shear plane angle in any particular 
situation. 

CONCLUSIONS 

The shear angle formula (5) is independent of the 
precise strain-hardening characteristic of the mate
rial so long as inequality (10) is satisfied. The shear 
yield stress k' of the fully hardened material, under 
the mean strain rate and temperature existing in the 
neighborhood of the shear plane, must be deter
mined in order to check the validity of (5). In excep
tional cases, when inequality (10) is violated, 
Equations (11) and (12) should be used to compute 
the shear plane angle. The theory shows in a quanti
tative manner how an appropriate inclusion of the 
effects of work-hardening, strain rate, and tempera
ture enables us to predict the shear plane angle that 
is in agreement with the experimental measurement. 

It is important to note that the shear angle rela
tionship (5) applies to most cases of practical metal 
cutting, since the intense shearing of the material 
crossing the shear plane would almost invariably 
elevate the yield stress of the chip to a value well 
above that of the workpiece. Only in exceptional 
cases, when the degree of work-hardening of the 
material is not able to outweigh the degree of thermal 
softening to the extent required by inequality (10), 
will the shear plane angle be given by equations (11) 
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and (12). According to the present theory, the shear 
plane relation is always represented by a point lying 
between the solid curve and the lower broken line 
shown in Figure 3. This conclusion is supported, 
within experimental error, by the measured values of 
the shear plane angle published in the literature over 
a wide range of cutting conditions. The predicted 
value of the shear plane angle depends, however, on 
the accuracy of the value of k' /k determined from 
the computed strain rate and temperature of the 
material crossing the shear plane. 
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