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ABSTRACT 

An exact solution is obtained for the unsteady motion of a non·Newtonian 
electrically conducting, incompressible fluid under the action of a transverse 
magnetic field between two infinitely extended parallel plates, when the upper 
plate is moving with uniform velocity and the lower plate is performing linear 
oscillations in its own plane. The results are interpreted with the aid of graphs. The 
skin friction at the lower plate is obtained. 
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UNSTEADY MOTION 	OF A SECOND-ORDER MAGNETOHYDRODYNAMIC FLOW 
BETWEEN TWO PARALLEL PLATES 

INTRODUCTION 

The exact solutions of the Navier-Stokes equa­
tions for the flow near a plate with impulsive and 
simple harmonic motion have been discussed by Pai 
[1]. The unsteady motion of a viscous incompressible 
fluid due to periodic pressure gradients in different 
geometries has been investigated by Sexel [2], 
Uchida [3], Verma [4], Drake [5], Dube [6], and 
Gupta and Goyal [7]. 

The problem of unsteady flow and temperature 
distribution of a viscous incompressible fluid be­
tween parallel plates has recently been considered by 
Verma and Gaur [8], who have improved the results 
of Gupta and Goyal. Unsteady flow of non­
Newtonian fluids, which is of vital interest, has also 
been investigated by several researchers, following 
Rosenblat [9], who investigated the flow induced in a 
viscous fluid from small torsional oscillations of two 
infinite discs when (a) one disc is oscillating and the 
other is at rest and (b) both discs oscillate with same 
frequency but with p,hase difference of 1800. Rajes­
wari [10] extended the analysis for Reiner- Rivlin 
fluid. Bhatnagar and Rajeswari [11] and Srivastava 
[12] have studied the same problem for a special class 
of the Rivlin - Ericksen 'second order' fluids, while 
Frater [13] has discussed only the first case for an 
Oldroyd fluid. Bhatnagar and Rajeswari have found 
that a reversal of the direction of the steady 
secondary flow is a characteristic feature of the 
Rivlin- Ericksen fluid. This phenomenon has also 
been predicted by Frater for an Oldroyd fluid with 
elastic parameter a < V3 and critical range of fluid 
parameter. S. Verma and Rajvanshi [14] have stu­
died the same problem (both cases being discussed) 
for a Maxwell fluid and they have observed no 
reversal of flow, contrary to the reversal of flow as 
established by Frater for an Oldroyd fluid. 

Rudraiah [15] studied the velocity distribution and 
the skin friction for a semi-infinite incompressible 
conducting Newtonian fluid bounded by a non­
conducting flat plate in the presence of a uniform 
transverse magnetic field. Also, Sachet and Bhatt 
[16] have studied the flow of second order fluid 
through parallel discs. In a similar manner, Sound­
algekar [17], Soundalgekar and Desai [18], and 
Rajagopal and Gupta [19-21] have studied some 
problems in this field. 

In the present work we consider the unsteady 
motion of a second order magnetohydrodynamic 
flow between two infinitely extended parallel plates 
when the upper plate is moving with uniform velocity 
and the lower plate is performing linear oscillations 
in its own plane. It is assumed that a magnetic field 
perpendicular to the plates is present, that no 
external electric field is imposed, and that the 
magnetic Reynolds number is very small. The 
technique of Laplace transform has been employed 
to obtain the velocity distribution, which has been 
shown graphically in different cases to show the 
effects of magnetic field and oscillations; so also the 
coefficient of skin friction at the lower plate is 
obtained. 

FORMULATION OF THE 	PROBLEM 

We consider the flow of a second order magne­
tohydrodynamic fluid contained between two infinite 
parallel plates at a distance of Yo from each other. 
The origin is considered to be on the lower plate 
along which the x-axis is taken and perpendicular to 
it and through the origin the y-axis is considered. The 
motion of the second order magnetohydrodynamic 
fluid is brought about by the forces given to the two 
plates. Initially the upper plate is assumed to be 
moving with a constant velocity U, and then from a 
certain instant, the lower plate starts executing 
simple harmonic motion, in its own plane, of the type 
V eW with amplitude V and frequency n. 

The constitutive equation of an incompressible 
second order fluid has been given by Coleman and 
Noll [22] as 

Tij = JAA(l)ij+ JLIA(2)ij+ ~(l);tA(l)kj (1) 

where 

A (l)ij = Vi,j+ Vj,i 	 (2) 

A (2)ij = a;,j+aj,;+2vm,;vm,j (3) 

and 

Sij = Tjj - Pgjj 	 (4) 

such that Sij is the stress tensor; gij the metric tensor; 
Vi and a j the velocity and acceleration vectors 
respectively; P the pressure; and JL, ....., and Jl.2 
material constants (the coefficient of ordinary visco­
sity, the coefficient of viscoelasticity and the coeffi­
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cient of cross viscosity respectively). The momentum 
equations for the unsteady incompressible flow are: 

a~ ") " P - +vlv"" = -P '+T~ '+e""kJBk (5)at 1,1 ,I 1,1 II I( 
and the equation of continuity is 

(6) 

where T{ is the stress tensor, P the density, eijk is the 
alternating tensor, comma denotes covariant dif­
ferentiation, Jj (lx, Jy, JJ current density, and Bk (Bx, 
By, Bz) magnetic flux density. Since the motion is a 
plane one and the plates are infinite we may assume 
all physical quantities to be independent of x and z. 
Also we assume that the electrical conductivity cr is 
small so that the perturbation in the magnetic field 
may be neglected. Similarly, we assume that there is 
no external electric field. Finally from all the above 
assumptions the equations of motion take the 
following formula: 

au ap* a2u a3u 2 

Pat = ----ax + J.l. ai + J.l.latai - crBo u (7) 

and 

0= _ ap* (8)
ay 

where P* is the modified pressure (Bhatnagar [23]) 
given by 

(9) 

a2p*
Equation (7) shows that ax2 = 0, hence 

ap* 	 ap* 
--= a constant. Now -a2 = 0, only because ax 	 x 
the motion is purely due to the shear of the moving 
plate, and hence Equation (7) reduces to: 

Introducing the following non-dimensional variables: 

u* = u/V, y* = Y/Yo, t* = tV/yo, (11) 

Equation (10), after dropping the asterisk, becomes 

(12) 

where 

Reynolds number 

a = J.l.l V/J.l.Yo, 	 non-dimensional parameter govern­
ing elastico-viscosity of the fluid. 

Ha= Boyoj(cr/J.l.), Hartmann number (13) 

METHOD OF SOLUTION 

In order to solve Equation (12), we assume the 
expression for the velocity as: 

(14) 

where uo(y) and u1(Y,t) are respectively the steady 
and unsteady part of the solution of Equation (12). 

Substituting Equation (14) into Equation (12) and 
equating steady and unsteady terms on both sides, 
we get the following differential equations: 

d2uo _ 2 
(15)di - Ha Uo 

and 

(16) 

SOLUTIONS OF EQUATIONS 

Equation (15) is to be solved subject to the 
following boundary conditions: 

Uo= 0; at y = 0 

uo = 1; at y = 1 (17) 

Its solution is: 

sinh yHa 
(18)uo(y) = sinh H 

a 

Now in order to solve Equation (16), we define the 
Laplace transform 

U1(y,A) = re-Xlul(y,t)at~ A > 0 (19) 

Equation (18) is to be solved subject to the following 
boundary conditions 

iNl ;U 1 = ~ e at y = 0, (~= V/V and N = nyo/U) 

at y = 1, t> 0 

at t = 0, for all y (20) 

where the real part of ~ eiNI is to be considered. 

Multiplying both sides of Equation (16) by a e -Xl 
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and integrating between the limits 0 to 00, we have boundary conditions (22) is: 
the Laplace transform of Equation (16) as 

R A+Elll2 } _ J1 sinh ~A+1 a (1 - y)(PUI Ri... +H~ - - 0 (21) {I
ay2 - a A+1 Ul- (23)

U1(y,A) = . . 1ReA+H;]ll2 
(A - iN)smh aA+1and the transformed boundary conditions are 

-U I J1 at y = 0 The inverse Laplace integral of Equation (23) is 
A-iN evaluated by transforming the path of integration 

= 0 at y 1 (22)ul into a closed contour and applying the calculus of 
Now the solution of Equation (21) subject to residues [24]. Hence we .obtain Equation (24). 

where 
_ ( (aReN2 +H~)+ i(ReN - H;aN) )112 (25)AO- (1+a2~) 

Collecting the real part of Equation (24) and using Equation (18), Equation (14) becomes: 

sinh yHa [. { . ( ) ( )
U = . h H +J1 smh A cos B smh A 1 - Y cos B 1-Y cos Nt 

sm a 


- cosh A(I-y)sin B(1-y)sin Nt}+cosh A sin B{cosh A(1-y)x 


where _I (aReN2+H~)+[(R;~+H!)(1 +a2N2)]1I2]112 
A - 2(1 +a!N2) 

ReN-H;aN
B= 

Some values of U are shown in Table 1. 

Table 1. Values of u, Calculated from Equation (26) For a-I, RII=2 and t=0.5 

Nt= -rr/2 Nt 3-rr/4 Nt=-rr Nt = 5-rr/4 Nt = 3-rr12 Nt = 7-rr/4 Nt= 2-rr 

~=0.5 ~=1 ~=0.5 ~=1 ~=0.5 ~=1 ~=0.5 ~=1 ~=0.5 ~=1 ~=0.5 ~=1 ~=0.5 ~=1 ~=0.5 ~=1 ~=0.5 ~=1 ~=0.5 ~=1 

Ha=1 Ha=4 Ha=1 Ha=4 Ha=1 Ha=4 Ha=4 Ha=4 Ha=4 Ha=4 

y uX 10-2 

0 0 0 0 0 -35 -70­ -35 -71 -50 -100 -50 -100 -35 -71 0 0 35 71 50 100 
0.2 20 23 14 23 -14 -44 -20 -44 -29 -74 -29 -74 -35 -71 -8 -19 31 58 43 82 
0.4 39 43 23 37 11 -13 -2 -14 -3 -40 -18 -44 -22 -53 -8 -24 29 49 42 75 
0.6 58 62 32 43 37 20 6 -8 27 1 1 -18 -3 -26 4 -11 33 46 44 67 
0.8 78 80 52 58 67 59 43 41 62 48 35 25 33 21 36 26 49 52 57 70 
1.0 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 
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COEFFICIENT OF FRICTION 

The coefficient of friction is given by the following expression: 

au a2u 
C=-+a- (27)

f ay atay 

Thus at the lower plate, we have from Equation (26) and (27) 

(Cf)y=O = . ~aH +(3[sinh A cos B{P(cos Nt-aN sin Nt)
sm a 

+ Q(sin Nt+aN cos Nt)}+cosh A sin B{p(sin Nt+aN cos Nt) 

+ QaN sin Nt-cos Nt)}]/{sinh2A cos2 B+cosh2 A sin2 B} 

(28) 

where 

p = B sinh A sin B-A cosh A cos B, 

Q = A sinh A sin B + B cosh A cos B. 

Some values of Cf are shown in Table 2. 

Table 2. Values of Cf , Calculated from Equation (28) For «=-1, H.=I, ~=0.2, O.S, I, I.S, 2 

Nt 
Cf 

~=0.2 ~=0.5 ~=1 ~=1.5 ~=2 

7r/2 0.69 0.45 0.05 -0.35 -0.75 

37r/4 0.91 0.99 1.13 1.1 1.41 

7r 1.18 1.67 2.,48 3.29 4.11 

57r/4 1.33 2.04 3.23 4.42 5.61 

37r/2 1.27 1.89 2.95 4 5.1 

77r/4 0.98 1.17 1.5 1.8 2.1 

27r 0.54 0.08 -0.68 -1.4 -2.2 

DISCUSSION 

On putting Ha = 0, the velocity expression (26) 
reduces to the solution of the same problem without 
magnetic field obtained by Sacheti and Bhatt [25]. 
The following particular case may be derived from 
Equation [26]. When the lower plate is kept at rest, 
i.e. (3 =0, we get from Equation (26), u =sinh yH/ 
sinh Ha. Also in the absence of magnetic field 
(Ha= 0), the well-known Couette flow is obtained 
(u =y). The velocity profiles (26) have been shown 
graphically in Figures 1-4 for Ha = 1, 4 and (3 0.5, 

1. Figure 1, represents the velocity profiles plotted 
against y for different values of Nt. The oscillations 
set up by the lower plate are affected by the motion 
of the upper plate. It is clear from Figure 2 that the 
curve decreases as the Hartmann number increases. 

The coefficient of skin friction at the lower plate 
has also been plotted against Nt (Figure 5) and the 
curve increases as the amplitude of the oscillations of 
the lower plate increases. 

It is clear that the effect of an magnetic field on the 
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Figure 1. Velocity Profiles Plotted Against y for a.= -1.0, Re =2, and Ha=1. 

1.0 
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For Hs -4.0 
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-O.B -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 O.A 1.0 

Figure 2. Velocity Profiles Plotted Against y for a = -1.0, Re = 2, and ~=1. 
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Nt Nt 

271 27f 

For..B =1.0 

1.0 

1.0-1.0 0.0 

Figure 4. Velocity Profiles Plotted Against Nt for a= -1.0, 
Re=2, and 13=1.0. 

1.0 

Figure 3. Velocity Profiles Plotted Against Nt for a = -1.0, 

Re=2, and 13=0.5. 


Nt 

0.0 1-8 -7 -6 -5 -4 -3 -2 -1 

Figure 5. Coefficients of Skin Friction Plotted Against Nt where a=-I, H.=I, 13=0.2, 0.5, 1, 1.5,2. 

flow of a viscoelastic fluid has been studied with roleum engineering concerned with the movement of 
increasing interest for its applications in astronautics, oil, gas, and water through the reservoir of an oir or 
plasma physics, aerospace engineering, and pet- gas field . 

The Arabian Journal for Science and Engineering, Volume 12, Number 2. 223 



Nabil T. El-Dabe 

REFERENCES 


[1] 	 S. I. Pai, Viscous Flow Theory 1: Laminar Flow. New 
York: Von Nostrand, 1956, p.62. 

[2] 	 Th. Sexel, "Uber de von E.G. Richardson entdeckten 
Annulareffekt", Zeitschrift fur Physik, 61 (1930), 
p.349. 

[3] 	 S. Uchida, "The Pulsating Viscous Flow Superposed 
on the Steady Laminar Motion of Incompressible 
Fluid in a Circular Pipe", Zeitschrift fur angewandte 
Mathematik und Physik, 7 (1956), p. 403. 

[4] 	 P. D. Verma, "The Pulsating Viscous Flow Super­
posed on the Steady Laminar Motion of Incompressi­
ble Fluid Between Two Coaxial Cylinders", Proceed­
ings of the National Institute of Science of India, 26 
(1960), p. 447. 

[5] 	 D. G. Drake, "On the Flow in a Channel Due to 
Periodic Pressure Gradient", Quarterly Journal of 
Mechanics and Applied Mathematics, 18 (1965), p. 1. 

[6] 	 S. N. Dube, "On the Unsteady Flow of a Viscous 
Incompressible Fluid in a Channel Bounded by Two 
Parallel Flat Plates", Indian Journal of Physics, 43 
(1969), p. 274. 

[7] 	 M. C. Gupta and M. C. Goyal, "Unsteady Plane 
Poiseuille Flow Between Two Parallel Plates", Pro­
ceedings of the Indian Academy of Sciences, A74 
(1971), p. 68. 

[8] 	 P. D. Verma and Y. N. Gaur, "On the Unsteady 
Flow and Temperature Distribution of a Viscous 
Incompressible Fluid· Between Two Parallel Flat 
Plates", Proceedings of the Indian Academy of 
Sciences, A75 (1972), p. 108. 

[9] 	 S. Rosenblat, "Flow Between Torsionally Oscillating 
Discs", Journal of Fluid Mechanics, 8 (1960), p. 338. 

[10] 	G. K. Rajeswari, "Flow of Non-Newtonian Fluid 
Between Torsionally Oscillating Discs", Proceedings 
of the Indian Academy of Sciences, A54 (1961), 
p.188. 

[11] 	P. L. Bhatnagar and G. K. Rajeswari, "The Secon­
dary Flows Induced in a Non-Newtonian Fluid 
Between Two Parallel Infinite Oscillating Planes", 
Journal of the Indian Institute of Sciences, 44 (1962), 
p.219. 

[12] 	A. C. Srivastava, "Torsional Oscillations of an Infi­
nite Plate in Second Order Fluid", Journal of Fluid 
Mechanics, 17 (1963), p. 171. 

[13] 	K. R. Frater, "Flow of an Elastico-Viscous Fluid 
Between Torsionally Oscillating Discs", Journal of 
Fluid Mechanics, 19 (1964), p. 175. 

[14] 	P. D. Verma and S. C. Rajvanshi, "Flow of Vis­
co-Elastic Maxwell Fluid Between Torsionally Oscil­
lating Discs", Proceedings of the National Institute of 
Sciences of India, 34 (1968), p. 179. 

[15] 	N. Rudraiah, Physics of Fluids, 13(10) (1970), 
p.2616. 

[16] 	N. C. Sacheti and B. S. Bhatt, Zeitschrift fur ange­
wandte Mathematik und Mechanik, 55 (1975), p. 43. 

[17] 	V. M. Soundalgekar, Chemical Engineering Science, 
26 (1971), p. 2043. 

[18] 	V. M. Soundalgekar and G. A. Desai, Indian Jour­
nal of Pure and Applied Mathematics, 10(11) (1979), 
p.1397. 

[19] 	K. R. Rajagopal and A. S. Gupta, Archives of 
Mechanics, 33(5) (1981), p. 663. 

[20] 	K. R. Rajagopal and A. S. Gupta, International 
Journal of Engineering Science, 19(11) (1981), 
p. 1410. 

[21] 	K. R. Rajagopal and A. S. Gupta, International 
Jqurnal of Engineering Science, 19 (1981), p. 1009. 

[22] 	B. D. Coleman and W. Noll, "An Approximate 
Theorem for Functional with Applications in Con­
tinuum Mechanics", Archive for Rational Mechanics 
and Analysis, 6 (1960), p. 355. 

[23] 	P. L. Bhatnagar, "On Two-Dimensional Boundary 
Layer in Non-Newtonian Fluids with Constant Coeffi­
cients of Viscosity and Cross-Viscosity", Proceedings 
of the Indian Academy of Sciences, A53 (1961), p. 95. 

[24] 	 R. V. Churchill, Operational Mathematics. Tokyo: 
McGraw-Hill, 1958. 

[25] 	N. C. Sacheti and B. S. Bhatt, "Unsteady Motion of 
a Second Order Fluid Between Parallel Plates", 
Indian Journal of Pure and Applied Mathematics, 6 
(1975), p. 9. 

Paper ReceiVed 15 June 1983; Revised 20 March 1985, 
20 November 1985. 

224 The Arabian Journal for Science and Engineering, Volume 12, Number 2. 


