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ABSTRACT 

This paper considers the plane strain problem of an elastic layer bonded to a 
rigid foundation. An upward tensile force is applied to the top surface of the layer 
through a rigid strip of finite thickness. The analysis for the incompressible layer 
leads to a system of two singular integral equations of the first kind for the 
interface normal and shear stresses at the base of the rigid strip. These integral 
equations are solved numerically, and the stress distributions and stress intensity 
factors are calculated for various geometries. 
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BONDED CONTACT PROBLEM FOR AN ELASTIC LAYER UNDER TENSION 

1. INTRODUCTION 

Almost every engineering design requires connec­
tions between several components. A serious dis­
advantage of mechanical connectors, such as screws, 
rivets, or welding, is that they do not distribute the 
load uniformly and hence result in large local 
stresses. This problem can sometimes be overcome 
by joining the components with use of adhesives. 
One of the major difficulties associated with adhe­
sives is the determination of their strength character­
istics. Many standard test methods have been 
developed on adhesives (see, for example, reference 
[1]). However, predicting performance of the bond 
in actual applications is not straightforward using a 
strength of materials approach with these standard 
tests. The principles of fracture mechanics can be 
employed for this purpose. Often new tests or 
modifications of existing tests are required to obtain 
the related fracture mechanics properties. 

Consider a linearly elastic isotropic and incom­
pressible layer bonded to a rigid foundation along its 
entire bottom surface (Figure 1). The layer is under 
the action of an upward force applied through a rigid 
strip bonded to its top surface. The problem under 
consideration may represent a typical pull-off test 
geometry for adhesives, the elastic layer being the 
adhesive to be tested and rigid strip being, for 
example, a relatively rigid metal plate attached to it. 

2. FORMULATION OF THE PROBLEM 

Consider the elastostatic plane strain problem for 
a layer shown in Figure 1. Layer material is linearly 
elastic isotropic and incompressible. The effect of the 
gravitation is neglected. The layer of thickness h is 
perfectly bonded to a rigid foundation along its 
entire bottom surface and to a rigid strip of thickness 
2a on its top surface through while a tensile force 
P = 2apo is applied. Due to symmetry about x = 0 
plane, it is sufficient to consider the problem in x ~ 0 
only. Under these circumstances, the governing 
equations of the plane elasticity must be solved 
subject to the following boundary conditions 

u(x, 0) =0 , v(x, 0) = 0 , (0 :::; x < (0) , 
(la, b) 

u(x, h) 0, v(x, h) VO , (0 :::; x < a) , 
'Tx/x, h) 0, O'/x, h) = 0 , (a < x < (0) , 

(2a-d) 

where u and v are the x and y components of the 
displacement vector and the constant Vo can be 
determined from the equilibrium condition 

a p 
f.oO'y(x, h) dx '2' (3) 

Solution of the governing equations can be obtained 
using, for example, the classical Fourier transform 
method which yields the expressions (see, for 
example, [2, 3]) 

u=-2 f.'" [(A+ryB) e-rY+(C+ryD) ery] sin(rx) dr, 
11' 0 

2 f.oo ryv = - {[A +(1 +ry)B] e­
11' 0 

- [C-(l-ry)D] e'Y} cos(rx) dr , (4a, b) 

'Txy= ~4 f.'" r[-(A+ryB)e-ry+(C+ryD)erY]sin(rx)dr, 
11' 0 

00 

O'y ~4 1r{-[A+(l+ry)B]e-ry 
11' 0 

-[C-(1-ry)D]ery} cos(rx) dr , (Sa, b) 

where IJ. is the shear modulus. The unknowns A - D 
are to be determined from the boundary conditions 
at y 0 and y h .The mixed conditions (2) can be 
written more appropriately in the form 

a a 
ax u(x, h) 0, ax v(x, h) = 0, (0 :::; x < a) , 

(6a, b) 

O'y(x, h) Pl(X) , 'Tx/x, h) = P2(X) , (0:::; x < (0) , ' 

(7a, b) 

Figure 1. Elastic Layer Bonded to a Rigid Foundation. 
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such that w=x/a, s = t/a. (14a, b) 

(a < x < 00) , (Sa, b) Then, Equations (11) and (13) may be rewritten as 

by introducing two new unknown function PI and P2' 
the interface normal and shear stresses. Now, substi­
tuting Equations (4) and (S) into conditions (1) and 
.(7), A - D can be expressed in terms of PI and P2 as 

A=-C=rh(e-rlI+erh)PI-[(l+rh)e-rlI+(1-rh)erll]P2 , 

B = -[e-rlI +(1+2rh) erll] PI+[e-rh+(1-2rh) erll] P2 , 

D = [(1-2rh) e-rlI+erh] P I +[(1 +2rh) e-rlI+erh] P2 , 

(9a-d) 

1 lQ
P2= 2....rd OP2(t) sin(rt) dt , 

d = e2rh+2+4~h2+e-2rh (lOa-c) 

so that the stresses and the displacements are all 
expressed in terms of PI and P2. 

3. THE INTEGRAL EQUATIONS 

The two unknown functions PI and P2 are deter­
mined by using the conditions (6) which result in the 
following system of singular integral equations 

.t, ~ [j~+k~(X' t)] P.(t) dt = 0, 

(-a < x < a), (m = 1, 2) , (1la, b) 

where 8mn is the Kronecker delta and the Fredholm 
kernels kmn(x, t) are given by 

k ... (x, t) = rK~(x, t, r) a-' dr , (m, n = 1, 2) , 

Ku = - [2+4rh +4r2h2-4r2h2e -2rh -e -4rh] sin(t-x) r, 

Kl2 = [4r2h2+2(1 +2r2h2) e-2rh+e-4rh] cos(t-x) r , 

K21 = [1-4r2h2-2(1 +2r2h2) e-2rh-e-4rh]cos(t-x)r, 

Kn = [-2+4rh-4r2h2+4r2h2e-2rh+e-4rh] sin(t-x) r. 
(l2a-h) 

The system of singular integral equations (11) must 
be solved subject to the equilibrium conditions 

fy.(t) dt= II,. P, (n = 1, 2). (13a, b) 

In order to simplify the numerical analysis, introduce 
the following dimensionless variables 

t ~ f1~:+ak ... (aw, as)] P.(as) ds = 0 , 

(-1 < w < 1) , (m = 1,2) . 

frm(as) ds = 211u.Po , (15a-d) 

Due to the singular term (s-wrt, the solution will 
be sought in terms of sectionally holomorphic 
functions [4]. The unknown functions PI and P2 are 
singular at w = ±1 [1, S, 6]. This singular behavior 
may be determined by writing 

Pn(aw) = Kn(w) (1-w2r). Po , 

(0 < Re(A) < 1) , (n = 1, 2), (100, b) 

where KI and K2 are Holder-continuous functions in 
[-1, 1], and by examining the singular integral 
equations (1Sa, b) near the end points w = ± l. 
Following the complex function technique outlined 
in [4] one can write 

as w~± 1 so that 

as w~± 1. Then, with use of Equations (18) and the 
fact that Kn( ± 1) =1= 0, (n = 1, 2), one can continue 
in a similar way as described in [7] and obtain the 
resule 

A=O.S. (19) 

This value is in agreement with the previously 
reported results (see, for example, [S, 6, 8]). Having 
determined A, one can use the Gauss integration 
formula [10] and reduce Equations (lS) to the 
following system of algebraic equations 

IIf the layer were compressible, A=O.5±(i/21T)ln(3-4v) where 
v is the Poisson's ratio. In that case, the numerical scheme would 

be entirely different (see [9]), which is beyond the scope of 
this paper. 
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t t Cit ~mn +akmn(awj , as;)] g,,(Sj) = 0, 
;=1 ,,=1 S; Wj 

(j= 1,... ,N-1), (m = 1,2), 
N

L C; gm(s;) = 28Im/11' , (20) 
i= I 

where 

i-1 )
Sj=cos (N-111' , (i=1, ... ,N) , 


j-1 ) 

wj = cos 2N-211', (j= 1, ... ,N-1) . (21)( 

4. NUMERICAL RESULTS 

Some of the calculated results are shown in Fig­
ures 2-9. Figures 2 and 3 show the variations of the 

1.0r-­__~. 

1.5 

0.01 

O,5L---..i---...J..----'----" 
o 0.25 0.50 0.75 

x/a 

Figure 2. Normal Stress between the Layer and the Rigid 

Strip. 


normalized stresses p/Po and piPo (see Equations 
(7)) over the normalized interval x/a < 1 along the 
rigid strip-layer interface for various a/h ratios. 
Note that for a fixed uniform stress Po and a fixed 
layer thickness, the resultant force P decreases with 
decreasing a/h ratio. The case a/h =0.01 may repre­
sent that of a concentrated force directly applied to 
the layer. As can be observed from these figures, 

0.1 

0.25 0.50 0.75 
x/a 

Figure 3. Shear Stress between the Layer and the Rigid 
Strip. 

stress distributions depend heavily on a/h ratio. As 
a/h decreases, PI decreases over the central portion 
whereas it 'increases near the edges. On the other 
hand, P2 decreases with decreasing a/h ratio in 
general. One must be aware of the fact that under 
the action of the upward force, the points on the top 
surface of the layer will have a tendency to move 
towards the centre x = O. But, this tendency is 
restricted along the interface by the shear stresses 
resulting from the bonded contact with the rigid 
strip. As the thickness of the rigid strip decreases, 
size of the restricted region becomes smaller and 
consequently the required shear stresses for restric­
tion of horizontal displacement will be smaller. Both 
normal and shear stresses tend to infinity as the end 
point x =a is reached. Stress state in the close vicin­
ity of the corners of the rigid strip can be described 
in terms of the stress intensity factors defined by 

kl = lim[2(a-x)]If2 o'y(x, h) , 
x-a 

(220, b) 

Figure 4 shows the variations of the normalized 
stress intensity factors 

- _ 1f2
k,,- k,,/po a , (n = 1, 2), (23a, b) 

with a/h. As a/h approaches zero, the constraint on 
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Figure 4. Stress Intensity Factors at the Corners of the Rigid 
Strip. 

the top surface of the layer due to the rigid strip 
regarding the horizontal displacement simply dis­
appears and the shear component of the stress inten­
sity factor, k 2, vanishes. 

Figures 5 and 6 show the normal and shear stress 
distributions, respectively, at several levels in the 

1.5 I 
I 
I 

1.0 I 

0.5 

I 

o 2 
x/h 

Figure 5. Normal Stress Distributions When a =h. 

1.0 

I 
y/h =to I 

I 
I 
I 
I 

- 0.5'------'----'-----1"-----'------1 

o 2 

x/h 

Figure 6. Shear Stress Distributions When a = h. 

layer when a = h. Distributions are smoother at low 
levels and they possess significant variations as the 
level under consideration gets closer to the top 
surface, the most extensive disturbance being real­
ized around x = a. Figures 7 and 8 show the stress 
distributions at a level of y =O.7h for several alh 
ratios. These stresses are normalized using 

<To =PI2h = (alh) Po (24) 

so that the resultant force P can be kept constant 
while alh varies which may provide a better under­
standing in comparing results for several alh ratios. 
For a fixed force P, the normal stress acting through 
the rigid strip-layer interface becomes more concen­
trated when alh decreases. Consequently, one may 
expect more disturbed distributions in the layer for 
smaller alh ratios. This trend can be well observed in 
Figures 7 and 8. As alh increases the stress 
distributions become smoother. 

Finally, Figure 9 shows the contours of equal 
maximum shear stress Tmu/PO when a h. One may 
note the accumulation of the contours around x = a, 
y = h. As expected, the maximum shear stress is 
quite insignificant when x > a. 

It must be pointed out that the results given in this 
paper for the tensile layer can be used for the 
compressive layer problem as well. If the tensile 
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X/h 
2 

Figure 7. Normal Stress Distributions at y =0.7 h. 

o 	 21 x/h 

Figure 8. Shear Stress Distributions at y 0.7 h. 

,force is replaced by a compressive one, Figures 2-8 
will give the stress distributions provided the sign is 
reversed and Figure 9 will remain unchanged. 

o 0.2 0.4 0.6 0.8 to 1.2 1.4 1.6 
x/h 

Figure 9. Maximum Shear Stress Contours When a h. 
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