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ABSTRACT

The Hamiltonian structures of the O(2, 1) non-linear sigma model, generalized
AKNS equations, are discussed. By reducing the O(2, 1) non-linear sigma model to
its Hamiltonian form, some new conservation laws are derived. A new hierarchy of
non-linear evolution equations is proposed and shown to be generalized Hamiltonian
equations with an infinite number conservation laws.
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HAMILTONIAN STRUCTURES OF SOME NON-
LINEAR EVOLUTION EQUATIONS '

1. INTRODUCTION

Both from mathematical and from physical points of
view the theory of Hamiltonian systems is beautiful
and elegant. The great importance of the Hamiltonian
theory comes from its deep physical insight. As is well
known, the early development of quantum mechanics
and statistical mechanics is based entirely on
Hamiltonian equations. Moreover, the great signi-
ficance of the Hamiltonian formalism also comes from
the fact that many branches of mathematics are in-
volved in the recent development of the theory, such as
the theory of representation of Lie groups, the theory of
canonical operators, and symplectic manifolds of finite
or infinite dimension. In the past 15 years the
emergence of the soliton theory gives a new impulsion
to the study of the Hamiltonian theory. Since the
pioneer work [1-5], many important non-linear
equations, arising from various branches of physics,
such as the Yang—Mills equations, Ernst equations,
isotropic Heisenberg equations, Thirring model, and
non-linear sigma models, are found to be completely
integrable Hamiltonian equations which can be solved
by the powerful IST technique [6].

In the soliton theory, the non-linear evolution equa-
tions (NLEEs) are usually derived as an isospectral
deformation equation. To be more precise, let

v.=Uy, ¥,=Vy (1.1)

be a couple of linear equations with = ,,...,¥y)"
being an N-vector, and U and V being two N xN
matrices whose entries are dependent on some poten-
tial u=u(x, t)=(u',...,u™) and a spectral parameter A.
In most cases the matrices U and V are taken from
some Lie algebra such as sl(N). Equation (1.1) can be
written as

dy =Qy, (1.2)

where Q=Udx+Vdr is a one-form related to the
spectral problem (1.1). Taking the exterior derivatives
on both sides of (1.2), we obtain the following
important ‘zero-curvature’ condition

dO=QAQ, (1.3)

where A represents the wedge product. In terms of
matrices U and V, this integrability condition (1.3) can
be written equivalently as

U~V +LU,V]=0, (1.4)
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where [UV]=UV—-VU denotes the usual
commutator of matricés U and V. In most cases
studied thus far, for a properly chosen matrix U there
always exist different forms of V, usually taking the
form of V=XA"*V,, such that Equation (1.4) reduces
to a hierarchy of A-independent non-linear evolution
equations (see, for example, [7]),

u=JL"f(u) (1.5a)
or

Ku,=L"f(u), (1.5b)

where J, K, and L are some linear differential
operators. Following the terminology in soliton
literature we call these equations the soliton
equations, since the first such equation—the
celebrated KdV equation—exhibits soliton solutions.
The extensive investigation undergone in the past
decade reveals many intriguing features of soliton
equations. One feature among others is the fact that
there always exists an infinite set {h,} such that

L f(u)=(6/0u)h, (u), (1.6)

where 0/d0u stands for the variational derivative. In
terms of these h,, the above hierarchy (1.5) can be
written in the form of generalized Hamiltonian
equations:

u,=J8H /u (1.7a)
Ku,=0H /du. (1.7b)

To transform an evolution equation u,=F (u) into
its Hamiltonian form is not only a matter of beauty,
but other rewards can also be received from doing so.
In fact, as we show in Section 3, by reducing the
O(2,1) non-linear sigma model to its Hamiltonian
form we are able to find three new conservation laws.

The organization of this paper is as follows. In
Section 2 some basic notions on generalized
Hamiltonian equations are briefly sketched; in Section
3 the non-linear O(2,1) sigma model is shown to
possess three new conservation laws by reducing the
model to its Hamiltonian form. In Section 4, by
following a simple approach presented in [7-10], the
Hamiltonian form of the hierarchy of NLEEs relating
to the generalized N x N Zakharov-Shabat spectral
problem is derived. Finally, in Section 5 a new
hierarchy of equations with the form (1.5b) is proposed.



The first couple of equations in this new hierarchy read:

u,=u, +2v
(1.8)
= +2uv.

By setting v=exp(w), the above couple of equations
can be reduced to a single equation

w,—w, t+4expw=0,

and it is shown that Equation (1.6) holds in this case;
thus the whole hierarchy of equations takes the form
of generalized Hamiltonian equations.

2. PRELIMINARIES

As is well known, the ordinary Hamiltonian
equation for continuous media reads
op; _ —o0H dq; OH

at oq, 0 dt op,

i=1,....n 2.1)

where J/0p and J/3q denote the variational
derivatives. Setting u=(p,,..., P,» 4;-.-» g,) and

o _(2o _6) g (% —h
du \ép,” dq,) " \I, 0O )

where T represents the transpose and 1, is the identity
matrix of order n, we may rewrite Equation (2.1) in the
concise form

u=J, 6ﬁ 2.2)
"du

In this ordinary case the Poisson bracket of Equation

(2.1) is defined by
0F 6G OF 6G
{F,
Gi= Z(t?q; op, op; 561;)

which can be written as

6F 3G\
[F,G}= ( ) J () (2.3)
ou ou
To give the definition of generalized Hamiltonian
equations let u=(',..., u™)", u'=u'(x,,..., xpy 1) be
an M-vector, and
~k . .r
u
ul, = ——, u®=lyr
iy dg 5x;1~--5xik [k PP

be its x-derivatives of order k. Set

0
—— r
Di=-—+ ) Wiy B

iorky,. iy iy iy
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as the operator of total differentiation with respect to
x;. The variational derivatives are defined by

5/6u=(5/5u,.... 5/6u™)T with

d 0
S Z (“ I)kD 1 r
out g Kour . i

An operator K=K (u), which depends on the
function u, is called symplectic if: (i) it is linear and
skew symmetric, that is K*= —K, where* stands for
the formal conjugation

(A;; (Za D) =Y (-D)(a.);

(i) the bracket defined by {f, g,h},=fK'[g]h satis-
fies the Jacobi identity

{f.g.h}+{g.h.f} +{h.f.g} RO

M

where f-g= ) f'g’, f£g means f—g=ZDh, for some

i=1
vector h=(h,...,hy) and K'[g]h refers to the

Gateaux derivative
K'Tulf = ( )K(u+sf)

An operator J=J(u) is called cosymplectic if: (1) it is
linear and skew symmetric; (ii) the bracket defined by
(f,9.h},=f.J'[Jg]h satisfies the Jacobi identity. The
equation

JOH
u, ::W (22’)
or
oH
=27 22"
Ku! (5” ( )

is called a generalized Hamiltonian equation if the
operator J is cosymplectic or K is symplectic. The
Poisson bracket of the generalized Hamiltonian
equation (2.2) is defined by an equation similar to

Equation (2.3)
{F,.G}= (&u) J(ii) 2.3)

A scalar function f=f(u,u'V, ..., u*"), which depends
on u(x,t) and its space derivatives u'®, is called a
conserved density of Equation (2.2) if £,20 holds when
u(x,t)istaken to be solutions of Equations (2.2")and (2.2").

Some typical examples of the generalized
Hamiltonian equations are as follows:
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Korteweg—de Vries (KdV) equation u,=uu_+u

xXxXXx°

d ud u?
J=D= .
dx’ 6 2

Modified KdV equation u,=u’u_+u

xXxXx?*

u4 u2

Non-linear Schrodinger equation q,=i(q,,+|q]%q,),

2,2 0 1

(p=4, the complex conjugate of g, u=(p, q)7.)
Boussinesq equation ¢, =q, . +3(42)c+ G rers

(P +q2+291—4q2)
2 , p=4q, u=(g,p)"

J=J,, H=

Sine-Gordon equation ¢,,—¢,,=sin g,

(z+p")
J=J,, H=~—1—§£——cosq, p=4q,, u=(qp"
Benjamin-Bona—~Mahony (BBM) equation u,=u_+
uu, .,

2,2
J=D(1—-D* "L Hg="H_ _ U=
( )L H=—4

For a given non-linear equation

Guu,, u, u, u,...)=0 (2.4)

xx* Txt?

a function n=n(u)=(n', ..., n™)is called a generalized
symmetry of Equation (2.4) if the equation remains
form invariant under the infinitesimal transformation
u'=u+en, where ¢ is an infinitesimal parameter. The
condition for invariance can be written as

d
(HE) G(u+en)|,_o=0. 2.9)

In particular, we call y=#5(u) a symmetry of the
evolution equation u,=F (u,u'V, u'?,.. ) if

d ’
n,=(§8~)F(u+m)lc=(y (2.5

To write this condition (2.5') more precisely we
introduce the operator

ifh)-. V)

Vi ™My, v ™)
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where

[ ZIMEDY (afﬁ)l)) (when u is real).

jz0

and

5 ort ort

VifhH=Y D+ CD/ (when u is complex),
7 6u}. out ;

where f stands for the complex conjugation of f and

Cf=f. With this operator the condition (2.5') can be

written as

[, F1=V(F -V (F)n=0.

We need also the following transformation formula
(chain rule) of variational derivatives:

uzu(v,v,,..‘,vq) é N )
; == — 2.
v,;=Dv ov v (u(v))éu @6
The transformation formula (2.6) plays a key role in
the recurrent method [7-107 which we shall follow in
Sections 4 and 5.

Note that the two brackets {,} and [,] introduced
above are related by the following important formula
(see, for example, [11-14]):

[JéF J(‘SG] Jé {F G,

du’ du

from which we deduce the following Noether type
correspondence between conserved densities and sym-
metries of generalized Hamiltonian equations in the
case that the operator J is invertible [15-17]:

. . . JoG .
Gisaconserved density of Equation (1.7a) < n= 5uqls a

symmetry of Equation (1.7a) (2.7).

3. NEW CONSERVATION LAWS OF 0O(2,1)
NON-LINEAR SIGMA MODELS

The O(2,1) non-linear sigma model [18,19] is
defined by the Lagrangian L=3}w, w,, subjected to the
constraint wZ=(w!)2+(w?)?—w3)?=—1, where
w=(w!,w?w?) and the subscripts u and v refer to the
differentiation. From the FEuler~Lagrange equation
and the constraint, it follows that

W, — (W, .w,)w=0. 3.1



By taking the parametrization [18]
1
w=nr-(i(h—’2), 1—zZ, 1+2z2),
where r=z+7Z, the Lagrangian and Equation (3.1)

reduce, respectively, to

(zu Ev + Eu zl))

L= 5

(32

’
. 2z,z,

uy

In [18] it is shown that this equation exhibits an
infinite number of conservation laws,

3, %0 =0, (3.3a)
0,1y +0,(ba"a])=0 (i=/-1), (3.3b)
0,7, +0,[3ba™'(2x,—(a—a)+a " 'a,}]=0, (3.3¢)
Odnrs+0ba™ yy)=0, k=0,1,..., (3.3d)
where
Z z
a=~", b:—v’
r r

and y, can be calculated in the following recurrent
way:

Xo= —%|a| _li‘ﬂua 0= "é’i]“; MI(I‘XOu“XEZ))a
k+1

Xk+2=%if“t_1(lk+1,u+ Z Xk+1-sXsh k=0,1,...,
s=0
with
I=4[(a-a)—a"'a,],+3[(a—a)—a 'a,]*

The calculation of y,, even the direct verification of
Equation (3.3b), is rather tedious. We show that there
are some simple conservation laws which do not
involve the modulus |a| and |b:

(Z“’;Zu)]‘_{‘[(zv;;zv)} =O’ (3.43)

(zz_-*;i)] {(zz_iﬁ} o0, (3.4b)
r o r u

(25 _ 52 22 —z2 s

e Zu)]{‘z z Z‘)] —0. (340

Although the direct verification of (3.4a}-(3.4c) by
using (3.2) is a simple matter, we consider it worth
giving the derivation of these conservation laws. To do
this, we first make the substitution of variables u and
v

X=u+v, t=u—v

G.Z Tu

which reduces the Lagrangian and Equation (3.2),
respectively, to

Lz(zxzx:Z,Z,)’ (3.3)
r
and
2(z2—z2 :
ez ), (3.6)

Following the usual way we introduce the momentum

L -z,
= 2 e 3.7
p 0z, r? (37
and the Hamiltonian
JL _ 0L —(z,z,+z,.2,)
SRS Sty SOVOR i bl Sliat ot 24
1 Z'('/’z,+ ‘0z, r?

With the new variables, z and p Equation (3.6) can
be written as

N
I
o
~
N
=

= 2"[),13,,,_2 272 |=F (3.8)

or equivalently written in the following Hamiltonian
form:

H
z 0 1 5A
= 0z
. (3.9)
0
-1 0 o
p t 5[)

According to the definition (2.5), a symmetry f=f(z) of
Equation (3.2) satisfies (d/de)G(z +¢f)|,.,=0, where
G(z)=(z+2)z,,—2z,z,, or equivalently

u“p?

2z,z,

CH+Dfo+ N =2 2, 42z, (3.10)

r

and a vector n=(n', n*) would be a symmetry of
Equation (3.8) if

V(n)F =V (F)n=0.

From Equation (3.7) we see that there exists a one-to-
one correspondence between symmetries f and sym-

metries #:
: n'
Jen=1
0>
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with

n'=f 1 —(d) plz+ef), o—‘f+2z,(fif) (3.11)

Now we proceed to search for the symmetries f of
Equation (3.2). We consider only the symmetries of the
form f=f(z,z) and suppose that f is smooth with
respect to its variables z and z. Substituting f=f(z,z)
into (3.10) and comparing the coefficients of z,Z,, z,z,
and z,z,+z,Z, on both sides of the resulting equation,
we ﬁnd thdtﬂ 0, that is, fis analytic in z, and

f.E+2) =2@e+2)f,+2(/+))=

Suppose that f=Z2a, z*: we then have for k=3 that
kik—1)a,—2ka,+2a,=0 or (k—1)(k—2)a,=0, from
which we deduce that g, =0 for k=>3. Furthermore,
it is easy to verify that the expression

f=iag+o,z+ia, 22, i=y/~1, (3.12)
where o, are arbitrary real constants, satisfies the
above equation for f and thus gives a symmetry of
(3.2). From (3.11) we see that the corresponding
symmetry of (3.8) reads

n'=iay+o, z+in,z?, n?=—pla, +2ix,z).

It is easy to see that

. oH
loy +o, z+ia, 22 0 1 5

, B SH |’
—plo, +2ia, 2) -1 0 o7

where H=h+h and  h=(ia,+a,z+ie,z%)p.
According to the relation (2.7) between symmetries
and conserved densities, we obtain the following three
conserved densities:

H,=p—p, Hy=zp+zp, Hy=z"p—z*p.

In fact, one can easily verify that

Noting that H =G <« (H-G),=(H+G), we are
finally led to the conservation laws (3.4a)-(3.4¢c).

If we continue to search for the symmetry with the

The Arabian Journal for Science and Engineering, Volume 9, Number 2.

form f=f(z,%,2,,%,.2,,Z,), then the similar procedure
leads to the symmetry

n'=f=1(,+z,)=z

and the corresponding #*=p,. Since

z 5H 3 éﬁ
x op >l op
~ |-sH . —6H
Px oz Px bY:

where H=pz +pZ, we accordingly obtain the
following conservation laws:

. (z,2,) _
(pz,+pz,), = ( = +ripp ),

which is equivalent to

@2)\ |, (@i _
(5).+(57).

2

This conserved density (z,Z,)/r> is just {a|* as
mentioned in Equation (3.3a). One may naturally
expect to find more general symmetries with the form
f = (2,22, 2 2 s 2o Z s Zur BonrZy ) INOtE  that  since

=2z,z,/r, the two terms z,, and Z, can be excluded
from the above expression. Unfortunately, if we sup-
pose that [ is smooth with respect to its variables, it
seems that no such symmetry exists. And it seems
also that the infinite number of conservation laws found
by Chinea and Guil [18] should be related to some
kinds of symmetry which are not smooth with respect
to their variables. Any further results in this respect
would be very helpful.

As another remark, we examine the algebra spanned
by the four symmetries of (3.8):

i ) z ( iz? z,
¥ = , =3 N = y - .
(! 0/ M, —p M3 ~2izp Ma b,

An easy calculation shows that

[1na1=0 (i=1,23)
and

nemd=—ny, [nensd=2n,, [nym31=—1;5.
For example,

[12.m3 1=V (n)ns—=Vndn,

(1 0)( iZZ) ( 2z 0 z)
“\o —1/\=2izp) \=2ip —2iz/\—p/


http:3.4a)-(3.4c

(iz?‘) (2i22 —~i22)
~\2izp 0 ) \aizp)” ™

If we set
. (n3+ny) P n3—n)
(= R 3=,

then
[ClaCE}]:CZa [C17C2]=C3a [C23C3]:€1~

Comparing these relations with the Lie algebra so(2,1)
whose basis matrices (see, for example, [22], p. 265)
are

0 0 1 010 000
x;=]0 0 Ofx;=]-1 0 O], x3=1]0 0 1
1 00 000 01 0

with
[x.x3d=x, [x;,x,]=x5, [X3.x3]=x,

we see that the subalgebra spanned by 5,, n,, and n, is
isomorphic to so(2,1).

4. HAMILTONIAN STRUCTURES OF N xN
AKNS EQUATIONS

Consider the spectral problem

Y. =Uf, U=rA+P 4.1)
with
Y=o ¥y)
A=diag (a,,...,ay), a;#a;,
a; =const.
and

P=(P;), P,;=0.
Choosing V=XA""/V,, V,=V,(P) and substituting U
and V into the integrability condition (1.4), we can
solve for V; and obtain the following hierarchy of
equations [20,21]:

P,=JL'[C,P"],, 4.2)
where

C=diag (¢, ¢5,..., Cy), C¢;=const.

JO=[4,07], LQ=(—0Q,—[P".Q1+ [P I[P".Q1])

where Sp=diag (s,;, 555,..., Syn), Sp=S -5, and for

G. Z Tu

a matrix Q the matrix Q, is defined by the equation
[A,Qr]=0QF

We shall prove that there exists a series {H,} such
that

0H )
L'[C,PT],=—" 43
[ 14 5P (4.3)
To this end we introduce first
yon=Yi (4.4)
i
and set
HO=Y P, YU", 4.5)
j=1
then expand H' into a series of A7 1:
HO=Y 3", (4.6)
n=1
We show that (4.3) holds with
N
H=Y ¢HY. 4.7)
i=1

It is easy to see that Equations (4.3), (4.5), and (4.6) are
equivalent to a single equation

SH®
(L—Ay5p=LP LE]s (4.8)

where E;=(6,0,). Since the discussions for different i
are the same we shall, for simplicity of notation,
prove (4.8) in the case i=1, that is,

.. 0H
(L—A)BF::[PT,E],]/U

N
H=HVY = .Zl PU_VJ-, yjsyu,l).
i=

Note first that from (4.1) and (4.4) we have
N

Vix=P; + 2 Py —Puyy)+(a;—ahy;,. (49)
k=2

In order to calculate the variational derivative 6H /0P
we make the transformation

P:(Pij)_’Pz(Pij)
with

N

P,=H= Z Pljyp
i=2

P, =y, j=2,....N,

P,=P,y, (i=1,j=3o0rijz2).

1%
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We can also solve for P;; in terms of P;; as follows:

N
(H" Z pu)
Py,= =2

ya

5

N
ij‘_‘ij‘*'HYj“kZz ij+(a1 _aj))“yp

. i=1, j=z3orij=2,

n P
Y;

from which we obtain
1 Vo (P)= 1
yzs P\ 12 v

2

V(P,)=

, P o
I/yf (P12)= _(‘}}’2—)51'2’ VI’ij (Pu):() (19}22);

2
Vu(Pi)=y; VF“{P}')):O,
Vyi(Pj1)=5U(D+H+(a1—~aj)7\,),
VPkl(le)z_ajk (k,1=2)

Qa

VulP)=0, V, (P)= f

_p..
Vyk(Plj)zékj( "}jj"ll)’ VPM(Plj):O (k,1>2);

~P;.
VulP)=0, vyk(p,.j)zajk(,f>,
i

%udii (k1=2)

J

VF”(P;'J'):O’ VPk,(Pij):

By the chain rule (2.6) we have

N 0
P VEPP; ) —
(SH H( 12)5})12 i; H( ;l)épil
N o
*
+J;3VH(P11)5P11-
N o
*
+ L VilP) g

and similar expressions for 6/6Y,, 6/0P;, and
é/thJ(z,}Z2) Setting K;;=0H/6P;; and applying
both sides of the above operator identities to H, we
then find

N
Ku:y:(l“ Z yiKi1)7
i=2

Kn=yK,, Lk=2, 1#k,

The Arabian Journal for Science and Engineering, Volume 9, Number 2.

and

N
Kyi=(a,—a) K, =P+ Z (P;K;—PyKy)

i=2

N
+P11(Z J’iKst+YIK11), (4.10)

i=2
from which we obtain
(Ki)x=(ay—a)rK + Py (y, K — v Kyy)

N
+ Z (ijKu'Pﬂ

j=1

Ky (Lk=2; 1K)
and

N
(Ky)e=(qy—a LK+ (P,K,,—K,P,)+P,

i=2

N
- Py Z (1+6,)y,K

i=2

It is easy to see that the above three equations are
equivalent to the following single matrix equation:

(KT, =A[4,KT]-[K",P1s+[B,P]-[E,P], (411)

where

N
B=diag(z yK

i=2

2Ky —ys K5, -yNKNl).

Using (4.9) and (4.10), we can easily verify that
N
(nKpy)= Z (Pu Ky — P Kiy)
k=1

=([P.K]p), (122). 4.12)

Since tr [B,A] =0 for any pair of matrices A and B, we
see that

(K™ Plphy=— Z ([KTP] Z (VK1) (4.13)

which together with (4.10) imply that
B, =[K".P],. 4.14)

From (4.9), (4.10), and the definition of L we finally
obtain

(L—AK = [PT,Ex]A
as desired.

5. A NEW HIERARCHY OF HAMILTONIAN
EQUATIONSt

Consider the spectral problem i = Uy with

—A—A"ter u—uvrt
U= , e=+1, (5.1)
u+oh"t A+A e

+A short summary of the results in this section has been announced
without proof in [23].



which is a reduction of the spectral problem discussed
in [8]. To derive the corresponding hierarchy of
equations we introduce the auxiliary problem

‘pr:V';ba V:.ZOVJJL"AJ., n=2m+1,
j=

A, (e+f)2 (5.2)

V= !

! (ej ‘f_;)/z '—dj

Substituting U and V into the integrability condition
(1.4) and comparing the coefficients of 2’ on both sides
of the resulting equation, we obtain
0,80, 1 +d; +uf;+ve;_; =0,
2u,6;,—e; — 2, +4d;_v—2e0f;_; =0, (5.3)

20,0, +f;,H4ud;+2e;,  +2eve;_; =0,

from which we can calculate successively e;, f; as
follows:

eo=f,=0;
e, =2u, [,=0; e,=0, f,=—(u,+2v);

€= —3f;+2ul(uf;+ve;_,)

; .o . 4
i)
fie1=—(Ge; + 20l (uf;_  +ve;_,)+evf;_ )
and
u,=—f .1
t +1 (5.5)
v, = —¢ve,.
From (5.4) we deduce that
'“f;rn — L "fnﬂ ’
—¢ve, —gve,_,

where

L*=

—LevD + 2euvlu, 2uvl —ev
Therefore the corresponding hierarchy of equations
reads

u _ ~fam+2 _ -/
t —EVEy,, 4 —E&ve,

G. Z. Tu

or

m | U2
=L* . (5.6)

v, —2euv

In particular, setting m =0 we obtain the first couple of
equations in this hierarchy

u=u,+2v, v,==+2uv,
which can be reduced to a single equation
w,—w,, t4expw=0.7

Since this hierarchy of equations is derived from the
isospectral problems (5.1) and (5.2), we can calculate
the common conserved densities via the standard
procedure [20]. To this end, we set Z=y,/i, then
from (5.1) we have

Z =u+or" )+ 20+ 20 " er)Z —(u—vh"NZ2 (5.7)

Expanding Z into a series of A":Z=X*_, Z A™" and
then comparing the coefficients of A™" we obtain

u

Zl~————§, Z,=—G)(u, +2v),
Z,= _(uxx+20x—4euv~u3),
8
(Zp—200Z, +u Y ZZ—v Y Z,Z)
jtk=n jtk=n-1
Zn+1= 2 ?

nz=3.

The generating function H of the conserved densities
{H,} is

H= Z H, A" "=(—i—1"tev)+(u—vl ™ 1Z, (5.82)

n= —1

which gives

uZ
H_,=—1, H,=0, H,= ——(81)‘1—7),

—(uz)r
H,= 3 2 H,=uZ,—vZ, _, (n=2). (5.8b)

iD? —(u? +ev)— (u +20)u, 1D —eu—eu +20)

TAt this point we would like to quote the following comment from
one of the reviewers of this paper: ‘The equation w,,—w,, +4expw=0
can be transformed into the Liouville equation W, =kexpw
(under the change of coordinates ¢=t+ x,5=x) whose exact so-
lutions, conservation laws, and Bécklund transformations have been
known explicitly since the last century for arbitrary constant k. So
perhaps there are more underlying points in this paper than in-
vestigated by the author. Especially in this way it may be possible to
embed the Liouville equation into a hierarchy of completely integr-
able Hamiltonian systems. This would be a significant contribution.’
We are very grateful to the reviewer for this valuable comment.
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Note that only H,, , give non-trivial conserved
densities for the whole hierarchy of equations. The
variational derivatives of the first two non-trivial

conserved densities are
é —u & o O \T
-_“H = s =i, T’“ rOEE >
5q ! (—e) (" % 5 (5u Ov))

3
u v
o —teuv—=

1l

4 2 2
;SEHsz u, +eu2 N
272

It is easy to verify that

SH
2v S
. u +2v 5 (59
) en, |’ ?)
-— v P,
¢ Sv
where
I b, I L
ulu ) cu 3
K::.
1 +1 !
elu+—
2
Note that
K*=—-K, KL*=LK. (5.10)

It should be noted that the operator K is singular; in
fact,

holds for any f.

Now we proceed to prove that

L OHaeen Moy 0o 5y
dq oq 0q

or equivalently

(L—xl)é}i:x(u). (5.12)
dq £

To calculate dH/dq, we deduce first from (5.7) and

The Arabian Journal for Science and Engineering, Volume 9, Number 2.

(5.8a) that
l= A7 eV () + Z (V) =1 "V y(v)),
0=V ) +V4v)h 1 +A"1eZV,(v)-Z,
from which it results that
Valu)=e, (5.13a)

_ks(l-£Z)

Va)=—"02)

(5.13b)

In the same manner we deduce that

1 (H—)—¢u)
Ve =Pt ez (5.13¢)
eNZ eA
V=0 P T ez g e 4
-2 Yo (1+eZ)+u). (5.13d)

Now by the chain rule (2.6) we have

o o
* *

5H — VH(u) VH(D) 511

o o

—_ * * —

. Viw Vie)| |5

Applying the operators on both sides of the equation
to H, we find

1=V%)R+V*(v)S,
0=V%)R+V%(v)S,

where R=0H/ou, S=06H/6v. Using Equations
(5.13a)-(5.13d), we then obtain

R=¢+4YS, (5.14a)
S.=2euS—2R, (5.14b)
where
_M1—eZ)
(1+e2)’

Since Z satisfies Equation (5.7) we see that
Y,=—(%+2ve)—2e0Y +Y?2, (5.14¢)

The above three equations, (5.14a)-(5.14c), can be used
to calculate R, R__ in terms of R, S, and Y:

R = —(2eY + (A* +2ev)S+SY?)
R . =(8v+4e)h?)+4uY +S((—2ev, —2eh* u—4uv)
+ (42> +8ev)Y + (2ew)Y ?).



Now it is straightforward to verify that
«

, R
(eu,+20e)R — 2uvS = (»25 +euR+evS+ ZZS) (5.15a)

X

R uR D

XX (pp4 J2)R 4wy uv+e&2u+f—9)szo.
4 2 2

(5.15b)

In the following, we suppose that u, v along with all
their x-derivatives tend to zero when x goes to
+o0. Assuming this, we have from (5.8b) that

oH o0H
= e d

A

T v v
R—-0 (x— +ow).

S

Thus the integration of (5.15a) gives

R
I{(eu + 2ve)R —2uvS)=he + —2)—‘

+euR +evS +128,
{5.16a)
which together with (5.15b) yields
R
—Z’f— (u?+ev)R-A*R
+ul ((u,+20)R —2uveS)=Au. (5.16b)

The combination of (5.16a) with (5.16b) gives the
desired equation, (5.12). The proof of Equation (5.11)
is thus completed. From (5.11), (5.9), and (5.10), we see

that
K(u) _ KL*'"(”"#L 20) _ L"‘K(u" + Zv)
v/, —2euv ~2&uv
0H, 6H
=pmo 3o r2mb3 517
e, (517)

which shows that all equations in this new hierarchy
take the form of generalized Hamiltonian equations
(1.5b).

As a final remark, let us introduce the Poisson
bracket {F,H} when 3F /dq, dH/dq lie in the image of
K, 5F/sq=Kf, 5H/Sq=Kh:

{F.H}=(K/)"h

Set H,=H,,,; then from (5.17)

2m

H " u, +2v
L"JLI:KS," S, =L*"f, f:( ))
8q —2euv

G Z Tu

and accordingly

-~ ~

{Hm+1’ Hn+1}=KSmSn:KL*me*"f
= LKL¥" - L¥f e KI¥" = f- Lt f
=KS S +1={ﬁm,g"+2}’

m—1"9p

from which and the fact that {F.H} 2 —{H,F} we
deduce that
{ﬁm’ﬁn} L O

It is not clear at present whether this new hierarchy of
equations shares some other common properties
possessed by many other completely integrable
equations, such as exhibiting Bicklund transforma-
tions and soliton solutions. We hope that these
problems could be solved in the near future by the
interested reader.

ACKNOWLEDGMENTS

This paper contains part of the author’s work carried
out at the International Centre for Theoretical Physics
from May to July 1983. He is much obliged to Pro-
fessor Abdus Salam for warm hospitality, and he
would like also to express his hearty thanks to Profes-
sor G. Vidossich for his very kind help. Many thanks
are also due to the anonymous referees for their
valuable suggestions which considerably improved this

paper.

REFERENCES

[1] G. S. Gardner, J. M. Greene, M. D. Kruskal, and R.
M. Miura, ‘Method for Solving the Kortweg—-deVries
Equation’, Physical Review Letters, 19 (1967), pp.
1095-1097.

[2] P. D. Lax, ‘Integrals of Nonlinear Equations of
Evolution and Solitary Waves’, Communications in
Pure and Applied Mathematics, 21 (1968), p. 467.

[3] V. E.-Zakharov and A. B. Shabat, ‘Exact Theory of
Two-Dimensional  Self-Processing and  One-
dimensional Self-Modulation of Waves in Nonlinear
Media’, Soviet Physics, Journal of Experimental and
Theoretical Physics, 34 (1972), pp. 62-69.

[4] M. J. Ablowitz, D. J. Kaup, A. C. Newell, and H.
Segur, ‘The Inverse Scattering Transform-—Fourier
Analysis for Nonlinear Problems’, Studies in Applied
Mathematics, 53 (1974), p. 249.

[5] F. Calogero and A. Degasperis, ‘Nonlinear Evolution
Equations Soluble by the Inverse Spectral Transform’,
Nuovo Cimento, B32 (1976), p. 201.

[6] For a review see Ling-Lie Chau Wang, in Proceedings
of Guangzhou Conference on Theoretical Particle
Physics, Guangzhou, China (1980), (Academia Sinica,
Beijing, 1980). Talk given at the International School
of Subnuclear Physics, Erice, Ttaly, 1980.

The Arabian Journal for Science and Engineering, Volume 9, Number 2.

197



198

G. Z Tu

(7]

(8]

(9]

[10]

(113

[13]

[14]

[15]

The Arabian Journal for Science and Engineering, Volume 9, Number 2,

G. Z. Tu, ‘A Simple Approach to Hamiltonian
Structures of Soliton Equations’, Nuove Cimento, 73B
(1983), p. 15; Science Exploration, 2 (1982), p. 85.

M. Boiti and G. Z. Tu, ‘A Simple Approach to
Hamiltonian Structures of Soliton Equations’, Nuovo
Cimento, 75B (1983), p. 145.

M. Boiti, C. Laddomada, F. Pempinelli, and G. Z. Tu,
‘On a New Hierarchy of Hamiltonian Soliton
Equations’, Journal of Mathematical Physics, 24
(1983), p. 2035.

M. Boiti, F. Pempinelli, and G. Z. Tu, ‘Canonical
Structures of Soliton Equations via Isospectral
Eigenvalue Problems’, to appear in Nuovo Cimento.
F. Magri, ‘A Simple Model of the Integrable Hamil-
tonian Equations’, Journal of Mathematical Physics,
19 (1978), p. 1156.

P. J. Olver, ‘'On the Hamiltonian Structure of
Evolution Equations’, Mathematical Proceedings of
Cambridge Philosophical Society, 88 (1980), p. 71.

I. M. Gelfand and 1. Ya. Dorfman, ‘Hamiltonian
Operators and Algebraic Structures Related to Them’,
Functional Analysis, 13(4) (1979), p. 13.

G. Z. Tu, 'On Formal Variational Calculus of Higher
Dimensions’, Journal of Mathematical Analysis and
Application, 94 (1983), p. 348.

M. Wadati, ‘Invariances and Conservation Laws of

-
f16]

(17]

(18]

[19]
[20]
[21]

[22]
[23]

the Kortweg-de Vries Equation’, Studies in Applied
Mathematics, 59 (1978), p. 153.

G. Z. Tu and M. Z. Qin, ‘Relationship between
Symmetries and Conservation Laws of Nonlinear
Evolution Equations’ (in Chinese), Kexue Tongbao, 24
(1979), p. 913.

G. Z. Tu, ‘Infinitesimal Canonical Transformations of
Generalized Hamiltonian Equations’, Journal of
Physics, 15A (1982), p. 913.

F. J. Chinea and F. Guil, ‘Local and Nonlocal Con-
served Currents for an Equation Related to the Non-
linear Sigma Model’, Journal of Physics, 15A (1982),
p. 2349.

A. C. Newell, ‘The General Structure of Integrable
Evolution Equations’, Proceedings of the Royal
Society, London, A365 (1979), p. 283.

T. M. Alberty, T. Koikawa, and R, Sasaki, ‘Canonical
Structure of Soliton Equations’, I Physica, D5 (1982),
p. 43.

M. Boiti and G. Z. Tu, ‘Bicklund Transformation via
Gauge Transformation’, Nuovo Cimento, 7T1B (1982),
p. 253.

M. Goto and F. D. Grosshands, Semisimple Lie
Algebras. New York: Marcel Dekker, Inc., 1978.

G. Z. Tu, ‘A New Hierarchy of Coupled Degenerate
Hamiltonian Equations’, Physics Letters, 94A(8)
(1983), p. 340.



