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ABSTRACT

A non-orthogonal curvilinear coordinate system is used to formulate the
boundary-value problem associated with the sound field induced by the motion of a
monopole point source in a gas-filled general twisted tube with a slowly varying
circular section. A solution scheme is presented for two cases of tube geometry.
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ON THE SOUND FIELD DUE TO A MOVING
SOURCE IN A GAS-FILLED GENERAL TWISTED
TUBE WITH A SLOWLY VARYING
CIRCULAR SECTION

1. INTRODUCTION

The sound field induced by a monopole point source moving in an infinite inviscid compressible fluid is well
known [1] in the literature of linear acoustics. Problems associated with sound sources moving in the vicinity of
solid boundaries have also been investigated. However, no formulation to date includes the effects of curvature,
torsion, and section variation on the motion induced by a sound source in a gas-filled general twisted tube.

It is the purpose of this paper to use the non-orthogonal curvilinear coordinate system [2] to formulate the
boundary-value problem associated with the sound field induced by a monopole point source moving in an
infinitely long general twisted tube with slowly varying circular section which is filled with an inviscid compressible
fluid. A solution scheme is presented which involves expansions in terms of two and three small parameters for the
two cases of tube geometry considered.

2. FORMULATION OF THE PROBLEM

We denote the interior and boundary of an infinite tube in R, by D, and 0D, respectively. The tube orientation
is specified by a curve L (Figure 1) which has a prescribed unit tangent vector t, (¢') where ¢! measures arc length
along L from the origin O to the point O'. The point O’ is the center of the circular section denoted by D,uédD,
which is normal to L and has radius a(¢'). The unit tangent vector t, is given by

cos @
t,=|sinfsin¢ |, 2.1
sin 0 cos ¢

where the angles 0 and ¢ are prescribed twice differentiable functions of £!. We will also need the two unit vectors
t, and t, where

0
t,=| cos¢ |, 2.2)
—sin ¢
and
—sin @
t;=| cosfsing |, (2.3)

cos fcos ¢

respectively. The vectors t;, i=1, 2, 3, are then mutually orthogonal.

It has been shown [1] that a non-orthogonal curvilinear coordinate system can be constructed for the tube. The
coordinates are denoted by &', i=1, 2, 3, where (=0 on éD, and ¢*>= —co at O’ for all values of ¢' and &°. The
transformation from Cartesian coordinates x', i=1, 2, 3, to the curvilinear coordinates &', i=1, 2, 3, is given by

x! 0 x| ©@
X =Typ) ' T0) " | v |+ | %] (2.4)
x3 u x3
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Figure 1. Geometry of the Tube

where
1 0 0
T{p)= |0 cos¢ —sing|, (2.5)
0 sing cos¢
cosf O sind
T,(0)= 0 10 |, (2.6)
—sinf 0 cos0
and
xl (0)
< Ef“tﬁakﬁt @7)
x? °

The point O is represented by the vector in (2.7) and
vt iu=a(EM)e Tie, (2.8)
Also, O'v, O'u are the axes of a Cartesian frame of reference which coincide with the unit vectors t, and t;,
respectively, and the coordinate ¢* measures the angle between O'v and O'P (Figure 2).
In what follows it is convenient to employ the transformation

¢=0, 8= 0=0y, @9
el
where XEJ w(EY)dE', w(=¢ cos ) is the rate at which the frame O'v, O'u rotates about L as ¢! varies, and the

]
dot notation represents differentiation with respect to &*(or ¢'!). The angle ¢'® measures the angle between O'P and

i(=cos yt, +sin yt,) where the vector i does not rotate about L as ¢'! varies [2]. It can readily be shown that the
components of the covariant and contravariant metric tensors associated with the transformation given by
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>V
Figure 2. Circular Section of the Tube
Equations (2.4)-(2.9) are given by
gy =a%e* %+ (1 —kae® sin(y + &2 +y)7, (2.10)
G12=; =aae?*?, (2.11)
913=93.=0, (2.12)
9423=93,=0, (2.13)
922=g3;=a’¢*", (2.14)
and
gll=J"2g%e*? (2.15)
g'i=g*" = —J 2adae*?, 2.16)
gti=g3'=0, 217
g*}=g**=0, 2.18)
g*?=J" 2% (27 4 [1 —kae?? sin(y+ &2 +7)1%}, 2.19)
g3 =J"2a%*¥*[1 —xae® sin(y+ &2 +7)12 (2.20)

where J =a%?¥?[1 —kae?? sin(y+ &> +7)] is the Jacobian of the transformation given by Equations (2.4) through
(2.9), x(¢'') is the curvature of L, and the angle y is defined by §=x cosy and ¢ sin §=x sin 7.

For a monopole point source moving parallel to L along the curve £'?=¢2, &3 = ¢ with uniform velocity U, the
velocity potential W associated with the fluid motion induced in the tube is governed by the equation
10 Jai AP\ 1Y qn)dE —UndE? — &g — &)
Jar\"? i )T e J '
In Equation (2.21), ¢(t) is a prescribed function of time ¢, § represents the Dirac delta function, and the constant c is
the speed of sound in the gas.

.21
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The boundary condition associated with Equation (2.21) is

0w
92 a—€;=0 on D34 (222)
Using the expressions for J and g¥, i, j=1, 2, 3, together with the relation y= —1— >, where 7(£'!) is the torsion of

L, we find that Equations (2.21) and (2.22) can be written in the form

A2 2 2
blazr———c \Pz+bl(b‘fe'2§'2~l-c'12)—-—~a ‘I’2 +hle2¢? G ‘PZ
aé/l aérz 6613

i g 2 O

—Za&bl 6_(??675’74” a3bze 85'17

+[b,(a* —aid) —a*ab,e¥* —b2ae™ ¥k sin f] awr
2 (7‘“1" b3az @2‘{‘
—blae™¢ xcos[f—a—fgz—éT e
+bfe~2£'2q(t)5(é/1 _ Ut)5((§'2 . 102)5(613 _563 )3 (223)
and

v2 ogt oY a2 OV
(@2 4 p2) ——; —aae?¥?
l)aé 2 ('Béll

where b, =1~ xae®?sin B, b, =%k sin f— Kt cos f, and f=y +y+ &>, This completes the formulation of the problem.

0 on &D,, (2.24)

3. SOLUTION SCHEME

Let 0= maxa ,e¢(<1)= maxxQ ,and nt=¢&1/Q. We can write kQ=¢, f,(n"), where f,(n') is O(1). Also, if

—w < <o - < <o
1Q is O(1) for — oo <& <00, we can write tQ =f,(1"'), where f,(n') is O(1). Since the tube section is slowly varying
we can write a=Q(1 +¢; f3(n")) where 0<e; <1 and f3(n') is O(1). If we set n?, ni=E%EGn nd=E3, &5, 1=U1/Q,
G(Hy=q()/UQ*, ¥ =UQY, and ¢=c/U then Equations (2.23) and (2.24) can be written (after conveniently dropping
the bars on i, g, ¥, and ¢) in the form

1 )
¥ +V2‘f’~g‘1’.,,w(t)e‘2"25(nl —1)3(1* = ng)d(n* —13)
351fle'72 [sp¥ 1+ 3513V2q" +facp =M (1 f1 s 1Y 4

3
ML) =L, = 2q0ds,e 00" =030 = nd)otn’ )]

'ﬁsfs[ﬂ’m —2My (1S5 D€ 12 = My f3 DM, (1 £

2
_EE\PJ']“ ¢2 j‘;’-elnzsﬁ[hﬂvf’-\lf +2M,(¥)

3s < <
— =P —q0sge 2 a0r" —1) n* —nd) n —né)] -
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“C'gf%[q},ll +M%(|f3 1)52”2\{’,22 "21‘41(”31)3"2\}’,12
1
+ M ( f3D02M ( f3)— M, (1f5,, D™, "25‘{',"]

+e,83f, fsenzﬂ}sgqj,n +35,V2¥ —2M ( f; })sﬁe"z‘}’,u
+30f 2= M (1 Dsg 1Y s = M (L3 DAIM (1 f 5,0 D= M (f 1 Ds,

+fyc,)em Y, +M2(\P)—?:—;i ¥,
~2q(t)sze 2™ (0" — 1) (n® — ) (n® -—né)ﬂ
+ed fledrs? [sﬂvl\n Mz(‘l")-—?%‘l’_,,:!
—2e2e, f2f1e?"s, [3sﬁvz\v+ 2M2(‘P)——~62321\P,,1
—q(t)s,e 2" 8(n' —1) 8(n* —n3) 5(713—'18)]

+515§f1f§e"2[[35/;?,1 LMY, Dsﬁeznzq},zz —4M (| f5 1)Sﬂen2\p‘12

+3[f2c1r“M1(]f1 I)Sy]‘{’,x +2M (1 f3 D{S;;[fw1(|f5 |)‘—M1(1f3,1 )

X X s
+M (/D] —fzclx}enzlp,z ‘z‘zﬂ W,zr]]
+edey 31,637 s [35,,%11 + 3M2(l1')---scf;i \P_r,}
+818§f1fge"2 [S;; [\P,l s M%(ifs 1)e2"2T,22
—2M (1 f5e™ ¥ 1,1+ [ fre,— M (1 f1 Ds, 1

— M (/3 D{3sIM (1 31D =2M (1 f3) = My (/i D]+ e, }e™ ¥

3s
——c-zﬁ q{,,ﬂ—-afsgff 2e?7's, [3SﬂV2‘I’+2M2(‘P)

18s _
——" ¥ s Sn' —0)8n* — ng) ol ﬂné)]
10
+ede2f2 1M 2 [336V2‘P + 3MZ(W)~—L§"—\P,,,]+
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10:
+126263 2 f 32 "lv,,+a3agf 13 2[ V2 + M, (¥)— ‘f‘\y J

2 3
2.4 02 g4 22 5§ 6,304 03 rag3n2 Sk
+3eies f1 3" E%‘P.u‘f’fh%f:fze "2?‘{""

3
—elelfi3e Y, (3.1)
and
qj,zzzﬂlfle"zsgql +es f3M (1S5 I)erzzxp

—e2f2e2P W, 426 6 f, f5€T 5, ¥ o+ eI fIM (1 S5 De” [,

—1W1(1f3|)e” ¥ 2]“23f£3f1f332”2 Slzf\P»Z

—e2elf1f2e?” 52, on 0D;, (3.2)
where ¢ sﬁ_cosﬁ sinﬁ )y =0( )/m ( )~—e n? a( )/6;1, j=2,3, V2ze 27 (@2/5,7224-02/6)1 ),

M, ()=(In( ), M,( )=e""(s,( ), +c,( ) ) and ( ),=8( )/ot.
For sufficiently small values of ¢,, &5, we will seek the solution of (3.1) and (3.2) in the form
W=3 &AWy, i+k=n (3.3)
n=0

The system of boundary-value problems for W{, n >0 is

W50+ VG —-Cl—z‘l’i)"&,,. =qlt)e ™" 5(n" = 1)8(n* —n3) S0r* —n), (34)
PO =0 on D, (3.9)
together with
‘I’};f”+V3\P§:’—i‘{’§z’,,*®"‘ D igk=n, =1, (3.6)
W, =xi"V on éDy, i+k=n nzl, (3.7)

where @~V and y{; " are given by
Q= f e s, WL | 435, V2RI + M pinn
ik fie i lk 11T 95 ikt e =M f 1 Dsp 1 Wi
3s .
+M, (YY)~ f WK 2‘1(1)3113“2"25('71—!)0(’?2*’73)5(’73—'73)}
—/f3 [2\1’52—311—2M1(|f3f)e"zq’f'z:ifu‘Mx(ifsl)Ml(ifz,x Der i -1,
2 N
—;ng:if,,} /1 e Sg [395V WP+ 2M (P R)

3 N _ 5
*;Sﬂ’%’izi’,u ~qt)s,e 27 80" — 03> —n2)on? -r13)] -
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9s
(n=2) (n=2 2B \pin-2)
+flcﬂ}e” P 12+M2(‘Pxn 1k) 1)— ‘Pin—-lk~l,tz

—2q(t)s;e 27 8(n* —1)d(n* —n2)d(n* ~rz3):u
#2075 SV - e

65,,

"2fff352"255 |:3SBV2\P(" Shoy F2M (PR "P{" 23:<) 1,1

—q(t)s,e 2" 8(n* —1)d(n* —n2)d(n® — n?;.)]

+f1f§e”2[[3s‘,‘l“" 1? 2, 11+M (113 1)33 e ‘I’f" 13k) 2,22
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—q(t)s,e =2 3(n' —1)3(n* —n2)d(n* — 48)}

10s
2 - - n-s
+ /113 5122 |:353V2‘P§"_ a2 +3IML (P )~ Czllr le*-ﬂ)—z,n\J

2
2 03222 38 \n-5) 343,352 2 2@(n-6) (n—6)
+12f7 f3e" ?Tg’izk—a,t:+f1f3e sy [sﬁv Y-+ ML (W55
IOS 252
/] -6 2 £4,.242 58 \yin-6)
- Cz_lyg'l—sk)~3,:z +3f1/5e™" ?q‘iiuﬁ@u

3 3
34,3425 -7 3 05,302 58 @n-38
~5f1f3€" }%\Pf”ifik)—4,rz~flf3e i ?‘{"iﬂ—sk)—-s,m (3-8)

and
n-~ 2 n— 2 —-
xp V=21 e" Sﬂ‘PgA V2 M (1 f3 e PR,
2 "= 2 -
—fie* S}}z lPLz;;c)‘z +2f, fse" Sg R St 1,2
~ 2 - 2 -
+IM (1 f3De [PE22 — M (1 f3De™ Wi™3),
2 - 2 -
“2fi'f332" 5;%‘1'?1- 23}2— 1,2 "f%fgezn Sﬁqjg-z‘?—z,z (3.9)
with W{7, i, +i,=m, and all derivatives of Py}, identically zero when i, <0 or i, <0.

Equations (3.4) and (3.5) can be considered as the equations in the cylindrical coordinate system (1, 2, n°) with
scaling factors 1, e”, e which govern the motion due to a monopole point source moving in a gas-filled infinitely
long straight tube with uniform circular section. The solution of this boundary-value problem can be obtained by
standard methods when the function ¢{t) is prescribed. The effects of tube curvature, torsion, and section variation
are exhibited in the system of boundary-value problems given by (3.6) and (3.7). For n=>1, each of these boundary-
value problems governs the motion induced by a source function ®; "' and a prescribed boundary velocity y{n ™Y

in a gas-filled infinitely long straight tube with uniform circular section. Again, these can be solved by standard
methods.

If in addition the torsion of the tube is small, [1|Q <1 for —oo<&! < oo, we can write 1Q=¢, f,(n"), where
¢, =max|t|Q <1 and f,(n') is again O(1). Equations (2.23) and (2.24) now take a form which can be obtained from
(3.1) and (3.2) by replacing f, throughout by &, f,.

In this case we seek a solution of the form
Y= Z a‘,e{,_e’g‘l’f;,i, i+j+k=n. (3.10)
n=0

The system of boundary-value problems for ¥, n=0, is

o1+ Vo 3 Wil =al0e ™2 500" =000 ~ )50 ), (.11)
¥ 2=0 on dDj, (3.12)
together with
Yo +V2‘P§;?,{—ciz‘P§;,L,,=<I>§};“, i+j+k=n n=1, (3.13)
Y =1V on dD;, i+j+k=n, n>1. (3.14)
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We obtain ®{;" " in terms of s by the following prescription: in (3.8) replace ®{f~" by @~ " and replace each
Y[ by Wy, except that if f, occurs in the coefficient of W) replace it by ¥§.~ ). To obtain x%~ " replace x§ " by

25 " and each ‘W) by W§?, in (3.9).
The method of solution of the resulting boundary-value problems is formally the same as in the case 1Q=0(1).

In [3] we have discussed the Dirichlet boundary value problems associated with a general twisted tube with
uniform cross-section. There we obtained the Green functions associated with the following four problems:

(i) tube of finite length,

(ii) closed tube of finite length,
(iii) semi-infinite tube,
(iv) infinite tube.

Perhaps the ideas contained there could be extended in our present case. Furthermore, special forms of g(t) in
Equation (2.21) such as that for the harmonic motion of a pulsating sphere (g =g, cos wt) could be treated (see, for
example, [1]).
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