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ABSTRACT

The flow of a polarizable viscous compressible fluid past a uniformly charged
sphere rotating with constant angular velocity is studied. The equations of motion
have been linearized by using a small parameter . It was found that if the axis of
rotation has the same direction as the flow, the rotation will not affect the drag
force, while the couple on the sphere will receive a correction of order f.
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1. INTRODUCTION

It is well known that if a sphere moves through a
viscous compressible fluid, there will be a drag force
affecting the motion of the sphere; this has been exten-
sively treated in the literature (see [1] for a review).
Recently Smith [2] extended the study to the case of
spheroids and spherical caps. If the fluid was polariz-
able and flowing past a uniformly charged sphere,
Schappert [3] showed that there would be a correction
term to the well-known Stokes law for the drag force
due to the polarizability of the fluid.

Here we study the case of a charged sphere rotating
with constant angular velocity Q. It is found that the
drag force does not change because of the rotation of
the sphere when the axis of rotation has the same
direction as the flow. On the other hand, the couple
affecting the rotating sphere will receive a correction to
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where p, p, n, R, and «, are the pressure, density,
viscosity, radius of the sphere, and polarizability per
atom respectively. These mentioned corrections arise
because of the forces of electrostriction derived from
the stress tensor [4]:
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The subscript T means that the derivatives have been
evaluated at constant temperature.

We shall make use of the properties of the creeping
flow; u, the velocity of the steady flow as well as Q will
be considered small and of the same order
(Q/uy,=0(1)). Consequently, the inertia term in the
Navier Stokes equation will be neglected. We shall
also neglect the gravity effect and other external forces.
In addition, we shall assume that no temperature
gradient exists.

2. OUTLINE OF THE PROCEDURE

We consider the Z-axis as the axis of rotation, which
18, at the same time, the direction of the steady flow.
The center of the sphere will be the origin (using
spherical polar coordinates (r, 8, ¢)).
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The equation of continuity is
div (pu)=0, )
where u is the velocity of the fluid element.

The equation of motion for the present case is the
same as given by Schappert [3]:

1
pBY(R/r)*—Vp+ §r7Vdivu +47V2u=0, )
where f is the dimensionless constant defined by
! e 2
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and x is defined by the equation of state
p=x(Dp. (4)

The solution for Equations (1) and (2) should satisfy
the boundary condition u(R)=QR sin ¢1, where 1, is
a unit vector in the direction of increasing ¢.

The zero-order solution in u for p may be of the
form
pO(r) =p0el‘{R/r)"’ r=> Ra {5)
where p, is the pressure at the boundary.

For the first-order solution in u, p enters the
equation of continuity in its zeroth order, i.e.
div (p°u)=0, (6)
which is
div /Ry =0, (7
Introducing the transformation
u=uye PRy (r, 0), (8)
we have from Equation (7),
div v=0. )]

v is a solenoidal vector and therefore it can be derived
as a curl of some vector A. Since the curl of a polar
vector is an axial vector and vice versa, then A is a
polar vector. Accordingly we may follow Landau and
Lifshitz’s [5] suggestion for the form of A. For the
present case we are led to the following expression for
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and 1,, 1, 1, are unit vectors in the directions of axes
of coordinates.

u(r) and W(r) satisfy the following conditions:
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It is clear that the solution for v given by Equation
(10) satisfies Equation (9) and all the boundary con-
ditions for Equations (1) and (2).

It is apparent that the solution for p is independent
of ¢, hence we can write

P(r.0)=P°(r)+P'(r, 6). (13)

Substituting from Equations (10) and (13} into (2), we
obtain for the r-component:
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for the f-component:
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and for the d)—componem:
4 R4
4 4
+2W— ﬁ {g (r*w)
dr

4
+%- W} 0, (16)
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It is clear that the dependence of P! on 0 is cos 6. If we
write

P(r, (})-—* B(r) cost) (17)
and
X=", (18)

Equations (14) and (15) reduce to Schappert’s
equations, namely ’
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Equation (16) reduces to

d?
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To find the solution for W we notice that the zero-
order solution in f for Equation (24) gives W=1/X7,
so it can be written in the form

WiX)= +/;( f g ) (25)

B can be calculated by substituting into Equation (24)
and linearizing in 8. A can be obtained from the
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boundary condition (11), hence we obtain

[

W(X)— +ﬁ( . 5{7) (26)

1t should be noted that the boundary condition (12)
is automatically satisfied.

3. DRAG AND TORQUE

Now we proceed to calculate the couple Q on the
sphere. We note that the velocity components i1, i,
and their derivatives vanish on the sphere; it follows
that the only component of the stress tensor which
contributes to Q is P,

u¢ 6u¢
P= 11( p + e ) 27
Pr¢‘X=1=nQSin0(—3_8ﬁ)ﬁ (28)
Q= JR sin l‘)P,(Zs(zer2 sin 0)d6, (29)
0
Q= 8nQR3(1 +§ﬁ), (30)
hence
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It is clear that the moment has increased because of
polarizability by

32 e\
“3—Q’1R = |T 00(4 R)

since the hydrodynamic moment is 87QnR?. It should
be noted that the above approximation is valid only
when f is small. Schappert calculated f for the helium
atom (f==2.3), by the formula

PV DY
2MC? \4negyR? )
where C the velocity of sound. This value of f will

introduce a remarkable change to the value of Q.

From Equations (19) and (20), the drag force is still
that calculated by Schappert

9‘0 20 ‘\P|r(47CGR2) }’ (32)

in which F has decreased by the polarizability effect.
The drag force decreases owing to the electrostriction,

F= (mRuory{
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though the stress components P, and P,, increase.
Schappert explains the decrease in the drag force that
the body force overcompensates for the increase of the
stress components. The only stress component that
contributes to the torque @ is P, which is decreased
by electrostriction. A similar mechanism is therefore
responsible for the increase of the torque due to the
electrostriction.

If the axis of rotation of the sphere is not in the
same direction of the flow, the suggested form of the
velocity u:

N , 1 d o
u=u,e A~ )A{I,U (r)cos 6 — lsi—r-a;(rzv (r) sin 0)

+1,6MW (10 x r}, (33)

the term € x r will contribute to the 8-component of the
velocity; consequently Equations (19) and (20) will be
modified and the drag force will be in general different
from that given by Equations (32).

If u,=0, the solution of u given by Equation (10)
satisfies the equation

div u=0, (34)

which means that the motion has been reduced to that
of an incompressible fluid and the correction given by
(13) will be meaningless.
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