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ABSTRACT 

Let F be the free semigroup on a finite or countably infinite set of generators, 
and let A be the algebra ofall complex valued functions on F with pointwise addition 
and convolution multiplication. 

It is shown that if f, g e A, f is a homogeneous polynomial and fg = gf; then 


there is a homogeneous polynomial h e A, a positive integer n and complex numbers 


a,bo, bit ... such that f = ahD and g = ~ bihi. From this it is shown that if f, 

i=o 


geA and fDg=gfD then fg=gf, also if fD=ga then f =ag for some complex number 


a with aD=!. 

INTRODUCTION 
The algebras A and B have been the subject ofLet F be the free semigroup on some finite or 

a lot of research lately, since they provide examples countably infinite set of generators. Let A be the 
of extreme cases of non-commutativity. This paper isalgebra of complex valued functions on F with point
concerned with some commutation relations in A. wise addition and convolution multiplication, i.e., 
It is a by product of the author's work with the algebra if s e F and f, g e A, then fg is defined by 
B [1] . For the interested reader we also refer him to 

fg(s) == L f(r) g(t) Reference [2] for some impressive results concerning 
the algebra B. 

If we let I(e) = 1 and I(s) = 0 for s =F e (Where e 
TERMINOLOGY AND NOTATION. is the empty word in F), then it is easy to check that 

I is an identity for A . Given seF and a generator c of F we let dc(s) 
Let B be the subalgebra of A consisting of all f eA with denote the number of occurences of c in the expression 

L I f(s I < 00. Then B is a Banach algebra with for s. The degree of s, d(s), is defined to be 

seF L: {dc(s): c is a generator for F }. -.. 

dentity where II f II = L: I f (s) I In other words d(s) is the length of s. It is easy to 
s e F see that d(st) = d(s) + d(t). 
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Given f e A we let Se denote the support of f, i.e., 
Se = {s e F: f(s) i: O}. If Se is finite We say f is a 
polynomial and if des) = d(t) for all s, t e Se we say 
f is a homogeneous polynomial. If f is a homogeneous 
polynomial we let d(f) :::z:: des) for s e Sf. It is clear 
that in this case d (fg) = d(f) + d(g) 

Given f e A, let ml(f) denote the set of words of 
minimum degree in Se \ {e}. After defining ml(f)". " 
mk(f), define mk+l(f) to be the set of words of minimum 
degree in Se subject to the condition des) < d(r) for 
Semk(f)and remk+l(f); i.e., mk+l(f)contains the words 
in Se. which are next in length to those in mk(f). If no 
such words exist, let mk+l(f)= 0. Note that mif)=O 
for some n if and only if f is a polynomial. 

For each n > 0, let fn = f\mn (f), i.e., fn is the 
restriction of f to mn(f). Thus fn is a homogeneous 
polynomial. 

The letter C will denote the field of complex 
numbers. 

Commutation Properties in A. 

By a homogeneous polynomial we will always 
mean a non-trivial one, i.e., we exclude the case f=l. 
The following lemma is easy to prove (by induction 
on k) and we leave it to the reader. 

1. Lemma. 

Let fl, ... , fkbe homogeneous polynomials and 
let Sl' ... ,skbe elements of F such that d(fi) = d(si); 
i = 1, ... , k. Then fl ..fk (Sl .. sk)=fl(SI) .. fk(Sk)' 

2. Lemma. 

Let f and g be homogeneous polynomials and 
suppose that d(f) = d(g), If fg =gfthen there exists 
a number C( such that f = g.C( 

Proof. 

Let seSe and t e S.. Then, by lemma 1. 
o i: f(s) g(t)=fg(st) =gf(st) =g(s) f(t). Hence g(s) i: 0 
i: f(t). 

This says that Se = Sg. 

Now let s,t e Se = Sg. 


f(s) f(t)

Let C( = - and ~ = _.

g(s) get) 
Then ~ g(s) g(t)=g(s) f(t)=gf(st)=fg(st)=f(s) g(t)= 
C(g(s) g(t). 

f(s)
Hence~ = C(. Thus - = C( for all seSe and 

g(s) 

thus f=C(g. 


3. Lemma. 

Let f and g be homogeneous polynomials with fg= gf. 
Then there exists a homogeneous polynomial heA such 
that f = rt hn and g= ~ hm for some rt, ~ e C and some 
positive integers nand m. 

Proof. 

Without loss of generality we may assume that 
d(f) ~ d(g). 

Claim 1. 

There exists a non negative integer k such that for 
each seSe there exists rl, .. ,rk e Sg and t E F with 
d(t)<d(g) and s = r l .. rkt. 

Proof. 

Let seSe and let reSg. We have 0 i:f(s) g(r)=fg(sr) 
= gf(sr). Hence there exists r eSg and tl e F such that 
d(tlr)=d(s) = d(f) and rltl=s. 

Now Oi:f(s) g(r) =fg(sr) = gf(sr)=gf(rltlr) =g(rl) f(tlr). 
Hence f(tlr)i:O. 

Suppose d(tl) ~ d(g), then by repeating the same 
argument with s replaced by tlr, we get r2 and t2 such 
that tl =r2t2 and f(t2rlr)i:0, so s=rlr2t2. 

Repeating the same procedure until d(tk) < d(g) we get 
s=rl , .. rktk· 

Claim 2. 

Let sand t be as in the conclusion ofclaim I. Then 
given any r l,... rk eSg; we haverl · .. rj t rj +1'" rkeSefor 
any j=O, .. ,k. Moreover, f(rj .. rktrl " .rj _I) = f(rl .. rk t) 
for allj. 

Proof 

By claim I, there exists r l, ... , rk e Sg such that 
s=rl ... rk t for some t with d(t) < d(g). 

We have g(rl) f(r2 , .. rktrl)=gf(rl ... rktrl) 


=fg(rl , .. rktrl)=f(rl , .. rkt) g(rl)=f(s) g(rl) i:0. 


Repeating this argument establishes the second 

statement of the claim. We now show that. 


(1) r r J+I ... rk t rl ... rjol e Sefor allj and all r e Sg and 
(2) Ifrj' ... rk' t rl' .. . rj_I' eSe then rj_I' ... rk'trl' ... rj-2' 
e Sf for all rl; ... , rk' e Sg . 

This will establish the claim. 
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Let r E Sa. Then 

o -:F g(r) f(rj+I'" rktrj ... rj) =gf(r rj+J ... rk t rl ... rj) = 
=fg(r rj+1 '" rk t rl ... rj) =f(r r j+l ... rk t rl ... rj_l) g(rj) 
which proves (1). 

Let f(r/ ... rk'trl' ... rj-l') -:F O. 

Then 0 -:F g(r{or) f(rj' ... r,/ t rl' ... r'j-1) = 


=gf(r'j_lrj' ... rk't rl .. , rj'_I) = 

=fg(r'j_l r;' ... rk' t r'l ... r'j_l) = 

=f(r'j_1 ... fk' t rl' ... r'j_2) g(r'j-1). 

This finishes the proof of the claim 


Claim 3. 
Let Tl = {t: d(t) < d(g)' and there exists 

rlt ... , rk E Sa such that rl ... rk t E Sf}. 
Then given t E Tl and rl, ... , rk; rl', ... , rk' E Sa 

we have 	 f(rl ... rk t) f(rl' ... rk' t) 

g(rl) ... g(rJ = g(rl') ... g(rk') 

Hence the map 

function of TI into C. 

Proof 

g(rl') ... g(rk') f(rl ... rk t) = 
=gk(rl' ... rk') f(t rl ... rk') = gkf(rt' ... rl' t rl ... rk) = 
=fgk (rl' ... rk' t rl ... rk) = f(rl' ... fk't) g(rl) ... g(rk)' 

Claim 4. 

Given t E TI and r E Sa there exists t'E TI and 
r' E Sa such that tr = f't'. 

Proof 

Choose any rl,· .. ,rk E Sa' Then r2, · •• ,rkft E Sf and hence 
o -:F g(fl) f(r2.. ·rkrt) = gf(rl .. ·fkrt)=fg(r l .. fkrt). 

Hence there exists r' E Sa and t' E F such that d(t') = 
d(t) and rt=t'r'. 

But fl' .. rkt' E Sf' thus t'ETI· 

Claim 5. 
f(fl ' .. rkt) 

Choose rl ... fk E Sa and 1et hl(t ) = 	 --- 
g(r 1)" .g(rk) 

fOf t E Tl. Let hl(s)=O for s ETI. Then f=gk hI =hl gk, 
ghl = hlg and fhl = hlf. (Note that hI is independent 
of the choice of rl ... rk by claim 3.) 

Proof 
It is obvious that f = gk hi = hi gk. 

Now, by claim 4, Sahl = Shla . 

Let tr E Shla with t E Shl and r E Sa' Then, by claim4, 

there exists r' E Sa and t' E Shl such that tr=r't'. 
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f(rl· .. r k-l rt) g(r) 
We have hi g(tr)=hl(t) g(r)= 

g(fl)···g (rk- l) g (r) 
f(f l ... fk_ l f t) f(f l ... rk_l t' r') 

g(rl) ... g(rk_ l) g(rl)· .. g (rk_ l) 

f (rl · .. rk_l t' r') g(r') 
= g (rl) '" g(rk_ l) g(r') 
=hl(t') g(r')=g(r') hl(t')=ghl(r't')=ghl (tf). 

Hence hI g = g hI 

We also have hlf(t'r l ... rkt) = hl(t') f(rl ... rkt) = 

f(r1 • •. r k 1') f ( r 1 ..• r k t ) , 
= f(r l ... rkt) = f(r l ... rkt ) 

g(rl) .. . g(r) g(r l) '" g(rk) 

=hl(t) f(rl 	'" rkt') = f(t'fl ... rk)hl(t)=fhl(t'fl · .. rkt) 

Hence hI f = f hi' This establishes the claim. 

Claim 6. 

There exists a homogeneous polynomial heA such 
that g=cxhD and f=~hm for somecx,~EC and some 
positive integers nand m. 

Proof 

If Tl = {l} then SE Sf if and only if s=rl .. . rk 
fOf some fl ... fkE Sg' Hence Sf=S~, and since 
f gk=gk fit follows by lemma 2 that f=cxt for someCXEC 
IfTl-:F {I}, then replacing (f,g)by (g,h l) in the previous 
claims we obtain a set T2 and h2 EA such that Sh2=T2, 
d(h2»d(hl), g=hlkl h2 for some positive integer kl 
and h2 commutes with hI and g. 

IfT 2 -:F { 1 } repea t the same argument to obtain T3 and h3 

This process will stop at the n-th stage when T n+l = {I}. 
Let h = hn . Then it is easy to verify that h satisfies the 
conclusion of the claim. This finishes the proof. 

Lemma 4. 

Let f and g E A be homogeneous polynomials. 
Suppose that fn=~ for some positive integers n 
and m. Then f g=g f. 

Proof 

We may assume that d(f)~d(g). Given SE Sf we have 
sn E Sgm = (Sa)m. Hence there exists r, r' E Sa and 
u,u' E F such that s=ru = u'r. 

Claim 1. 

If Uf E Sf then r'uESf for all r'ESa, where r' ESa. 

Proof 

We have 0 ¥= g(r') f(ur)D= gf n(r'(u r)n)=fD g(r'(ur)D) 
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=fD(r' u(r U)D-1 ) g(r) = fer' u) f(u r)D-1 g(r). 

Hence r' u E Se . 

Claim 2. 

If u r E Sc with r E Sa then f(u r) = f(r u). 

Proof. 

Fix Ur E Sc where r E Sa. 
Let SESe be arbitrary. Let s = u r where r ESa. Then 
f(ru) f(fu)D-l=fD(r u (fii) D-l )=gm (r u(fu) D-l)= 

= g(r) gm-l ( (J.1 r)D-l ii) = gm-l ( (urt-lii) g( r) = 

=gm «iir)D-l ur)=fD «u 'f)D-l ij r) = f(u r)D-l f(u r). 

Hence 

f(u r) If(f ii~D-l 

f(r u) = ,f(u r)/ 

Now f(ru) f(r u) D-l = fD (ru (r u) D-1 )=fD(u(ru) D-l r) 

(by going through go) 
=fD(U r (u r)D-l ) == feu r) feu r)D-l 

Hence fer u) = (f(U r) \n-l = (f(f ii)J(D-li = ex 
feu r) f(r uj) f(u r)) 

Let U = { U E F : rUE Se for some r E Sa } . 

Then Se = { r u : r ESa ' U E U} = {u r : r ESa ' UE U} 

Hence L f(u,r) = L f(s) = L f(r,u). 
uEU aEF uEU 

rESa rESa 

Thus ex= 1, establishing the claim. 

Claim 3. 

fg = gf. 

Proof. 

Let sEScand r E Sa. Then there exists SI ESc and r l ESa 

such that s r = r l SI' and hence there exists uEF such 
that s=rl u, so ur=sl since r l ur = rl SI. Thus we have 
feu r l)D g(r)=f(r1U)D g(r) = g m + 1 « r l U)D r) = 

=g (rl) gM (u(rl u) D-l r)= g(rl)fD( (u r1) D -1 U r) = 
=g(r1) feu r l) D -1 feu r). 

Hence feu r l) g(r)=g(rl) feu r). Thusfg(sr)=fg(rl ur)= 

=f(r1 u) g(r)=f(u r l) g(r)= g(rl) feu r)=g (r1) f (SI)= 
=g f(r1 SI) = g f(s r). 

Hence f g = g f. This finishes the proof. 

S.Lemma. 

Let f and g be homogeneous polynomials in A. 
If f t = t f for some positive integer k, then there 
exists ClEC and positive integers m and n such that 
fm =ClgD 

Proof. 

Let hI =fk d(a) and let h2=gk d(f) • 

Then hI h2 = h2 hI and d(h. ) = k d (g) d( f) = d (h2). 
Hence by Lemma2 there exists exEC such that hl= exh2. 
Hence f k d (a)= gk d (C) • 

The following theorem summarizes the results in the 
previous lemmas. 

6. Theorem. 

Let f and g be homogeneous polynomials in A. 
Then the following statements are equivalent. 

(a) 	 f g = g f. 

(b) 	 f t = t f for some positive integer k. 

(c) 	 fm = ex ~ for some ex E C and some positive 
integers m and n. 

(d) 	 There exists h E A such that f = ex hm and g = phD 

for some ex, ~EC and some positive integers m 
and n. 

Proof. 

(a) 	 =:> (b) ; trivial 

(b) ~ (c) : by Lemma 5 

(c) 	 =-> (a) by Lemma 4 

(a) 	 => (d) by Lemma 3 

(d) ~ (a) trivial. 

7. Corollary. 

If f, g, and h are homogeneous polynomials such 
that f h = h f and g h = hg, then f g = g f. 

Proof. 

By theorem 6, fD=ahm for some n, m> 0 and a EC. 
Hence fD g = g fD and thus f g=g fby (b) of theorem 6 

8. Corollary. 

If f, gEA with f a homogeneous polynomial and· 
f g = g f, then there is a homogeneous polynomial h 

00 • 

such that f = a hD and g= Lbih1 for some n>O 
i=0 

and 	complex numbers a, bo, b1, ... 

Proof. 

Note that for every positive integer m, we have 
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f gm=(f g) m=(g f)m = ~f. Hence by corollary 7, 
the elements f, g., g2' ... are pairwise commutative. 

Let B be a maximal commutative subalgebra 
containing f (such subalgebra exists by Zorn's lemma). 
Then gm E B for all m > O. 

Choose hE B to be a homogeneous polynomial of 
minimal degree. Then there exists k EA such that 

f = akDand h = km. By corollary 7, g km = gmk for 

all m>O. Hence, k EB by maximalityof B and thuS 

k = h by minimality of d(h). 

Repeat the above argument wIth gm in place of 
km

f, to get gm=cmh for some km ~ 0 and CmE C. 

Therefore f = a hD and g = i; gi = ~ Ci h ki . 
i=O i=O 

9. Lemma. 

A has no zero divisors. 

Proof 

Suppose f #0 # g. Let s Em1(O and t E m.(g).Then 
f g(s t) = f(s) g(t) # O. 

10. Theorem. 

Let f, g E A with fD g=g fD for some positive integer 
n. Then f g = g f. 

Proof 

We have fD(fg-gf)= (fg-gf)f D. 
Therefore, f t( fg-f). = (fn(fg-gf) ). =( (fg-gf) fD). 
=(fg-gf).f.~ (1) 
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From the fact that fDg=gfD, we get, 

D-. 
2; f D- k- 1 (fg-gOfk=O. 

k=O 

D-. 
Hence 0 = [2; D-k-l (fg - gf) rfk ] 1 = 

k=O 
D - 1 

2; f.D-k-. (fg-gf).f.k = 
k=O 

=n ft· (fg - gO.; by (1). 

Hence, by lemma 9, f. =0, or (fg-gf). =0 and therefore 
f=O or f g=g f. 

11. Theorem. 

If f, gE A with fD=gD for some positive integer n. 
DThen f=a g for some a E C such that a = 1. (This 

result shows uniqueness, in some sense, of n-th roots, 
when they exist). 

Proof 

If fD=gD, then f g = gf by theorem 10, and the 
result follows by factoring out f!.~ and applying 
lemma 9. 
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