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Proposition 2.11 

' Let £ be an n x n fuzzy mattix. If Eis;transitive and reflexive , then £ is idempo­
tent. 

, Proof 
Since we have £ is a transitive fuzzy matrix, £2 ~ E. Now, we show that E2 ~ E. 

< " .. ". n 

Let £ 2 - [ (2)] Th'" , (2) - ~ >- - ' (S' h ' E o' fl') - e ij · en e ij - L eik ekj ~ ejj eij - e jj IDce we , ave IS re eXlve . 
k= 1 

* 
Proposition 2.12 (4) 

Let Nbe an irreflexiveand transitive fuzzy matrix. Then N is nilpotent . 

DefinitioI:J 2.13 [1,5) 

An m x n fuzZy matrix A is called regular if and only if there exists an n x m fuzzy 
matrix G.such that A GA = A. Such a fuzzy matrix G is called a generalized inverse or 
a g-inverse of A. 

Remark 
Note thatG is not unique since it is not unique in the crisp case. 

Definition 2.14 fS) 

" An n X n fuzzy matrix S is called similarity if and only if it is reflexive, symmetric 
and transitive. 

3. Some Properties of Sections of Fuzzy Matrices 

Definition 3.1 (1) 

Thesection a of a fuzzy matrix A is a Boolean matrix, denoted by All = [a~J such 
that a~j == 1 ifa

y 
.. ~ a and a~j = 0 if a ij < a. 

Where a E [0,1. 

Lemma 3.2 

For a, bE [0,1], we have the followings: 
(1) a ~' b => au ~ bll , 
(2) (a b)1l = all bll , 
(3) (a + b)1l ,"'= au + bO, 
(4) {a _b)a ~ ,aG _ bll , 
(5) (a '-b)1l ~au - bll. 

Proof 
(1) Obviousby'definition. 

(2) Ifab ~ a,then (a b)1l = 1, all bll = 1.lfa b < a, then (a b)1l == O. Since a b < a, 
at le~stoneof a and b is less thana. So, all bll = O. Hence (a b)1l = all bll . 

,(3) If a + b ~ a, then a~, a or b ~a or both. So, (a + b)1l = all + ba = 1. If 
a + b < a , then a <a and b < a. So, (a + b)Q= all + bll = O. 
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Then tjj = I a =ajj' 
a:S;;a;; 

* 
4. Relationship between a Fuzzy Matrix and Its Sections 

Proposition 4.1 

Let R be an n x n fuzzy matrix and a , & E [0,1] such that & ~ a. Then: 

(1) R is a-reflexive => ~ is reflexive, , 

(2) R" is reflexive => R is a-reflexive. 

Proof 
(1) Suppose that R is a-reflexive, i.e., r ii ~ a . Since we have B ~ a, r ji ~ & and so, 

t1i = 1. Hence R6 is reflexive for all B ~ a. 

(2) Obvious from definition of a-reflexivity. 

Corollary 4.2 

R is reflexive if and only if R6 is reflexive for all 8 E [0,1]. 

Proposition 4.3 

Let R be an n x n fuzzy matrix. Then R is weakly reflexive if and only if all its sec­
tions are weakly reflexive. 

Proof 
First, suppose that R is weakly reflexive, i.e., rjj ~ 'if So that r:i ~ r:j for every a E 

[0,1] . Hence Ra is weakly reflexive, 

Second, suppose that Ra is weakly reflexive for every a 6 [0,1], i.e., r:i ~ r:r 

For a = 'ij we get, ri/ii ~ ri/ii = 1. Therefore 'ii ~ r ij and hence R is weakly reflexive. 

* 
Now, we define an a-irreflexive and strongly irreflexive fuzzy matrix. 

Definition 4.4 

An n x n fuzzy matrix R is called a-irreflexive if and only if r ii .;;; a for all i = 

1, 2, ... n . It is called strongly irreflexive if and only if Tii :;;;; iij for all i, j = 1, 2, ' .. n. 

Remark 4.5 

O-irreflexivemeans, in fact, irreflexive. 

Proposition 4.6 

Let Rbe an nXn fuzzy matrix and a , & E [O,i] such that a < B. Then 

(1) R is a-irreflexive => Ra is irreflexive, 

(2) Ra is irreflexive => R is a-irreflexive. 

Proof 
(1) Suppose that R is a-irreflexive. i.e., rjj ~ a. We have a < Band so, eii < 8, 
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i.e., R8 is irreflexive . 

(2) Obvious: 

Corollary 4.7 
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* 

Let R be an n xnfuzzy matrix. Then R is irreflexive if and only if R& is irreflexive for 
all 8 E [0,1]. 

Proposition 4.8 

Let R be an nXn fuzzy matrix. Then R is strongly irreflexive if and only if RQ is 
strongly irreflexive for all a: E [0,1]. 

Proof 
Suppose" that R is strongly irreflexive: i.e., rji ~rij for all i, j = 1, 2, .. . n. 

So that 1";i ~ 1";j" Hence W is strongly irreflexive. 

Conversely, suppose that W is strongly irreflexive for all a: E [0, 1]. Then 
1";i ~ 1";;. Taking ~= rii we get ri~ii ~. r i?" i. e., 1 '~ ri;ii. Therefore, r ij ;;. r ii • 

* 
Proposition 4.9 

Let S be an n x n fuzzy matrix. Then S is symmetric if and only if all its sections are 
syminetric. 

Proof 
We have S is symmetric if and only if S = S' if and only if SQ = (S,)Q = (SQ)'. 

* 
Proposition 4.10 

A fuzzy matrix T is transitive if and only if all its sections are transitive. 

Proof 
We have Tis transitiveif and only ifT2 ~ Tif and only if (TIY ~ TQ if and ()nlyif 

(TQ)2 ~ TQ if and only if TQ is transitive. 

Propositions 2.11,4.1 and 4.10 suggest that ita fuzzy matrix E is transitive and re­
flexive (idempotent), then all its sections are also transitive and reflexive (idempo­
tent). This property will apply to idempotent fuzzy matrices in the following propos-
ition. . 

Proposition 4.11 £11) 

A fuzzy matrix Eis idempotent if and only if all its sections are. 

Proof 
Similar to proof of proposition 4.10. 

Proposition 4.12 

A fuzzy matrix N is nilpotent if and only if N Q

, a:E [0,1] is nilpotent. 
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Proof 
Follows directly from (Nn)o = (NQt. 

* 
Definition 4.13 

An n x n fuzzy matrix C is called circular if and only if (C2)' ".;; C, or more explicitly, 
cjk Cki ".;; cij for every k = 1,2, .. . n. 

Proposition 4.14 ·d 

An n x n fuzzy matrix C is circular and reflexive if and only if it is similarity. 

Proof 
Suppose that Cis circular and reflexive. Then cij = CijCjj ".;; cji • Also,cji =CjiCii ".;; Cij" 

So, cij = cji and hence C is symmetric. 

I h (2) ,.::. ..... . C . . . H C"'I' A so, we ave cij ~ cji - cij ' z.e., IS transItIve. ence IS SImI anty. 

Conversely, suppose that C is similarity. Then c~~) ".;; cij = cji • Hence C is ~ircular. 

* 
Proposition 4.15 

An n x n fuzzy matrix C is circular if and only if all its sections are. 

Proof 
We have C is circular if and only if (C 2)' ".;; C if and only if « C 2)')Q"';; CQ if and only 

if «C2)Q)' ".;; Cl if and only if «CQ)2)' ".;; CQ. . 

* 
Proposition 4.16 

Let Cbe an n X n fuzzy matrix. Then Cis compact if and only if all its sections are. 

Proof 
We have Cis compact if and only if C2 ~ t' ifand only if (C2)Q ~ CQ if and oidy if 

(CQ)2 ~ CO. 

* 
Proposition 4.17 

Let A be a regular fuzzy matrix with a g-inverse G, then AO is regular with a 
g-inverse GQ for every a E [0,1]. 

Proof 
Since A is regular with g-inverse G, we have A = A GA. 

ThenAQ 
= (A G A)Q = AQ G Q AQ. Hence AQ is regular andGQ is a g-inverxe of it . 

* 
The following example shows that the converse of the above proposition is not true 

in general. 
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