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Laminar Natural Convection in a Square Enclosure
with Discrete Heating of Vertical Walls

ABDULHAIY  M. RADHWAN    and    GALAL  M. ZAKI

Mechanical Eng. Dept., King Abdulaziz University
 Jeddah , Saudi Arabia

ABSTRACT.  Natural convection heat transfer in a square air-filled enclo-
sure with one discrete flush heater is examined numerically. The enclo-
sure is vertical with isothermal heating strip on one wall, the remainder
of the wall and the opposing one are isothermally maintained at a lower
temperature. The top and bottom sides are adiabatic. The two dimen-
sional differential conservation equations of mass, momentum and en-
ergy are solved by a finite difference method for Rayleigh number var-
ying from 102 to 106. The changes in temperature and flow fields
(stream functions) with increase in Rayleigh number are investigated
for different heater locations. The isothermal cold sections adjacent to
the heater assist the development of secondary circulation cells, that de-
pend upon both Rayleigh number and the position. With discrete heat-
ing and cooling sections on one wall, the flow is characterized by boun-
dary layers lining these sections with separate circulation cells. The
variation of the local Nusselt number is influenced by this flow pattern
and the average Nusselt number is higher than that of a discrete heating
strip mounted on an adiabatic wall. The optimum location over the
range of Rayleigh number is for the heater mounted at the center of the
wall, s/L = 0.5 a result confirmed by previous experiments.

1. Introduction

Heat transfer by buoyancy driven flow is of importance for a large number of
engineering applications. Cooling of electronic equipment[1], ventilation of
buildings[2], thermal performance of heat storage tanks, solar ponds and solar
collectors[3,4,5] are some of the applications. The importance of free convection
heat transfer phenomena taking place in enclosures is recognized by the abun-
dant research works reviewed by Ostrach[6] and Yang[7]
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Two dimensional natural convection in a differentially heated square enclo-
sure has been solved numerically, de Vahl Davis[8], Markatos[9] and Barakos[10],
Solutions agree well for the region of laminar flow, Ra ≤ 106. Cochran[11] pre-
sented comparison of the computational methods extending the enclosure prob-
lem to account for temperature dependent viscosity. Various configurations for
enclosures have been investigated using different solution techniques and for
different side heating conditions, such as asymmetrically heated opposite verti-
cal[12-14] or inclined[15,16] sides and discrete wall heating[17-23].  The scope of
these studies covered a wide range of parameters influencing the heat transfer
process such as the number of discrete heaters[17, 18], the cavity width[19], effect
of Prandtl number[20], effect of aspect ratio[21] and the discrete heat source loca-
tion[22].

The work of Chu and Churchill[23] is a major contribution to the problem of
discrete heating in vertical enclosures, where a finite difference solution is pre-
sented for a wide range of parameters (aspect ratio (.4-5) and Grashof number
from 102 to 105). The effect of the size and location of the strip heater upon
Nusselt number was also investigated. The maximum average Nusselt number
depends upon Groshof number and the distance between the strip heater and the
top of the enclosure. Hadim[24] considered two discrete heaters flush mounted
on the two opposite vertical sides of a square cavity.

This study is a contribution to the ongoing research effort for enhancing the
convection heat transfer in enclosures. It is suggested here to introduce succes-
sive discrete heating and cooling strips on the same vertical wall of the enclo-
sure, this configuration has not been investigated before. The flow and tempera-
ture fields for this arrangement assist formation of eddy cells that influence the
overall convection rate. One side is discretely heated with a flush heating strip
at constant high temperature and the rest of this side as well as the opposite side
are isothermal heat sinks. The top and bottom sides are insulated and the enclo-
sure is filled with a Newtonian temperature dependent density fluid.

2.  Mathematical Formulation and Numerical Computation

The configuration of interest for the present study is shown in Fig. 1, which is
two dimensional square enclosure with a side of length L and adiabatic top and
bottom walls. The left vertical side has a flush discrete heater at a constant tem-
perature, Th. The rest, l1  y  > l2, of the wall as well as the right side,  X = 1, are
kept at a lower temperature Tc. The hot isothermal strip is located between  y =
l1 and y = l2, Fig. 1, and the fluid inside the enclosure is assumed incompressi-
ble, Newtonian with density variation only pertinent to temperature changes.
The governing mass, momentum (x and y directions) and energy conservation
equations for steady state buoyancy driven fluid flow are:
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Eliminating the pressure gradient terms in Eqs. 2 and 3 by cross partial diffe-
rentiation and introducing the vorticity function:

FIG. 1. Schematic of enclosure configurations.
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into Equation (1) making use of the following dimensionless variables:

Equations (1) through (4) are written in the following dimensionless form
(known as steady-state derived variables convection equations):

where ψ is the normalized stream function. For free convection, the governing
dimensionless parameters are Grashof and Prandtl numbers.

The boundary conditions of velocity and temperature fields are shown in Fig.
1 and presented as:

Equation 9 is written in a general form, whereas for l1 = 0 and  l2 = 1, the prob-
lem presents the standard enclosure conditions with one side at Th, (θ = 1), and
the opposite side at Tc , (θ = 0). The position of the discrete element of length l
is controlled by s that varies from  l/2 to (L � l/2).

U
uL

Y
Y

y

L

V
vL

X
X

x

L

T T

T T

g L T Tc

h c

h c

= = =

= = =

= =

υ
∂ψ
∂

υ
∂ψ
∂

θ β
υ

,

– ,

–
–

 ,
( – )

Gr
3

2

(6)

(7)

(8)

∂ ψ
∂

∂ ψ
∂

ω

∂ω
∂

∂ω
∂

∂ ω
∂

∂ ω
∂

∂θ
∂

∂θ
∂

∂θ
∂

∂ θ
∂

∂ θ
∂

2

2

2

2

2

2

2

2

2

2

2

2
1

X Y

U
X

V
Y X Y

Gr
X

U
X

V
Y X Y

+ =

+ = +












+

+ = +












 .  

Pr

(9)

(10)

(11)

 

X U V

L Y L

X U V

Y

Y
U V

Y

= = = =

= ≤ ≤

=









= = = = =

=

=





= = = =

0 0

1

0

1 0 0

0

1
0 0

1 2

:   ,  

/ /

: ,  

: ,  

ψ

θ

θ

ψ θ

ψ ∂θ
∂

l l

elsewhere



Laminar Natural Convection in a Square Enclosure with... 87

The vorticity boundary condition near the wall is obtained using values of the
stream function for the layers adjacent to these walls. An expression suggested
by Nogotov[25] has been used for all interior surfaces of the enclosure as:

where  ψa and  ψb are the values of the stream function at distances δ and 2δ
from the wall respectively, δ  is the grid size.

The local heat transfer rate along the heated section of the wall is obtained
from the heat balance that gives an expression for the local Nusselt number as:

where Y1 = l1/L and Y2 = l2, Fig. 1. The average value for Nusselt number is
defined by:

The governing dimensionless differential equations are discretized to a finite
difference form following the scheme suggested by Nogotov[25] explicit central
second-order difference). The computational scheme, based on Successive Over
Relaxation, SOR, is arranged to solve the three equations for the (k + 1) th itera-
tion step. The initial values over the field for θ, ω and ψ are assumed zero for
Ra ≤ 104, for higher values of Rayleigh number, the field values at Ra = 104 are
taken as initial starting values. The relaxation parameters, γθ = γω = 1 and γψ =
1.6 give stable numerical computation with 21 × 21 grid and Ra ≤ 104, for high-
er Ra values γθ = 1, γω = 0.1 to .02 and γψ = 1.97 are used.

The criterion for convergence is examined according to a realistic condition
for each state variable at each node as:

where the subscripts i and j refer to a grid node, γ is a dummy space variable (θ,
ω, or ψ) and ∈ λ is a small quantity set to 10�3 for Ra ≤ 105 and set to 10�4 for
Ra ≥ 105 in the present work for the grid of 21 × 21. Finer uniform grid (41 ×
41) and ∈ λ = 10�5 are used to improve the results at Ra = 106.
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The iterative routine, the selected grid and the relaxation parameters are veri-
fied by comparing the results with corresponding previous works for a standard
square enclosure (l/L = 1, s/L = 0.5,  θ  = 1 at X = 0 and θ = 0 at  X = 1) at differ-
ent Rayleigh numbers. The computed values of the average Nusselt numbers are
in good agreement with the corresponding results of De-Vahl Davis[8], Marka-
tos[9] and Quon[26] , for air, Pr = 0.71, as seen in Table 1.

TABLE 1. Average Nusselt number, N
�
u, in air filled square enclosure.

            
Ra

de-Vahl Davis Markatos Quon
Present work   

[8] [9] [26]

           103 1.117 1.108 1.13 1.149   

           104 2.243 2.201 2.26 2.206   

           105 4.509 4.43   4.54 4.515   

The solutions have also been checked for energy balance where the heat re-
leased by the hot isothermal wall equals the heat transferred to all cold walls.
Discontinuity in temperature at the edges of the heater by the sudden change of
temperature from θ  = 1 to θ = 0 at X = 0, y = l1 and l2 is numerically achieved
by selecting small grid size (21 × 21) or (41 × 41)  and impose linear tempera-
ture variation between the two adjacent nodes at the edge of the heated section,
i.e. (θ = 1 at y = l2 � δ/2 and θ = 0 and y = l2 + δ/2 and a linear relation is as-
sumed between the two locations).

3.  Numerical Results

The study considers buoyancy driven motion of air (Pr = 0.71) created by a
strip heater. The dimensionless length of the heater, l/L, is constant at .35
*while the relative location s/L changes as 0.175, 0.5 and 0.825. These positions
refer to placing the heated section at the bottom corner, the middle and at the
top corner of the vertical wall respectively.

3.1 Flow and Temperature Fields

The development of the isothermal lines and stream functions as Rayleigh
number varies from 103 to 106 for  s/L = 0.175 are shown in Fig. 2. At Rayleigh
number, 103-104, heat dissipated from the discrete heater develops a fluid layer

*The choice of the ratio l/L = 0.35 is mainly dictated by the condition for an ongoing experimen-
tal work, for which the heater length is 10.5 cm and the enclosure side is 30 cm. The experimen-
tal study is still in  progress.
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FIG. 2. Development of isotherms and stream functions with Rayleigh number for s/L = 0.175.
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that moves upward at low velocity for Ra = 103 as indicated by the largely
spaced isotherms to those shown for Ra = 104. The cold wall above the heater,
suppresses this buoyancy effect. The isotherms are clustered near the hot sec-
tion, in nearly parallel lines, indicating domination of diffusion heat transfer
mode close to the bottom section of the heater. The hot fluid looses part of its
energy to the cold section of the same wall and moves along the adiabatic ceil-
ing then down along the right side wall forming a single central cell with a cen-
ter shifted from that of the enclosure. Secondary eddy zone is formed in the
upper top corner as a result of the tendency of the hot rising fluid to move away
from the corner. The eddy cell size increases with increasing Rayleigh number,
Fig. 2. It is noticed that the pattern of the streamlines changes with increasing
Rayleigh number. The effect is pronounced at Ra = 106 where the main cell is
distorted and prolonged to an elliptic shape in the lower part, while the upper
eddy cell grows to occupy the upper portion. Steep temperature gradients are
noticed along the two vertical sides and nearly vanish in the central region. The
lower vortex, at Ra = 106, moves clockwise, and the effect of the upper vortex,
rotating anticlockwise causes the distortion shown in the stream functions.

The streamlines and isotherms when the discrete heater is placed at the center
of the cold vertical wall, s/L  = .5 are presented in Fig. 3 for different Rayleigh
numbers. The isotherms and streamlines at Ra = 103 show that the flow forms a
single circulation cell with its center coinciding with that of the enclosure. A
small eddy circulation cell appears in the upper left corner. An increase in Ray-
leigh number to 104 causes distortion of the isotherms where the heat propa-
gates more towards the cold wall opposite to the discrete heater. The eddy cell
at the top corner increases in size and a new eddy cell appears at the lower left
corner.

At Ra = 105 the temperature gradients along the heater and the top cold sec-
tion are steep, but much less at the lower cold section. This causes the upward
tilt of the stream function and the elongation noticed at the center of the main
circulation cell. Further increase in Rayleigh number to 106, Fig. 3, causes sharp
temperature gradients along the vertical walls, where the boundary layers are
getting thinner. The nearly horizontal isotherms in the bulk region indicate that
the fluid motion occurs mainly in the boundary layers and weak vertical motion
in the bulk region. The region is a multicellular now with one central and two
corner cells.

When the heater is placed at the top corner, s/L = 0.825, heat is transferred
from the discrete heater to both the cold opposite wall and to the section below
the heater. The isothermal lines shown in Fig. 4 at Ra = 103 and 106 indicate
that at low Rayleigh number one central cell is formed, and one eddy cell at the
lower left corner. A situation opposite to that shown in Fig. 2 for the same Ray-
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FIG. 3. Development of isotherms and stream functions with Rayleigh number for s/L = 0.5
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leigh number. As Rayleigh number increases from 103 to 106 the boundary
layers build-up near the discrete heated section and along portion of the oppo-
site cold wall, where convection takes place. In the central zone of the enclosure
the horizontal isotherms are parallel with temperature increase in the upward di-
rection. Though two cells are formed the lower portion of the enclosure being
far from the heater is not significantly affected by the heater. The steep gradient
of the isotherms near the walls indicates the extent of strength of the convective
heat transport process generally measured by the magnitude of Nusselt num-
bers.

3.2 Nusselt Number Variation

The spatial distribution of the local Nusselt number Nu along the hot section
depends on both the location s/L and Rayleigh number, Fig. 5. In the lowest po-
sition, s/L = 0.175, and for Ra ≤ 104 diffusion is the dominating process, result-
ing in low Nusselt number. Nusselt number increases along the height from bot-
tom towards the top of the hot section but at different rates, the enhancement is
high near the upper edge of the hot strip.

FIG. 4. Contour maps for Ra = 103 and 106 with the discrete heater location s/L = 0.825.
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As convection is enhanced by increasing Rayleigh number to 105, the boun-
dary layer becomes thinner and the velocity increases, Nusselt number reaches a
maximum (Nu = 8.68) at y/l =0.4 and then decreases to be 6.74 close to the
edge of the heating section. The same trend is observed for Ra = 106, Fig. 5, but
the maximum Nusselt number (Nu = 16.2) is shifted to a lower position y/l =
0.15.

The spatial variation is different when the heated section is centered in the
middle part of the vertical isothermal wall, s/L = 0.5. At low Rayleigh number,
103, the heat transfer decreases along the height of the heater reaching a mini-

FIG. 5. Variation of local Nusselt number along the hot strip for different locations and Rayleigh
numbers.



Abdulhaiy M. Radhwan & Galal M. Zaki94

mum at nearly mid plane (Nu = 2.84) and higher at the lower and upper edges
(Nu = 7.8) of the heater. This trend vanishes with the increase in Rayleigh num-
ber i.e. enhancement of convection. The clustering of the isothermal lines adja-
cent to the heated section at Ra = 105 and 106, Fig. 3, suggests high temperature
gradients at the lower section of the hot strip (y/L < 0.5) that decreases at the
upper edge. This is the reason for the decrease in Nusselt number along the
heater length. 

The variation of Nusselt number as the discrete heater is placed at the top cor-
ner, s/L = 0.825 is shown also in Fig. 5. The decrease in local Nusselt number
with heating strip length, Fig. 5, is experimentally confirmed by the data of
Chadwick[27], for single and multiple heaters in spite of different aspect ratio.

The average Nusselt number variation for the different s/L values and Ra =
102-106

 is shown in Fig. 6. The optimum location for a heater is seen to be at s/L =
0.5 for which the average Nusselt number is the highest at all values of Ray-
leigh number. The experimental data of Turner[28] show that for an aspect ratio
of 1 the maximum N

�
u occurs at s/L = 0.5 at Ra=105 and 0.47 at Ra = 6 × 106

which confirm the present result. Nusselt number variation for the limiting case

FIG. 6. Average Nusselt number dependency on Rayleigh number for different discrete heat loca-
tions.
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as s/L = 0.5, l1 = 0 and l2 = L (Table 1) is also shown in the figure, indicating
that average Nusselt number for discrete heating exceeds that for a fully heated
side in a square enclosure. It is of interest to note that alternate cooling and heat-
ing (the heated section is placed between two cold sinks) results in high average
N
�
u. Nusselt number is constant independent of Ra between Ra = 102 up to 5 ×

103 for s/L = 0.5 and up to 104 for s/L = 0.875 then increases with Ra0.25, being
parallel to the established relation for the isothermal plate[29]. The case for the
same strip heater (l/L = .35) mounted at 0.5 is solved for ∂θ/∂X  = 0 instead of θ =
0 and presented in Fig. 6. It is evident that mounting a strip heater on an isother-
mal cold wall enhances N

�
u. significantly up to Ra ≤ 106, in particular for the

weak buoyancy region (102 < Ra < 103) N
�
u. = 4.2 versus 1.99 for adiabatic wall

condition.

4.  Conclusions

In this paper natural convection in an air filled square cavity with a single
flush discrete heater mounted on a vertical wall is studied. The enclosure con-
sists of top and bottom adiabatic surfaces, two isothermal vertical walls with a
flush isothermal hot strip. The partial differential equations for two dimensional
conservation of mass, momentum and energy are solved based on central sec-
ond order finite difference method. The solution scheme is validated by compar-
ison with well established reference solutions. The model is then used to inves-
tigate the effect of hot strip location on both heat transfer and fluid flow
patterns, within the cavity for fixed heater length l/L = 0.35 and different posi-
tions, s/L = 0.175, 0.5 and 0.825. For the single heater, the optimal location that
gives the higher heat transfer rate, average Nusselt number, is s/L = 0.5, com-
pared to other locations, for all values of Rayleigh number, 102-106. The effect
of the isothermal cold sections adjacent to the heater on the stream functions
and isotherms is explained. This effect is more pronounced at high Rayleigh
numbers where multicellular flow patterns dominate. The present data shows in
general highest heat transfer rate compared with the case of adiabatic vertical
wall, with one distinct heater.

Nomenclature

cp Specific heat at constant pressure, Ws/K kg
Gr Grashof number
g gravitational acceleration, m/s2

h heat transfer coefficient, W/m2 K
k thermal conductivity, W/m K
l heater length, m
l1 distance to the lower edge of the heater, m
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l2 distance to the upper edge of the heater, m
L enclosure width = enclosure height, m
Nu local Nusselt number = hL/k
Nu average Nusselt number = 

�
hL/k

Pr Prandtl number, cp µ/k
Ra Rayleigh number = Gr.Pr
T temperature, K
u,v velocity components in the x and y direction, m/s
U,V dimensionless velocity components
x,y space coordinates in cartesian system
X,Y dimensionless cartesian coordinates

Greek Symbols

β Coefficient of volumetric thermal expansion, K�1

γ relaxation factor
δ dimensionless grid size
θ dimensionless temperature
µ dynamic viscosity, kg/ms
υ kinematic viscosity, m2/s
ρ variable density = ρc [1 � β (T � Tc)], kg m�3

ρc density at Tc, Kg m�3

ψ non-dimensional stream function
ω non-dimensional vorticity

Subscripts

c cold surface
h hot surface
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l�d� e�O� w� w�UO��ô« d�(« q�L(U� ��«d�(« �U�I��«
W���uL� Ê«�b�' wze�� 5���� bM�

w�� bL�� �ö�   Ë   Ê«u{� bL�� w(«b��
e�eF�« b�� pK*« WF�U� ,�WOJO�UJO*« W�bMN�« r�� ,�W�bMN�« WOK�

W��uF��« WO�dF�« WJKL*«�−��b����

eO� w� d(« qL(U� ��«d(« �UI��ô W��b� W�«�� X�d�√ Æ�hK���*«
ÊU� e?O(« Ê≈ Æ��«b� vK� d�U?��Ë wze� ÊU�?� l{u� ¡«uN�U� Q�F?� l�d�
��«d?� W��� w� Í�u?L?� �«b� s� ¡e?� ¡U?I�≈ - b?�Ë Í�uL?� l{Ë w�
b?�Ë Æ�q�√ ��«d� W?��� w� q�U?I*« �«b?'« p�c�Ë �«b?'« W?OI� U?LMO� W?��U�
WOK{UH��«  ô�UF*« XÒKÔ� b�Ë Æ�e?O(« s� vKH��«Ë UOKF�« V�«u'« X�eÔ�
WI�d� Â«b�?��U� W�d(« WO?L�Ë W�UD�«Ë ��U*« kH�� W:U?)« s�bF��«  «�
Æ�∂±∞−≤±∞ 5� ÕË«d???�� w?�«� r�d� rO???� �b???F� ��Ëb???;«  U???�Ëd???H�«
w�«� r�� ��U�� l� ÊU�d?��« �uI?�Ë ��«d(« W?��� w�  «dOG?��« X��Ô�Ë
���U?��« o�UM*« Ê√ W?�«�b�« s� b?� ÔË b?�Ë Æ�ÊU�?�K� l{«u?� �b?F� p��Ë
vK� b??�U?�� q�√ ��«d??� W?��� w� U?��U?I�≈ - w��«Ë ÊU??�?�K?� ��ËU?:«
l{u??� vK�Ë w?�«� r�� vK� b??L??�?F?� w��«Ë W�u�U� Ê«�Ë� U?�ö?� s?�uJ�
b?�«Ë �«b?� vK� ���U?��« o�UM?*«Ë wze?'« 5�?�?��« �u?�u�Ë Æ�ÊU?�?��«
Ê«�Ë� U�ö?�� o�UM*« Ác� jO?% W?L�U?�?�  UI?�� �u?�u� ÊU�d?��« e?OL?��
ÊU�d��« s� jLM�« «cN� wK;« XK�u� r�� w�  «dO?G��« d�Q��Ë Æ�WKBHM�
5�?���« j�d?� ÊuJ� U?�bM� p�� s� d?��√ XK�u?� r�� j�u�?� ÊuJ�Ë
r�� �UD� w� − q��_« ÊUJ*« Ê√ b?�Ë b�Ë Æ��ËeF� �«b� vK� U?Î�u{u�
»�U& ZzU�M� XL�Ô� W�O�M�« Ác�Ë Æ�S/L = 0.5 �«b'« nB�M� u� − w�«�
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