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ABSTRACT. In this paper, symbolic computational expressions are es-
tablished for the solutions of the position-time relations of the differ-
ent conic motion (elliptic, parabolic and hyperbolic) of space dynam-
ics. These expressions are obtained using the symbolic manipulation
capability of the software package Mathematica.

1.  Introduction

Undoubtedly true that, numerical methods used to evaluate functions of space
dynamics provide very accurate motion predictions. But certainly, if full analyt-
ical formulae are utilized with nowadays existing symbols used for ma-
nipulating digital computer programs, they definitely become invaluable for ob-
taining digital computer programs, they definitely become invaluable for
obtaining predicting with any desired accuracy. Moreover, symbolic computing
algorithms for space dynamics problems represent new branch that may be
called the algorithmization of space dynamics (Brumberg, 1995 and Sharaf and
Saad, 1997). On the other hand, the solution of position-time relations (Kepler�s
equation and its variants) for the different conic motion (elliptic, parabolic and
hyperbolic) appears in most applications of space dynamics (e.g. Vinti, 1998).

Coping with the line of the recent approach for algorithmization of space dy-
namics and also due to the important role of the position-time relations, the
present paper is devoted to establish symbolic solutions of these relations.
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2.  Basic Formulations

2.1.  Lagrange Expansion Theorem

Lagrange�s approach to solving Kepler�s equation in 1770 led to a generally
useful expansion theorem given as: Consider the functional equation

y = x + α φ (y) (2.1)

where α is to be considered a small parameter. Then y could be expanded in
terms of x and α (Smart, 1953) as

Lagrange�s series is, of course, the Taylor series representation of the root of
Equation (2.1). Sufficient conditions for a unique root are obtained by a direct
application of Rouche�s theorem for analytic function of a complex variable
(Battin, 1999).

2.2.  Relations between Position and Time

The relations between position and time for different conic motion are (e.g.
Danby, 1988).

Equation (2.3) is known as Kepler�s equation, Equation (2.4) as Barker�s
equation, while Equation (2.5) is the hyperbolic form of Kepler�s equation. The
angle f is the true anomaly, E and H are respectively, the elliptic eccentric
anomaly and the hyperbolic eccentric anomaly. The mean anomaly M is related
to the time t for the respect orbits by

where µ is the gravitational parameter (universal gravitational constant times
the mass of the central attracting body), τ is the time of pericenter passage,
while a and p are respectively, the semi-major axis and the semi-latus rectum of
the orbit, finally, e is the eccentricity of the orbit.
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3.  Symbolic Expressions

● Consider Kepler�s Equation (2.3) as

E = M + e  sin  E.

Comparing this equation with Equation (2.1) we get

y ≡ E ; x ≡ M ; α = e ; φ (y) ≡ sin y

Then applying Lagrange�s expansion theorem as given by Equation (2.2) we
obtain

Equation (3.1) could be written as

Or

where C�s are functions of e, while W�s are functions of sin M. Symbolic ex-
pressions of these coefficients are listed in Tables I1, I2.

TABLE I1. Symbolic expressions for Cj, j = 1,2, ... , 15 of equation (3.9).
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TABLE I1. Contd.

TABLE I2. Symbolic expressions for Wj, j = 1,2, ... , 15 of equation (3.3).
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TABLE I2. Contd.

Numerical values of these coefficients are shown in Figures C and W for
some e�s and M�s.

It could be shown (Taff, 1985) and e < 0.66274341 ... is the requirement for
Lagrange�s series (3.2) to represent the unique root of Kepler�s equation for all
values of the mean anomaly M. Laplace was the first to show that if e exceeds
this critical value, then the series will diverge for some values of M.

● According to the classical formula of Cardan, Barker�s Equation (2.4) has
exact solution (Battin, 1999) of the form
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FIGS. C. Graphical representations of the absolute values of the C�s coefficients for some values of e.
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FIGS. W. Graphical representations of the numerical values of the W�s coefficients for some values of M.
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Where

From Equation (2.4) and Descarte�s rule of changing signs it is clear that, one
and only one real root exists for this equation.

Using binomial theorem, Equation (3.4) could be represented as

where the numerical values of the S�s coefficients are listed in Table II and dis-
played graphically in Figure S.

TABLE II. Numerical values of the Sj , j = 1, 2, ... , 44 coefficients of equation (3.6).

 S1 = 0.666667 S2 = �0.0987654 S3 = 0.0438957 S4 = � 0.0260123

 S5 = 0.0176627 S6 = �0.0129883 S7 = 0.010065 S8 = � 0.00809461

 S9 = 0.0066926 S10 = �0.00565327 S11 = 0.00485763 S12 = �0.00423256

S13 = 0.00373092 S14 = �0.0033211 S15 = 0.00298117 S16 = �0.002695522

S17 = 0.00245274 S18 = �0.00224434 S19 = 0.00206386 S20 = �0.00190634

S21 = 0.00176789 S22 = �0.00164542 S23 = 0.00153646 S24 = � 0.00143902

S25 = 0.00135146 S26 = �0.00127243 S27 = 0.00120082 S28 = �0.00113568

S29 = 0.00107622 S30 = �0.00102178 S31 = 0.000971777 S32 = �0.000925723

S33 = 0.000883195 S34 = �0.000843827 S35 = 0.000807298 S36 = �0.000773332

S37 = 0.000741682 S38 = �0.000712133 S395 = 0.000684496 S40 = �0.000658601

S41 = 0.000634299 S42 = �0.000611455 S43 = 0.00058995 S44 = �0.000569677

● Consider the hyperbolic form of Kepler�s Equation (2.5) as

Comparing Equations (3.7) and (2.1) we have;

    
B M= 1

2

    

y S Bj
j

j     ,–=
=
∑

1

2 1

    
sinh     

 
 .H

M
e e

H= + 1

    
y H x

M
e e

y y≡ = = ≡sinh ; ; ; ( ) sinh ,–α φ1 1

(3.7)

(3.6)

(3.4)

(3.5)

    
y f B B B B= = + +



 + +



tan    –

–

1
2

1 12 2
1
3

1
3



Symbolic Solutions of... 109

then applying Lagrange�s expansion theorem of Equation (2.2) we get

Equation (3.8) could be written as

Where

G�s are function of e, M and listed in Table III. Numerical values of these co-
efficients are displayed graphically in Figures G for some e�s and M�s. Equations
(3.2) [or (3.3)], (3.6) and (3.9) are the required forms of the symbolic expres-
sions for the solutions of Kepler�s equation and its variants. Using the symbolic
manipulation capability of the software package of Mathematica, we generate
the coefficients of these equations and are listed in Tables I.1, I.2, II and III,
while their numerical values are displayed graphically in Figures C, W, S and G.
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TABLE III. Symbolic expressions for Gj , j = 1,2, ... , 11 of equation (3.9).

[4] Sharaf, M.A. and Saad, A.S. (1997) Analytical Expansion of the Earth�s Zonal Potential in
Terms of KS Regular Elements. Celestial Mechanics and Dynamical Astronomy, 66: 181.

[5] Smart, W.M. (1953) Celestial Mechanics, Longmans and Green, London.
[6] Taff, G.L. (1985) Celestial Mechanics: A Computational Guide for the Practitioner, John

Wiley and Sons, Inc., USA.
[7] Vinti, J.P. (1998) Orbital and Celestial Mechanics, Progress in Astronautics and Aero-

nautics, Vol. 177, AIAA, USA.

    

G

e
M

e
e M e M e M e M e M e M

e M

e M e M e M e M e M

1

2

2
2 2 6 2 2 5 2 2 4 2 2 3 2 2 2 2 2

2 2 7

2 2 2 2 2 2 2 3 2 2 4 2

1 1

1 1 1 1 1

=
+ + + + + + + + + + + + +( ) +

+

+
+

+
+

+
+

+
+

+

 ( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( 22 5 2 2 6 2 2 7

2 2 2 8

2

2
2 2 6 2 2 5 2 2 4 2 2 3

2 2 2 2 2

1 1
1

1

2
1 6 15 28

45 66 91

) ( ) ( )

 ( )
  (– ( ) – ( ) – ( ) ( )

  ( ) –  ( )  –

+
+

+
+

+

=
+

+ + + + − + −











+ +

e M e M

G
e M

M e
M

e
e M e M e M e M

e M e M ))  – ( )

 (  ( )  ( )  ( )  ( )  ( ) )

 ( )

   ( ) ( )

e M

e M e M e M e M e M

G
e M

M e
M

e
e M e M

2 2

2 2 5 2 2 4 2 2 3 2 2 2 2 2

3 2 2 8

2
2

2

2 2 5 2 2 5

3 10 21 36 55 78

1

6

3 1 5

+

+ + + + + + + + + + ))
=

+

+











+ + + +1515 1 35

70 1 126 210 1 330

495 1 715 1001

2

2
2 2 4 2 2 4

2

2
2 2 3 2 2 3

2

2
2 2 2

2 2 2
2

2
2 2 2 2

2

e
M

e
e M e M

e
M

e
e M e M e

M

e
e M

e M e
M

e
e M e M e

M

+ + + + +

+ + + + + + + +

+ + + + + + +

 ( )  ( )

   ( ) ( )  ( )

  ( )    ( )  ( )  
ee

e M e
M

e
e M e M e

M

e
e M

e M e
M

e
e M e M e

M

e

2

2 2
2

2
2 2 5 2 2 5

2

2
2 2 4

2 2 4
2

2
2 2 3 2 2 3

2

2

1 1365

1 4 10 1 20

35 1 56 84 1

+ +





+ +





+ + + + + + +

+ + + + + + + +

 –

( )   ( )  ( )   ( )

  ( )   ( ) ( )  (ee M

e M e
M

e
e M e M e

M

e

2 2 2

2 2 2
2

2
2 2 2 2

2

2
120 165 1 220 286 1 364

+ +

+ + + + + + + + +











)

   ( )   ( )  ( )   



Symbolic Solutions of... 111

TABLE III. Contd.
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TABLE III. Contd.
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FIGS. G. Graphical representations of the absolute values of the G�s coefficients for some values of e and M.



Symbolic Solutions of... 115

W�d(« w� s�e�«Ë l{u*«  U�öF� W�e�d�« �uK(«
¡UCH�« UJO�UM�b� WO�Ëd<«

**t�U�U� 5�(« tK�«b�� vM�   Ë   *·d� ��U� bL��
e�eF�« b�� pK*« WF�U� , WOJKH�« ÂuKF�« r��*

W��uF��« WO�dF�« WJKL*« − �b����
 UM�K� WO�d��« WOK� ,  UO{U�d�« r��**

W��uF��« WO�dF�« WJKL*« − �b����

 U�ö� q( W�e�� WO�U�?� mO1 bOOA� Y���« «c� w� - ÆhK���*«
, W?O??B?�U� ò W?HK?�?<« W?O�Ëd??<« W?�d?(« �«u�_ p��Ë s?�e�« − l{u*«

Æ ¡UCH�« UJO�UM�� w� å W�bz«� , W��UJ�
W�e�d�« W?'UF*« vK� t��b?I� UJ�L?�� (Mathematica) Z�U�d� Âb�?��«

ÆmOB�« Ác� vK� �uB(« w�




