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Abstract. We present a general formalism for studying the emission
rate of an atom inside a high Q-factor quantum cylindrical resonator.
The electromagnetic field structure inside such closed resonator is de-
rived. Then the cavity modes are quantised, allowing the position-
dependent atomic emission rate to be calculated. Depending on the
circumstances, the atomic emission rate may be increased or reduced,
and in extreme cases is completely suppressed. Especially, in the
quantum size system, the atomic emission rate is possible only via a
few cavity modes. The calculations are carried out for the sodium
atoms immersed in an empty quantum size resonator. 

1. Introduction

The last decade or so has witnessed a rapid increase in the study, design and
fabrication of electromagnetic cavities, which can modify the nature and
strength of the interaction of light with matter. Since the pioneering work of
Purcell[1] much research has been carried out on the cavity quantum electro-
dynamics �CQED� effects, especially, on the modification of atomic emission
rate and its practical consequences for atoms immersed in various dielectric me-
dia and cavity structure of different shapes and sizes[2-7]. However, CQED is
still one of the most rapidly developing areas of physics and promise to lead to
some of the most important future applications[8-9]. 

We concentrate here on the atomic emission rate inside an empty resonant
cavity. This type of structure, in general, consists of a region of finite extension
enclosed by walls and filled with a dielectric. This cavity will resonate at fre-
quencies corresponding to certain configurations of the fields. We have con-
sidered this type of structure for the following reasons. Firstly, despite the fact
that the electromagnetic modes of a cylindrical resonators are well known, as
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far as we know for this system neither the quantisation of the modes nor the spa-
tially-varying atomic emission rate have been calculated before. Although such
system has been used as a good environment to obtain an electrostatic quad-
rupole potential with sufficient quality to observe a single trapped electron[10].

Secondly, the cylindrical resonator is a natural extension to the circular wave-
guide system, when the axial direction (along the cylinder) of the cylindrical
resonator becomes large. The circular waveguide was recently the subject of
many studies in the context of CQED[11-13]. The cylindrical resonator also gives
a natural extension to the parallel plates system, when the radius of the circular
base of cylindrical cavity becomes large, which has also been the subject of ex-
tensive studies[2-5]. As will be seen, these limits provide a useful check of the
calculation. We expect that in the small volume, especially when a and l be-
come comparable or less than the electric dipole transition wavelength λ0, the
atomic emission rate becomes more restricted than the waveguide case[13].
Finally, we are also interested in this type of system because, it is currently re-
ceiving attention in the context of quantum optics and non-linear optics do-
mains, in particular, a one-atom laser[14] and an optical trapping of individual
atoms by the mechanical forces associated with single photon[15-17].

The main objective of this paper is to evaluate the atomic emission rate for
this situation and explore the factors that influence the suppression and en-
hancement of this rate. The plan of the paper is as follows. In section 2 we
present the physical model of this study and then briefly derive the electro-
magnetic fields inside such model. In section 3 we briefly show the Hamil-
tonian formalism and we summarise the procedure leading to the quantised
electromagnetic modes inside a cylindrical resonator. Section 4 deals with for-
malism for the evaluation of the atomic emission rate of a dipole placed inside
the cylindrical resonator. The results of the theory are given in section 5 and are
illustrated with reference to typical situations involving sodium atoms in a
quantum size resonator. Section 6 contains comments and conclusions.

2. Field Structure in a Closed Resonator

2.1 Physical Model

The basic physical model focussed on here is in the form of an empty cy-
lindrical resonator, as illustrated in Fig. 1. As shown in this figure, the resonator
is assumed to have volume π a2l where a and l are the radius of the circular
base and the length of the cylinder respectively. The walls of such closed res-
onator are assumed to be a perfect conductor and so exclude all electromagnetic
fields from their interior. The standard electromagnetic boundary conditions ap-
ply such that the tangential components of the electric field vector and the mag-
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netic field vector must vanish at every point on the circular base and on the cyl-
inder surface. As a result of these properties, the energy injected during a very
short time can remain stored in a system for a very long time in comparison
with the period, which means a very high quality factor Q. This type of res-
onator can be formed by placing conducting plates at both ends of a cylindrical
waveguides with circular cross section.

Fig. 1. Schematic drawing of the hollow cylindrical resonator. The resonator walls are as-
sumed to be perfectly conducting.

2.2 Normal Modes

The modes of an empty cylindrical resonator are well known from micro-
wave theory, and the derivation was outlined in detail in Ref. [18]. We consider
the wave equations for the fields E and B, and assuming a time harmonic vari-
ation exp(iωt), we reduce these to Helmholtz equations for the two fields:

∇ 2 E + µ0ε0ωE = 0,          ∇ 2B + µ0ε0ωB = 0 (1)

Because we are dealing with cylindrical geometry, it is more convenient to
express ∇ 2 in cylindrical coordinates r, φ and z in order to impose the boundary
conditions,
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It is well known that in cylindrical coordinates the operation of ∇ 2 on E and B
will couple r and φ components together but leave z component uncoupled.
However, this can be solved by considering Mexwell�s equations for E and B. It
can be shown that the solution to the scalar equation[18]

(∇ 2 + µ0ε0ω) Ψ (r, φ, z) = 0 (4)

is given by:

Ψ (r, φ, z) = Ψ0 Jn (hr) cos (kz) exp ± inφ (5)

where Ψ denotes either E or B, Ψ0 is, as yet, undetermined constant and Jn (hr)
is the Bessel function of the first kind. Finally the separation constants h and k
are connected by the relation

h2 + k2 = µ0ε0ω (6)

The transverse field components Er, Eφ, Br and Bφ,  in general, can be ex-
pressed as functions of Ez and Bz only. We may thus consider any solution that
is a linear combination of solutions for the two distinct cases Ez = 0 and Bz = 0,
the so-called ordinary (TE) and extraordinary (TM) modes respectively.

2.2.1 Ordinary Modes (TE)

To determine the TE modes, one solves the transverse field components for
the Bz component:

Ez (r, φ, z) = 0 (7)

Bz (r, φ, z) = Ψ0
TE Jn (hr) cos (kz) exp ± inφ (8)

and derives the other components by using

To determine h, we apply the boundary conditions at r = 0, r = a, z = 0 and
z = l, which lead to two conditions. Firstly we find that sin kl = 0, which re-
quires that kl l = lπ where l = 0,1,2,3,... Secondly J'

n (hnmr) = 0, so that J'
nm a =

βnm is the root of J'
n (βnm) = 0. Thus, the total mode functions for the ordinary

modes (TE) can be written as:
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Therefore the dispersion relation ωTE
nml   of the ordinary mode is

Eq (12) shows that the resonant frequency increases as the order of mode be-
comes higher. The TE111 mode is the fundamental mode if the condition l / a  >
2 is satisfied. However, the TE011 mode were only Eφ is non-zero Er vanishes is
the great practical interest mode.

2.2.2 Extraordinary Modes (TM)

For the TM modes and with Bz (r, φ, z) = 0, Ez is given by

Ez (r, φ, z) = Ψ0
TM Jn (hr) cos (kz) exp ± inφ (13)

The remaining field component can be obtained using:

To determine h, we require Jn (hnmr) = 0, so that hnma = αnm where  αnm are
the roots of Jn (αnm) = 0. Thus, the total mode functions for the extraordinary
modes (TM) can be written as:

where hnma = αnm and αnm are the roots of Jn(αnm) = 0. Therefore the dis-

persion relation ωTM
nml   of the extraordinary mode is

It is clear that the resonant frequency increases as  the order of mode becomes
higher. The TM010 mode is the fundamental mode if the condition l / a < 2 is
satisfied, all electric field components being zero except Ez.
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3. QED in a Cavity Resonator

3.1 Hamiltonian Formalism

The quantum system consists of an atom of mass M, characterised by its elec-
tric dipole moment d, of oscillation frequency ω0, interacting with the electro-
magnetic field. An appropriate Hamiltonian is given by:

H = HA + Hfield + Hint (18)

where HA and Hfield are the unperturbed Hamiltonian for the atom and field

Hfield = h�ω a+ a (20)

Here P and R are the momentum and position vectors of the atomic centre of
mass which is assumed to be subject to a general potential U(R). In the two-
level approximation, the internal motion of the atom involves only two states:
|e〉 , of energy Ee, and |g〉 , of energy Eg, such that Ee � Eg =  h�ω0. The operators
a+ and its conjugate are the creation and annihilation operators for the specified
field mode, respectively.

The interaction Hamiltonian Hint in Eq. (18), describes the coupling of the
atom to the electromagnetic field and is given in the electric dipole approxima-
tion by:

Hint = � d. E (R) (21)

were E(R) is the electric field evaluated at the position R of the atom. The
atomic dipole moment operator may be written as:

d = 〈d〉eg (π + π+) (22)

The operators π and π+ are the lowering and raising operators for the internal
atomic states and 〈d〉eg is the dipole matrix element of the atomic transition.

3.2 Quantised Fields

We next quantise the field to describe the interaction with an atomic system. The
total quantised electric and magnetic field operators can be written as follows[19]:
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where h.c. stands for �Hermitean conjugate� and we have expressed the position
vector in components form by writing R = (r, φ, z). The operator an(m, n, l) is
the boson operator for the field mode of polarisation η(= TE, TM) characterised
by integer quantum numbers m, n and l. The relevant commutation relations are

[aη(m, n, l ), a+
η' (m', n', l' )] =  δηη '  δmm'  δmn'  δll ' (25)

Hence, the two normalisation factors ΨTE
nml  in Eq. (11) and ΨTE

nml  in Eq.  (16)
are obtained respectively as:

where V is the quantum volume of the resonator, with ζnml that arises from the
sinusoidal azimuthal nature of the mode functions and it is such that ζ010 = 1Ú4,
ζ011 = 1Ú2 = ζ110 , and ζnml  = 1 for n, m and l satisfying n ≥ 1, m ≥ 1 and l ≥ 1.

The total Hamiltonian for the electromagnetic fields within the cylindrical
resonator is

The factors ΨTE
nml and  ΨTE

nml defined in Eq. (26) and (27) are fixed by the usual
quantisation requirement that Hfield  reduces to the canonical form

From the above discussion, we note that the structure of electromagnetic
fields in the closed resonator is truly the primary difference compared to the
case of an atom radiating in free space: Firstly, it exhibits a discrete frequency
spectrum, so we can easily excite a specific mode in a cavity. Secondly, the
field strength depends on position which gives rise to the position-dependent
atomic emission rate. At the moment, with the electromagnetic modes quan-
tised, one can evaluate the atomic emission rate and explore its variation with
the controllable parameters of the system.

4. Atomic Emission Rate

Having determined the normalisation factors of the fields  ΨTE
nml and  ΨTE

nml ,
our new task is the evaluation of the atomic emission rate by dipole emitter,
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considering a two-level system with the ground stage |g〉  and the excited state
|e〉  separated by transition frequency ω0 = (Ee � Eg) / h� . For an electric dipole of
moment vector d located at an arbitrary point R = (r, φ, z) within the resonator,
the atomic emission rate is given by Fermi�s golden rule as:

which gives the rate of transition from the |e〉  to |g〉 by the emission of all pos-
ible single quanta of cavity modes with state |{nml, η}〉  of frequency ωη

nml
and polarisation η. The vacuum state is represented by |{0}〉 . The delta func-
tion δ(Ee � Eg � h�ωη

nml) signifies the presence of the cavity resonances at fre-
quencies given by Eq. (12) and (18). The best representation of the delta func-
tion in the closed resonator case is possible by assuming that there is a small
amount of cavity loss, then it can be introduced as a limit of a Lorentzian func-
tion

where τ is the cavity lifetime. Then, in the case of perfectly conducting wall
(i.e., reflectivity = ), we have τ → ∞ and the delta functions are recovered.
While as the reflectivity of the cavity walls moves away from unity, the fre-
quency resonance of the cavity decreases, and the delta functions broaden out.
The overall losses of a cavity mode with eigen-frequency ωη

nml are frequently
obtained by Q-factor[20]

Q = τωη
nml (32)

In a cavity of high Q-factor, an atom can interact resonantly with an isolated
mode of the electromagnetic field, a case somewhat different from the free space,
where the atom is coupled to a continuum of field nodes, which act as a dis-
sipative reservoir. Depending on the time of cavity damping as compared to free
space, one can distinguish between two cases; the good cavity limit which is char-
acterised by slower damping and a bad cavity limit with a faster damping[21].

It is worth noting that the resonator frequency spectrum determined by Eq.
(12) and (17) comprises two sets of discrete branches, one for each type of po-
larisation η = (TE, TM). A frequency branch is labelled by three fixed integers
m, n and l. Since ωη

nml depends on the cavity dimensions a and l entering via
hnm, h'

nm and kl , Eq. (12) and (17) conceal the dependence on the chosen values
of a and l. From the special case illustrated in Table 1 (l = 2a ≈ 1µm), we can
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see that the frequency separation ∆ωη between the adjacent modes is quite
large. Thus if the dipole frequency is less than ωTM

101, emission is only possible
by the two modes; ωTM

011,  and ωTM
110 . In the case l > 2a, the lowest resonance

frequency is the ωTM
111 while ωTM

010 is the lowest resonance frequency when l <
2a. These notations are very important in the quantum size domain because they
determine the number and the order of the allowing modes.

Table 1. Frequencies of some modes when l = 2a ≈≈≈≈ 1 µm.

TE-modes  TM-modes  

TE011   1.103 × 1014 TM010   3.607 × 1014

TE110   2.762 × 1014 TM110   5.747 × 1014

TE210   4.581 × 1014 TM120   7.703 × 1014

TE010   5.747 × 1014 TM011 10.087 × 1014

TE111   9.816 × 1014 TM111 11.034 × 1014

TE211 10.047 × 1014 TM121 12.168 × 1014

In general, the procedure for the evaluation of the atomic emission rate based
on Eq. (30) can be outlined as follows. Contributions from TE and TM modes
are carried out separately. After evaluating the squared matrix element, the use
of Eq. (31) facilitates the evaluation of the delta function. We are then left with
two sums over integers, n, m and l which can be calculated numerically. We
may cast the final results of the atomic emission rates for a given dipole orienta-
tion, in term of the variable

where λ0 is the free space transition wavelength and we may also simplify the
results by considering the ratio of atomic emission with that in free space Γ0,
which allow us to eliminate the atomic matrix elements

The final results for each of the three different Γz, Γr and Γφ will be given
here as follow:
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(b) For the r dipole

(c) For the φ dipole

where the dimensionless factor Θ is given by

These results can now be explored for typical situations involving sodium
atoms in cylindrical resonator. Our main concern here is the quantum effects of
such system and to see such effects one should try to make the system size com-
parable or smaller than the thermal de Broglie wavelength of the atoms. However,
a micrometers-sized system might be the smallest one could envision making.

Before we consider the quantum regime, we mention that it is very easy to
check the results by using a particularly simple asymptotic limit arising when a
and l  increase to infinity. In this situation the results in Eq. (35), (36) and (37)
will yield the atomic emission rate in free space. On the other hand, the results
will yield the atomic emission rate in the parallel plate system when a or l in-
crease to infinity and keeping another one fixed with some change due to the cur-
vature of the cylinder. The results will yield the atomic emission rate in the cir-
cular waveguide limit when l increases to infinity and a fixed. These properties
are well known in CQED literature and so we will not go any further here except
the foremost limit, which is important to determine the no decaying region.

5. A Neutral Atom in a Quantum Resonator System

To have a good impression about the orders of values, it is instructive to con-
centrate on a typical physical case. We consider the situation of a sodium atom
and focus on its 32 s1/2 ↔ 32 p3/2 transition (λ0 = 589nm). The value of the dipole
matrix element associated with this transition is d ≈ 2.6eaB, which is compatible
with the measured free space lifetime of τ ≈ 16.3 ns (or Γ0 = 6.13 × 107 s�1).
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The contribution of every mode to the atomic emission rate also depends on
the atom location respect to the internal surfaces of the resonator. To illustrate
that we should consider the spatial distribution of the field in that mode in two
situations. Firstly, when the atom takes different locations on the normal axis of
cylinder r / λ0 with fixed distance from the circular base at l / 2, as shown in
Fig. 3. Of course, in this case, we can consider Γz and the parallel polarised
while Γr and Γφ represent the normal polarised. Secondly, when the atom lo-
cates at altered places on the longitudinal cylinder axis z / λ0 with fixed distance
from lateral surfaces at a, as shown in  Fig. 4. It is clear that Γz represents the
normal polarised while Γr and Γφ represent the parallel polarised.

For our aim, we will suppose that l = 2a ≡ L. By simple algebraic, we can
show that the results from Eq. (36) and (37) are the same at the centre of an
empty resonator (or at r = 0). In Fig. 2, we plot the variation of the atomic emis-
sion rate as a function of the normalised distance L / λ0 for an atom at the centre
of the resonator, i.e., at the point (l / 2, a), with the atomic dipole, in turn, along
the three directions. It is clear that, there is a �cut-off� value of L below which
there is no atomic emission. In each case the rates oscillates with increasing L
before approaches the free space value at L.

Fig. 2. Variation of the atomic emission rate for an atom placed at the centre of closed res-
onator as a function of the ratio L / λλλλ. The lines show the emission when a dipole is
oriented along z while the dots show it when a dipole is oriented along r(or φφφφ) � di-
rections.
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Fig. 3a. The cross-section distribution plots for the atomic emission rate when the atom
moves on the diameter of the resonator. Atomic dipole is oriented along: (a) z, (b) r,
(c) φφφφ.

Fig. 3b
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Fig. 3c

Fig. 4a. The cross-section distribution plots for the atomic emission rate when the atom
moves on the length of the resonator. Atomic dipole is oriented along: (a) z, (b) r,
(c) φφφφ.
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Fig. 4b

Fig. 4c
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As shown, at the surface of the resonator, the atomic emission rates take dif-
ferent value for each case, as consequence to the curvature of the cylindrical
surface. In Fig. 4, Γz is enhanced by a factor 2Γ0 , which means that it repre-
sented exactly the well-known results of the dipole normal to the flat con-
ducting surface. While the variations of Γr and Γφ are nearly the same with each
other and they represent the result of the dipole parallel to the flat surface. On
the other hand, in Fig. 3, Γr represented the case of the dipole normal to surface
and enhanced by a factor more than 3Γ0 , as consequence to the curvature of the
cylindrical surface. While the variations of Γz and Γφ  are nearly the same with
each other and they represent the case of the dipole parallel to the surface.

It can be deduced from these figures that the enhancement of the atomic
emission rate is larger when the atom is near a curvature surface rather than a
near a flat surface. Finally, it is important to note that, because of the quantum
system size (a = L / 2 = 0.9 λ0) chosen for illustration purposes in Fig. 3 and 4;
the atomic emission rates arise from at most three modes of the cavity.

6. Comments and Conclusions

In conclusion we have examined in detail the atomic emission rate of atoms
immersed in a quantum size resonator with circular cross-section. The resonator
modes are first quantised by following the standard procedure, incorporating the
boundary conditions at the system walls, which permitted the position-depend-
ent atomic emission rate to be evaluated for an electric dipole within the res-
onator. Advantageous limits of the atomic emission rate have been derived. We
have been able to recover the results appropriate for the free space case when l
and a become large.

We have also presented that in the limit of small size, especially when the
length of the cavity l and its radius a become less than λ0, the atomic emission
process is possible only via a few cavity modes. Such systems forming the
quantum dot cavities promise to lead to important future applications in Bose-
Einstein condensation and quantum information processing[15-17]. 

We have focused here only on system characterised by two distinct features.
First the walls of the resonator are assumed to have infinite conductivity leading
to a situation of a perfect efficiency with no power loss. In actuality, there are
some losses, which decrease the quality factor Q of the resonator. Secondly, the
resonator is of a cylindrical geometry with smaller surface area by 8.2% as com-
pared to a rectangular resonator at the same volume. This will lead to a lower
power loss and a higher quality factor Q[20].

Furthermore to its intrinsic value, the atomic emission rate in such system is
very significant for the theory of an optical trapping of individual atoms by the
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mechanical forces associated with single photons. This kind of trapping repre-
sents elementary quantum systems that are well isolated from the environment.
Recently, many experimental studies have considered the open geometries for
atom resonator such as two-plate systems or waveguides. Such kinds of systems
have clear advantages when it comes to loading the trap and manipulating the
atoms (e.g., cooling, mode selecting). They suffer, however, from the problem
that is relatively easy for the atoms to escape. While the close resonator con-
fines atom in all directions. Therefore, we can excite a particular mode in a
close resonator from a tiny hole (or iris) at an appropriate location in the res-
onator walls. This hole may be connected directly to the source or by a wave-
guide, which is commonly used for coupling mode to a close resonator. More-
over, as a consequence of the standing waves pattern within a resonator, the
atom is only subjected to a transverse dipole potential while the dissipative
force is equal to zero (because of standing waves θ = 0 and for running wave θ
= k.r).
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