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Abstract. In this paper we define a sequence space V_ through the
concept of invariant means and prove that this is a Banach space
under certain norm. We further characterize the matrix classes (/_,,
V) and (I}, V).
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Introduction and Preliminaries

Let [, and ¢ be the Banach spaces of bounded and convergent sequences x =
(xz) respectively with norm |[x]|., = supy > o |x;/, and /; be the space of absolutely
convergent series with [|x]|; = 2 [x/-

Let o be a mapping of the set of positive integers N into itself. A continuous
linear functional ¢ on [_, is said to be an invariant mean or a ¢ -mean if and only
if, (i) ¢(x) > 0 when the sequence x = (x;) has x;, > 0 for all £, (ii) ¢ (e) = 1,
where e= (1,1, 1, --+), and (iii) ¢ (Tx) = ¢ (x) for all x € [, where Tx = (Tx;) =
(xa(k)). In case ois the translation mapping k — k+ 1, a o-mean is often called
a Banach limitl!] and ¥, the set of bounded sequences all of whose invariant
means are equal, is the set / of almost convergent sequences(>..

Note that[3],

Vo:={ixel,:lim ¢ (x)=L uniformlyinn, L=0-limx },
m
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where
Lon (x)=(xn+Txn+~~+men)/(m +1),
and
1 4.,=0.

A o-mean extends the limit functional on ¢ in the sense that ¢ (x) = lim x for
all x € ¢ if and only if o has no finite orbits, that is to say, if and only if, for all
n>0,m>1, c"(n)# n (see Ref. [4]).

We say that a bounded sequence x is o-convergent if and only if x € V;
such that 6”(n) # n for all n >0, m > 1 (see Ref. [5]).

Let X and Y be two sequence spaces and 4 = (ank):z,Fl be an infinite matrix
of real complex numbers. We write Ax = (4,,(x)) where 4,(x) = >, a,;x; and the
series converges for each n. If x = (x;) € X implies that Ax € Y, then we say that
A defines a matrix transformation from X into Y. By (X, Y) we denote the class
of matrices 4 such that Ax € Y forx € X.

In this paper we define a new sequence space V_ related to the concept of 0 -
mean and prove that V_ in a Banach space under certain norm. We also char-
acterize the matrices of the class (/,, V,,) and (/;, V).

We define the space V__ as follows

Ve:={xel :suplt,, (x)| <o}
m,n

Note that if ois a translation then V__ is reduced to the space

m,n

where

1 oo
I (X) = ml lgaka-

We call the space V_, as the space of o-bounded sequences. It is clear that
ccV;cV, cl..

Results
Theorem 1

V., is a Banach space normed by

x| = ?njﬁ |tmn(x)| (1)
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Proof
It is easy to see that V_, is a normed linear space under the norm in (1).

Now we have to show the completeness of V_. Let (x(i)) ‘?°1 be a Cauchy
-
sequence in V. Then (x%)) = is Cauchy sequence in R for each & and hence
=

convergent in R that is, xg) —Xx;, say, as i —>oo. Let x = (xk)/;’j L Then by the

definition of norm on V_, we can easily show that
Ix® —x|| > 0asi—oo.

Now, we have to show that x € V. Since (x(!) is a Cauchy sequence, given &
> (), there is a positive integer N depending upon € such that, for each i, » > N,

D - 0 &
Hence _
sup [t (X = x) [ .
m,n
This implies that
D = x| < g, 2
for each m, n; or
ILO - 1)< ¢ 3)

for each i, r > N ; where L(.i) =0- 1im . Let L = limr oo L®). Then the o-
mean of x, ¢ (x) = lim; ¢ (x?) = lim; L® = L. Letting » — oo in (2) and (3), we
get

It —x)| < &, foreach m, n; 4)
and
LO-L|< e, (5)

for i > N. Now, fix i in the above inequalities. Since D e v, for fixed i, we
obtain

Iié}h tmn(x(i)) =10, uniformly in n.

Hence, for a given ¢, there exists a positive integer m, (depending upon i and &
but not on #) such that

|tmn(x(i) ~LO|<eg, (6)
for m > my, for all n. Now, by (4), (5) and (6), we get
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1t () = L1 < 1t () =t (XD [+t XY = LO 1] LD - L < 3¢,

for m > my, and for all n. Hence x € V.. Since V5 © V_, x € V. This com-
pletes the proof of the theorem.

Let Ax be defined. Then, for all m, n >0, we write

trn (AX) =D t(n,k,m)x
k=1
where,

1~ .,
tn,k,m = aGJ n|k1
(nkm=—— 120 () (n).k)
and a(n, k) denotes the element a,; of the matrix 4.

Theorem 2
Ae (I, V. )ifand only if
sup ) [t(n,k,m) | < e, (7)
m,n 2
Proof

Sufficiency. Let (7) hold and x € /. Then we have

[t (AX) [< D [t(n,k, m)x, |
k

<Dtk m))) (sup 1)
k

Now, taking the supremum over m, n on both sides, we get Ax e V_forx €/,
ie,Ae (., V.).

0.

Necessity. Let 4 € (I, V.,.). Write g, (x) = sup,, |£,,,(4x)|. It is easy to see that
for n >0, g, is a continuous seminorm on /_, and (g,)) is pointwise bounded on
l,.. Suppose (7) is not true. Then there exists x € [, with sup,, g,(x) = . By the
principle of condensation of singularities[s], the set

{x €l :sup gn(X) = o3}
n
is of second category in /, and hence nonempty, that is, there is x € /_, with sup,,
g,(x) = o. But this contradicts the fact that (g,) is pointwise bounded on /.
Now, by the Banach-Steinhauss theorem, there is a constant M such that

(%) = M |x]l;. ®)
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Now define a sequence x = (x;) by
sgn t(n,k,m) for each n,m and 1<k <k,
Xk =
0 for k> k.
Then x € [_. Applying this sequence to (8), we get (7).
This completes the proof of the theorem.

If ois a translation, then by the above theorem, we obtain

Corollary 3
Ae (I, f.)ifand only if

SLIFr)IZ m+1|12(,)an+1k|<°°

Theorem 4
A e (I, V,)if and only if

sup |t(n,k,m)|< oo.
n,kl,:)m| ( )l (9)

Proof
Sufficiency. Suppose that x = (x;) € /;. We have

|t (AX) [< Y [t K, m)xy |
k

< (snip 1t km) ) O 1 D).
k

Taking the supremum over n, m on both sides and using (9), we get Ax € V__
forx €l;.

Necessity. Let us define a continuous linear functional O, on /; by

Qm(¥) =, t(n.k,m)x.
k

Now,
| Qin(X) ISSlIiDIt(n,k,m) [l -
and hence
| Qmn lI<sup|t(n,k,m)].
m,n ” (10)

For any fixed k € N, define x = (x;) by
sgn t(n,k,m) for i=K,
Xi =
' 1o for i =k
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Then [[x||; = 1, and
=[t(nk,m) | [Ix ]k,

hence

IIan(X)IIZSlIipIt(n,k,m)I- (11)

By (10) and (11), we get
| Qe (X) I|= Sll,l(p|t(n, k,m).

Since 4 €(/, V), we have, for x €/,

wplan(x)l—me t(n,k, m)xy | < oe.

m,n
Hence, by the uniform boundedness principle, we have

SUp || Qmn(X) [l = sup [t(n, k,m) | <ee.

mn m,n k

This complete the proof of the theorem.

If we take o(n) =n +1 in the above theorem, we get

Corollary 5
A e (I, f,) if and only if

|2aﬂ+j K [< oo

nkm m+1
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