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Abstract. This paper presents a solution method for multiobjective nonlinear 

programming problems with fuzzy parameters in the objective functions. 

This method is based on interactive cutting-plane algorithm. Also, the 

stability set corresponding α-Pareto optimal solution which is obtained by 

using this method is investigated. The method is illustrated by a numerical 

example. 

1. Introduction 

In an earlier work, Osman[1,2] introduced the notions of the solvability set, 

stability set of the first kind and the second kind, and analyzed these concepts 

for parametric convex nonlinear programming problems. Osman and El-
Banna[3] introduced the qualitative analysis of the stability set of the first kind 

for fuzzy parametric multiobjective nonlinear programming problems. 

Kassem[4] introduced the interactive stability of multiobjective nonlinear 

programming problems with fuzzy parameters in the constraints. Sakawa and 

Yano[5] introduced the concept of α-multiobjective nonlinear programming and 

α-Pareto optimality. Loganathan and Sherali[6] presented an interactive cutting-

plane algorithm for determining a best-compromise solution to a multiobjective 

optimization problem in situations with an implicitly defined utility function. 
Recently, Elshafei[7] introduced an interactive stability compromise 

programming method for solving fuzzy multiobjective integer nonlinear 

programming problems. 
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This paper presents an interactive cutting-plane algorithm for solving 
multiobjective nonlinear programming problems with fuzzy parameters in the 

objective functions. In this algorithm, if the decision maker (DM) is unsatisfied 

with the corresponding α-Pareto optimal solution with the degree α , the DM 

updates the degree α of α-level set by considering the stability set which has the 

same corresponding α-Pareto optimal solution. 

2. Problem Formulation 

Let us consider the following fuzzy multiobjective nonlinear programming 

(FMONLP) problem: 

 (FMONLP)   
},,...,2,1 ,0)(|{  

))~,(),...,~,(),~,(( max
2211

mjxgRxXxtosubject

axfaxfaxf

j

n

kk

=≤∈=∈

 

where )~,(
ii

axf  is a continuously differentiable and concave function for 

i=1,2,…,k, X is nonempty convex and compact, 
j

g  is a continuously 

differentiable and convex function for j=1,2,…,m, and 

)~,...,~,~(~
21

i
iqiii
aaaa = represented a vector of fuzzy parameters in the objective 

function )~,(
ii

axf , these fuzzy parameters are assumed to be characterized as the 

fuzzy numbers introduced in [8]. A real fuzzy number p~  is a convex continuous 

fuzzy subset of the real line whose membership function )(~ p
p

µ  is defined as: 

 

(1) a continuous mapping from R to the closed interval [0,1]. 

(2)  0)(~ =p
p

µ  for all p∈(-∞, p1]. 

(3)  strict increase on (p1 , p2). 

(4)  1)(~ =p
p

µ  for all p∈[ p2 , p3]. 

(5)  strict decrease on (p3 , p4). 

(6) 0)(~ =p
p

µ  for all p∈[ p4 , +∞). 

 

For simplicity of notations we define the following vectors:  

 

)~,...,~,~(~
21

i
iqiii
aaaa =  

),...,,(
21 k

aaaa =  

)~,...,~,~(~
21 k

aaaa =  
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Here, we assume that the membership function )(~ a
a

µ  is differentiable on 

],[
41

pp  and the problem (FMONLP) is stable[9]. 

 

Definition 1 (α-level set). The α-level set of the numbers 
i

a~  (i=1, 2, …, k) 

is defined as the ordinary set )~(aL
α

 for which the degree of their membership 

functions exceeds the level α : 

},...,2,1    ,)(|{)~( ~ kiaaaL
ia

i

=≥= αμ
α

. 

For a certain degree of α, the problem (FMONLP) can be understood as the 

following nonfuzzy α-multiobjective nonlinear programming (α-MONLP)' 
problem: 

 

(α-MONLP)'  
).~(,  
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Problem (α-MONLP)' can be rewritten as the following form: 
 

(α-MONLP)  

,,...,2,1,                

,  
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where 
ii

BA ,  are lower and upper bounds on 
i

a  for i=1,2,…,k. Since 

(FMONLP) is stable, the problem (α-MONLP) is also stable. 
 

Definition 2 (α-Pareto optimal solution). 
*

x ∈X is said to be an α-Pareto 

optimal solution to the (α-MONLP), if and only if there does not exist another 

x∈X, )~(aLa
α

∈ such that  ),(),( **

iiii
axfaxf ≥ , i=1,2,…,k, with strictly 

inequality holding for at least one i, where the corresponding values of 

parameters 
*

i
a  are called α-level optimal parameters. 

 
For some (unknown) implicit utility function we have the following problem: 

(αM)  

,,...,2,1,                

,  

)],(),...,,(),,([  max
2211

kiBaA
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axfaxfaxfU
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kk
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where U(.) is concave and continuously differentiable. It is clear that ),( ** ax  is 

an α-Pareto optimal solution of (α-MONLP) if and only if ),( ** ax  is optimal 

solution of (αM). 

3. Stability Set of the First Kind 

Definition 3 (stability set of the first kind). Suppose that 
k

RBA
2),( ∈  with 

a corresponding α-Pareto optimal solution ),( ax , then the stability set of the 

first kind of α-MONLP corresponding to ),( ax , denoted by ),( axS , is 

defined by 

MONLP)}.-( ofsolution  optiomal Pareto-an  is ),(|),{(),( 2
ααaxRBAaxS

k
∈=  

Let a certain ),( BA  with a corresponding α-Pareto optimal solution ),( ax  

be given, then from the stability of problem (α-MONLP) there exist 
k

RBA
2),( ∈ ,

m

R∈ν , 
k

R∈λ , 
k

R∈δ , and 
k

R∈µ  such that the following 

Kuhn-Tucker conditions are satisfied: 

∑∑
==

==
∂

∂
−

∂

∂ m

j r

j

j

r

i
k

i

i nrx
x

g
ax

x
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11

(1)        ,...,2,1,0)(),( νλ  

(2)           ,...,2,1            ,0),( kiax
a

f
ii

i

i

i
==+−

∂

∂
μδλ  

(3)                                                                  ,1
1

=∑
=

k

i

i
λ  

(4)           1,2,...,                                   ,0)( m jxg
j

=≤  

(5)            1,2,...,                                  ,0 kiBa
ii

=≤−  

(6)            1,2,...,                                  ,0 kiaA
ii

=≤−  

(7)           1,2,...,                               ,0)( mjxg
jj

==ν  

(8)           1,2,...,                              0)( kiBa
iii

==−δ  

(9)           1,2,...,                             0)( kiaA
iii

==−µ  

(10)          ,...,2,1  ;,...,2,1        ,0,,, mjki
jiii

==≥νδμλ  
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The determination of the stability set of the first kind ),( axS depends only 

on whether any of the variables 
i

δ , i=1,2,…,k and any of the variables 
i

µ , 

i=1,2,…,k which solve the equations (2) and (10), are positive or zero. 

Let 0=
i

µ , };,...,2,1{
1

kIi ⊆∈ 0>
i

µ , 
1
Ii∉ , solves (2) and (10), then 

in order that the other Kuhn-Tucker conditions (6) and (9) are satisfied, we must 

have 

.,;,
11
IiaAIiaA

iiii
∉=∈≤  

 Let 0=
i

λ , };,...,2,1{
2

kIi ⊆∈ 0>
i

λ , 
2
Ii∉ , solves (2) and (10), then 

in order that the other Kuhn-Tucker conditions (5) and (8) are satisfied, we must 
have 

.,;,
22
IiaBIiaB

iiii
∉=∈≥  

Let  

}.,;,                                            

;,;,|),{(),(

22

11

2

,
21

IiaBIiaB

IiaAIiaARBAaxS

iiii

iiii

k

II

∉=∈≥
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Then, it is clear that 

),(),(
21

2
 ,

1

,

axS

Possible

axS
II

II

∪= . 

 

4. Interactive Algorithm 

In this approach the DM is asked to estimate the precise local tradeoff 

ratios, these ratios at a point )~(),( aLXax
ll

α
×∈  are  

l

il

i

zz
zzU

zzU
t

=
∂∂

∂∂
=

1
/)(

/)(
, i=1,2,…,k, 

where ),...,,(
21 k

zzzz = , ),(
iii
axfz ≡  for i=1,2,…,k, and  

)),(),...,,((
11

l

k

l

k

lll axfaxfz ≡ . Corresponding to each iterate 
l
z , the method 

generates a so-called tradeoff cut. This cut at a point ),( ll
ax  is 

0)(
1

≥−∑
=

l

ii

k

i

l

i
zzt , where ),(

iii
axfz ≡  for i=1,2,…,k. 
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This method attempts to locate the next solution by solving the following 
problem 

 (αPl )    

).~(),(

,,...,2,1,0,  )( 

max

1

aLXax

lhzztsubject to h

ii

k

i

h

i

α

η

η

×∈

=−≤∑
=

 

The following lemma establishes an important characteristic of problem αPl.  

Lemma: Let ),,( ηax  solve problem αPl, and let 

)),(),...,,((
11 kk

axfaxfz ≡ . Then ),( ax  is an α-Pareto optimal solution to 

the α-MONLP problem. 

Proof: Suppose that ),( ax  is not α-Pareto optimal solution, then there 

exists )~(),( **

aLXax
α

×∈  such that zz ≥
*

 and zz ≠
*

, where 

)),(),...,,(( ***

1

*

1

*

kk
axfaxfz ≡ , then  

)},({min)}({min *

,...,1,0,...,1,0

hh

lh

hh

lh

zztzzt −<−=
==

η  which contradicts the 

optimality of ),,( ηax . This completes the proof. 

The steps of the algorithm can be summarized as follows: 

Step 1. Ask the DM to select the initial value of α (0≤ α ≤1). 

Step 2. Determine the α-level set of the fuzzy numbers. 

Step 3. Convert the FMONLP in the form of α-MONLP and select an initial 

feasible point ),( ll
ax . Set l=0 and let 

)),(),...,,((
11

l

k

l

k

lll axfaxfz ≡ . 

Step 4. The DM specify precise values of 
l

i
t  at ),( ll

ax  for i=1,2, …,k. 

Step 5. Solve problem αPl. Let ),,( 111 +++ lll ax η  be an optimal solution, and 

let )),(),...,,(( 111

1

1

1

1 +++++

≡

l

k

l

k

lll axfaxfz . Set l=l+1. 

Step 6. If 0=

l
η  go to Step 7. Otherwise, go bake to Step 4. 

Step 7. Determine the stability set of the first kind ),( axS . 
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Step 8. If the DM is satisfied with the current values of the objective 

functions and α of α-Pareto optimal solution, go to Step 9. Otherwise, ask the 

DM to update the degree α and return to Step 2. 

Step 9. Terminate with ),( ll
ax  as the final solution. 

5. Illustrative Numerical Example 

Let us consider the following fuzzy multiobjective  nonlinear programming 

problem 

 (FMONLP)  

},0, ,25 ,3|),{(  

)~,~max(
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2

2

2

12121

2211
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⎪
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⎩

⎪
⎪
⎪
⎪
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⎧

∞<≤
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−

−
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−
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=

i
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i
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ia
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pp
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pp
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pa

a
i

4

43
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4

32

21

12

1

1

~

              0

   

               1

   

            0

)(µ  

where i=1,2 and the values of 
j

p (j=1,2,3,4) are given in the following table:  

i
a~  

1
p

2
p

3
p

4
p

1

~

a  3.8 4 4.8 5 

2

~

a 1 2 3 4 

Let 
11111

),( axaxfz +== , 
22222

),( axaxfz +== . The DM’s utility 

function U is assumed to be the following: 

2

2

2

1
)10(2)20( −−−−= zzU  

Step 1: Suppose that the DM select α=0.9. 

Step 2: }1.31.9  and  82.498.3  |),{()~(
21219.0
≤≤≤≤= aaaaaL  
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Step 3: The α-MONLP problem becomes: 

)~(,  

),( max

9.0

2211

aLaXxtosubject

axax

∈∈

++

 

Let us select the feasible point ),( 00
ax =(3.18, 2.9, 4.82, 3.1) as the starting 

solution. Hence, the corresponding point in the objective space is )6,8(0
≡z . 

Step 4: The local tradeoff ratio 
0
t  at ),( 00

ax  is 
0
t =(1, 0.666667). 

Step 5: Solve the following problem: 

(αP0 )   

)~(,                

000002.12666667.0666667.0  

max

9.0

2121

aLaXx

aaxxtosubject

∈∈

−+++≤η

η

 

The solution to this problem is 

),,( 111
ηax =(4.160220,2.773566,4.82,3.1,0.895931), and 

)873566.5,980220.8(1
≡z . 

Step 6: Since 0
1
≠η  then return to Step 4 for the second iteration. 

2
nd

 Iteration (from Step 4 to Step 6) 

We have ),( 22
ax =(4.002186,2.997098,4.82,3.1) 

 with 
2

η =0.009372, ≡

2
z (8.822186,6.097098). 

3
rd

 Iteration (from Step 4 to Step 6) 

We get ),( 33
ax =(4.098459,2.864042,4.82,3.1) 

 with 
3

η =0.003356, ≡

3
z (8.918459,5.964042). 

4
th
 Iteration (from Step 4 to Step 6) 

We obtain ),( 44
ax =(4.041529,2.943816,4.82,3.1) 

 with 
4

η =0.001178, ≡

4
z (8.861529,6.043816). 

5
th
 Iteration (from Step 4 to Step 6) 

We have ),( 55
ax =(4.078205,2.892808,4.82,3.1) 

with 
5

η =0.000443, ≡

5
z (8.898205,5.992808). 
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6
th
 Iteration (from Step 4 to Step 6) 

We have ),( 66
ax =(4.054285,2.926233,4.82,3.1) 

with 
6

η =0.000209, ≡

6
z (8.874285,6.026233). 

7
th
 Iteration (from Step 4 to Step 6) 

We have ),( 77
ax =(4.065676,2.910374,4.82,3.1) 

with 
7

η =0.000063, ≡

7
z (8.885676,6.010374). 

8th
 Iteration (from Step 4 to Step 6) 

We have ),( 88
ax =(4.062271,2.915142,4.82,3.1) 

with 
8

η ≈0, ≡

8
z (8.882271,6.015142). 

 

Step 7: The corresponding stability set of the first kind is: 

}1.3,1.3,82.4,82.4|),{(),(
2211

88
=≤=≤= BABABAaxS . 

Step 8: Suppose that the DM is satisfied with the 
8
z  and α=0.9 . Go to Step 9. 

Step 9: The final solution is ),( 88
ax =(4.062271,2.915142,4.82,3.1). 
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