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This paper provides a discussion of the estimatores of the multiple
correlation coefficient given in the literature. It also gives some
improvements to these estimators. New estimators have been
suggested.
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Let X = (xz) p-1 be a pxl random vector having the N (4, T ) distribution. The
population multiple correlation coefficient p is the maximum correlation between
X, and a linear function of the p—1 variables in X Let R be the sample multiple
correlation coefﬁcxent based on a sample of N = n + 1 observations on X. Fisher
(1928) estimated ,° by the biased estimator.

P, =R2-(p - D =R)/(n - p+ D).

Ifram (1970) obtained the same estimator using the method of conditional
moments. This estimator may be negative when R? is very close to zero.

The sample multiple correlation coefficient R is the maximum hkellhood
estimate of p, see e.g. Anderson (1958, PP. 86 — 96). Wishart 1931) estimated p' by
Pg R2 It is clear that ¢ is an improvement to P2 _since0 & P2 < land
var (P ). < var (P2 ) However, in the average, PZ seems to overestimate P?
when P2 is very close to zero, since

-D/N-1) <ER) <1
The UMVU estimate of p? was obtained by Olikn and Pratt (1958) as
gRY=1-(~-2)A-RYF (I, 1;1/2(n~p+3);1-RY/(n-p+1),

where 2Fl is a hypergeometric function. For the definition of hypergeometric

339



340 ' Adnan M. Awad

functions see Ifram (1965). This estimate has the defect that when R? is small it
becomes negative.

This brings us to the questlon How should a multiple correlation coefficient be
estimated? Should one be estimating P? rather than P? Would it be better to
transform and try to estimate PZ/(I - P? N This paper provides some new
estimates of P2 and P2 /(] - P? ). Section 2 gives a comparison between the method
of moment estimates and the Ifram method of conditional moments. Section 3
applies an approximation to the density of R? and then an estimate for Plis
obtained through that density. A Bayes estimate is given in Section 4.

Method of Moments

Set 9 = P2/(1 - P?)and X = R2/(1 - R2). It is known that

ER)=1~-m-p+ 1 -p,)F (1 1;1/2(n+2;p) n
So the method of moments does not lead to an «explicit» estimator. To get rid of
this difficulty, Ifram (1970) has suggested a conditional method of moments
estimate. His procedure depends on the fact that R? is a negative binomial mixture
of beta variables, and it leads to the estimators.

A A

P, =nRY-p+1D-(p-D/a-p+1) =P}
and
9 —(n—p+1)X/n—(p—1)/n

Now, we will show that 9 is a biased estimate and we will give another
estimator 4. which is unbiased and has smaller variance than (} Thus () may be
an improvement to ()

Wijsman (1959) has shown that X is a gamma mixture of noncentral F’,
namely:

XEF/p—l,n—p+l(Y)

where Y is a gamma random variable with parameters (1/2 n, 268). Hence

EQM=EEF,_, . WY

=E(@-DU+Y/(p-1))/(-p=-1)
=(p-1DU +n6/ (p - 1))/(n -p - 1).
So, the method of moments estimate for ) and P? are
0,=(-p-1DX/n-@-1)/n
P} =l-n/n-p-DX+@m=p+1)
Note that 9 = 6 + 2X/n, E (9) = B and

var (9 )/ var (5 )= ((n -p-1)/(n-p+ 1) < 1. Hence 6 is a biased estimator
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and 9 is an unbmsed estimator. Moreover 9 has smaller variance than 6
It is clear that 9 , may be negative. When 9 is positive with high probablllty" It
will be shown that it is so when n > 64.
Now,
var (6.)) = ((n - p - 1)/n)? var (X)
oy - _ 2 ’
=((n - p - 1)/n)?*{E(var L
+var (B(F_ . (DIN]
=2(@-D0-2)(h-p-3"n2E1Q+2Y/(p-1)
+Y(n-2) (- 1)
+n?(-12var(1+Y/ (p-1)
=2n-2)(n-p-3)"'n’! ((p l)/n +260+Q2n-p-1) 6%/(n-2)).

Note that var (9 s O asn_—»o and n var (9 ) converges to 460
(1 +8)asn—»oc0 Hence 8 1s a consistent estimate for § and2 roughly speaking
one may use the approximation

(var (§,)" /2 (9 -0 9, N©O,
to get the P (9 >0= l whenn D 64. So we recommend 52 whenn 2 64.
Fmally, 9] could be used to get its corresponding unbiased estimate, namely;
§,=(n-p- l)X/n—(p— 1)(n—p—3)(n—p+ D! n!
Note that var (9.) = var (0 ), 6 - 4 (p - 1)/n and both 9 and 93 may be

negative when )% is very ciose to zero Hence in this case 0. is «better» than 92
when n is small in the sense that it is closer to the parameter 6.

. (N1

Estimation through Approximations

Fisher (1928) has shown that as n —» 00, (n — p) R?= x,? ((n - p) P?). Letr-
=(n-p P2 and Y = (n - p) R%. Applying the method of moments one gets the
estimator P2 ‘= R? — p/ (n — p).

Using the estimates of the noncentrality parameter of x g (tn — p) p2 )given by
Perlman and Rasmussen (1975) we may estimate p< by.

pi =R-p-p' + 00 -p? R
if p > 5 and be is some constant such that 0 < b << 4 (p — 4).

To compare p2 with the other estimates we need Theorem 1 P. 464 given by
Parlman and Rasmussen (1975) which states that: Let Y bea x2 (T), T, =Y - p
+bY L, p > 5,and O < b < 4 (p - 4) then for every ﬁxed T > 0,

EXY-p-TR2>E(T -T»
Apply this theorem with Y = (n — p) R2and T = (n - p) p? to get
E (P2 - P2P>E(F,? - p2.
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Hence ﬁbz is an improvement to <.

Note that may be greater than one or negative. So there is a need to find
when Pb lies %etwepn 0 and 1. It can be shown that this occures when.

n _(n? - 4p)'/2 < R< P (p? - 4b)!/2
2(n - p) 20n - p) 2(n - p) 2n - p)
or

p . p-4b
2a-p 2(n-p

RZ

So, it is clear that this estimate is not a good one, since it may be used only in a
small range of the possible values or R2.

Bayes Estimation

Unfortunately, the method of moments does not lead to a positive estimate for
8 or for p*. We could get rid of this difficulty by using a Bayes method.

The Bayes approach assumes that p2 is a random variable with some prior
distribution q (p?). Then the Bayes estimate p_? is the one which minimizes the
posterior mean square error (see Wasan (1970), P. 185). Moreover it is known that
0 < p?> < 1,hence 0 £ E (P IR?) < 1 as. So the Bayes estimate is an
improvement to the other estimates.

It is known that (see Anderson (1958), P. 95) the density of R? given p? is
" u n-p—1
_ 2 3 2y 2 2
-2 ®) q_ry . p (0,0 0l 2py
n-p+1 p—l) ! 2 2 2
B 5 e
2 2

1

Set © = p?andr = R% Assume ¢ has a beta prior distribution
(@)= =1 (1 - ¢ B YB(a,p).

Then the posterior mean of p? given r 1s

E(eln= [l ¢ t(e)tle)de/ [l E(e)Tie)de

f(RAP?) _

F(E,E +1 p_l,a+3+1 E;r)
R T2
B n n n p— n
a+5+5 3F2(-i- ’ 7 y X » a+6+7 ) l')
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Unfortunately this estimate ’;132 = E (¢|r) has a complicated expression, so
there is a need to approximate it.

Note that

n n . p_l n . p2 = i k
3F2( -2—,5;0’—2-)Q+’+71R) zkzoalr
where

[C 2402+ [C P2y (a8t D)
2 2 2

ak:

[CR Hla)l( P2t vk Y[ a+p+ B + KK
2 2 2
Similarly
n n . p-1 n p2y-. v
JF, ( 37 , o+, — , A+ 1+8+ 7 ;R*)= Z .~ b ¥
where b, equales a_ with each «a is replaced by a + 1.
Hence
e g+ B

E(‘Pk)'=l+(bl—al)r+(b2—a2—al(b1—al))r2+ .....

It can be shown that:

(B + % ) k
b —a =a
a(a+ B +2+K)
Hence
a(B+ M)y
;2= a o 2 2 RZ
B a+6+% E_(a+ﬁ +%)2(a+ﬁ+l+.l2l)

Var (p,) < Var (R) IF o £ 9%1_
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