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1. Notations 

In this paper we prove that the strong limit of a net (Sa) of 
well-bounded operators is a well-bounded operator S. Also we prove 
that the strong limit of f(Sa) is f(S) whenever f f AC(J). 

Throughout this paper, X is a complex Banach space, and L(X) is the algebra of 
all bounded linear operators on X. If J=[a.b] is a compact interval of the real line R, 
then we use BV(J) to denote the Banach algebra of all complex-valued functions of 
bounded variation on J with norm 111.111 defined by 

III fill = I f(b) 1+ var (f,J) (fEBV(J)) 

where var (f,J) is the total variation of f over J. The Banach subalgebra of BV(J) 
consisting of all absolutely continuous functions on J will be denoted by AC(J). 
We use p(J) to denote the subalgebra of AC(J) consisting of all polynomials on J. ,... 

2. Well-bounded operators 

2.1. Definition 
Let T E UX). We say that T is well-bounded if there is a compact interval J and a 

real constant K such that 

II P(T) II SKill PIli (P E PO)) (2.1.1). -For a full discussion of well-bounded operators, the reader is advised to see 
(Dowson, 1978). 
2.2. Theorem 

Let {Ta}be a bounded net of bounded linear operators on an arbitrary Banach 
space X such that{Ta }converges to T in the strong operator topology (T ~ T). 
Then T~ ~ T" for any positive interger n. a 
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Proof, 
Let {A)and {Balbe two bounded nets of bounded linear operators on X such 

that: 

A ~ A, B ~ B and II A II S K a a a 
Then for X=XI' ... , x E X, we have: 

II E 
II (Aa - A)Bx II S + and I (B

IX 
- B)x IS €2 

for a sufficiently large a and for an arbitrary € I ~ 0 and € 2'> O. 

Now 

II (A B - AB) II = II (A B - A B + A B - AB) x II aa aa a a 
Using the triangle inequality we get 

II (A B -AB) xII < IIA (B -B) xII + II(A -A) Bx II 
all' - a a a 

we get 
2K 

€I 
II (A B -AB) xii ~ K. 

all' + =8 
I 

2K 2 

Hence AJ3a ~ AB which means that T~ ~ T2 whenever Ta ~ T and by 
induction the proof is complete. 

3. Theorem 
Let X be a Banach space and let {S : aEA} be a net of well-bounded operators on 

X converging to S in the strong o~rators topology such that II I Sa Ii.(.M.(. 00. 

Then 

(l) S is a well-bounded operator. 
(2) if J =[a,b] is a compact interval satisfying the conditions in Definition 2.1 

and if f E AC(J), then I(S ) ~ I(S). 
a 

Proof 
(l) Let P be any complex polynomial. Since S ,( aEA), is well bounded then, a 

II P(S )11 ~ K III PilL 
a 

Since Sa.2.. S, then, by Theorem 2.2. , S~.2.. sn. Hence P(S) ~ P(S). This 
~~~ a 

II P(S)II ~ K III PII~ 

Which means that S is well-bounded. 
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(2) Let f E AC(J). Since polynomials are norm dense in AC(J), there exists a 
sequence {p ~ of polynomials such that P --+ f in the norm of AC(J). Since S is 
well-bounde~ for alla(jn the index set Af, we have: a 

liP (S )11 SKill P III = K(IP (b)t + var (P ,J». 
non n n 

Since P _ f, we have 
n 

Hence, 

Hence 

" f(S ) II S K "I f "I o 

" P n(SJ -f(SJ" SKill P n-f III 
S K (IPn(b) - f(b) I + var (Pn-O) 

P (S ) x --+ f(S ) x uniformly for every II x II S I. 
n a 0 

Thus, by the Moore-smith convergence theorem (Dunford and Schwartz, 1958). 

f(S)x = lim lim P (S )x = lim lim P (S )x = lim f(S )x. 
n a no anna a a 

Hence f(S) ~ f(S) (f E: AC(J) . 
a 
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~~ J,)W 1 ~ G\j JS. 

0.) J ~I - ~;I - ~.,....r.J1 6.......L:.; - Co~~)i 0)1.) 

uI;jll <f ulf ~ ~,.aJI ~~I ui ~ ~I 1.iA ~ 
~~I ui ~ ctl.>S -If \~ J)J.S ;;.. t./" \~ OJ)';';' I 

w.h.. JI)..JI ~~ ~ G ~ (If) G t./" (ulf)G J ~,.aJI 

. J ~ ojoj Js. Jl..ai~1 




