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Abstract. The author (1992) developed a spline collocation method that was successfully applied to continuous
sy stemsdescribed by differential equations. It is based on selecting the spline point such that the second derivaive
of the independent variable is zero at the spline point. Thismethod is now extended to discrete sy stems describad
by different equations and is applied to the smulation of ditillation columns.

Introduction

The gpplication of the mehod of orthogona
collocation to systems with steep profiles requires the
division of the doman of interest to dements in
which the collocation method is applied individualy.
Some continuity conditions should be satisfied & the
e ements partition.

Srivestava and Joseph (1987) applied a globd
collocation scheme for key component equations,
wheress for non-key components, the eguations are
solved using collocation on two regions for esch
component. The boundary between the two regions is
determined by the smdlness or largeness of the
absorption factor (L/KV) using an arbitrary criterion.
Interpolation is required to transfer information
between different collocation schemes.

Choi et al. (1991) suggested the use of cubic
spline functions for mode reduction of distillation
columns. They have shown that they are better than
guadratic Lagrange polynomids.

Seferlis and Hrymak (1994) based the dements
patition on the equi-distribution of the materid, and
energy bdances residuds around the envelopes in the
column to track irregulaities in mole fraction
profiles.

Huss and Westeberg (1994) suggested two
vaidble transformaions for the stage number, and
mole fractions to straighten irregular mole fraction
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profiles. An exponentid transformation maps zero to
an infinite number of trays onto the range 0-1. Jacobi
polynomids can be used for the gpplication of the
collocation method to the transformed problem. The
second  transformation uses a hyperbolic tangent
function for the mole fractions.

The author (1992) deveoped a spline collocation
method for boundary vaue problems which is based
on determining the spline points by the requirement
that the second derivative of the independent variable
is zero. In this peper, this goproach is extended to
distillation columns design.

Model Formulation

In modding the distillaion column, the following

assumptions are made:

1. The column separates a binary mixture and has
atotad condenser.

2. In each of the rectifying and stripping sections,
the molar flowraes of the liquid and vapor are
constant.

3. Each section has its own constant rdative
voldility.

Numbering the steges starting from the feed plae

as shown in Fig. 1, plate component maerid bdance
for the rectifying section can be written as:
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Fig. 1. A two-product distillation column.

V(Yi —YiD)=L(Xj1—Xj) @)
where
Ay X
Vi =KX = Tox @

A totd condenser would mean tha the vgoor leaving
the top tray has a molefraction y théa isequd to

the liquid mole fraction entering this plate x , i. e,

©)

Ovedl component materid baance on the rectifying
section gives:

where

V =L+D (5)
At the feed plate,

L=L+qF 6)

the stripping section plae component materid
baanceis given by:

V(Y ~Yi) =LK 1-%) )
where
V =L-B )
and
v O‘sX_i
Vi 1+(ag DX ®

The column overdl component baanceis given by:
X¢ F =Dxp +Bxpg (10)
Numerical Method Development
If the equilibrium curve is linear and its slope is
equa to the operating line, we could write the
component materid ba ance on the plates as:
Xis1 = 2Xj +Xj_1 =0 1y
Subject to given conditions for the top and bottom

compositions, the solution will be linear with the
number of plates as:

Xj =Xp+(Xp =X1)f (12)
where
r=@0-1)/N (13)
Now, we modd the deviaion from this ided
situation by:

X; =X1+(Xp =X U; (14)
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andlet U, satisfies the equation:

(i Ui -26U; +1_U; 1) =¢ U; IN2 (15)

The right hand side is obtained by substituting Eq.
(14) into Eq. (11). Theleft hand sideis introduced to
modd the deviaion. If we let N goes to infinity, Eq.
(15) becomes:

d2(1U)

= - U (16)
.

With the boundary conditions:
U@d=1U'(0)=0 A7)

The gpplication of the one point collocation to Eq.
(16) requires the sdection of the collocation point

(r,) such that:

r,2 =0.3 (18)

to get accurae vdue for U a r = 0, and U will bea
function of the even power of r.

Thus we could write the following equation for
U

N ()
(1_r(;2)

u 19

In effect this would mean that we have approximated
the composition profile by a cubic polynomia whose
second derivaive is zero a the plae aove the feed
point and the plate beow the feed point. If one cubic
polynomid is not enough to approximate the profile,
we consider cubic splines such that & the spline point
(subscript s) we have the fol lowing condition,

Xs—l_zxs +Xs+1:0 (20)

For a continuous system, this condition is
equivdent to the requirement tha at the spline point
the profile has an inflection point; a condition that
was successfully used in the development of aspline
collocation method (Soliman, 1992). In addition, we
require that the spline father from the feed point
stats with inflection point, and the component
materid badance is sdtisfied a the spline point of this

spline

Table 1. Design and operating conditions for the distillation
column
Number of plates in the 7
rectifying section
Number of plates in the 7
stripping section
Total condenser + reboiler

Feed flowrate 216.0 mol/hr
Feed condition (q) 1

Feed mole fraction ( x§ ) 0.5

Top product flowrate 108.0 mol/hr

Reflux ratio 2
Relative volatilities ay =2.0,a5 =3.0
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Fig. 2. Composition profile in the distillation column.

Numerical Example

Table 1 shows the design and operating conditions
of the distillaion column to be simulated.

Results of the numericd testing are shown in Figs
2 and 3. In Fig. 2, the gpplication of a single cubic
polynomid in each of the column sections show some
deviaion in the composition profile in the stripping
section compared to the rigorous solution due to the
sigmoidd nature of the profile. When we used two
cubic splines in the stripping section, the profile
gregtly improved. In Fig. 3, the gpplication of Huss
and Westerberg (1996) transformation:

L (1+tanzh (v)) 20
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Fig. 3. Composition profile in the distillation column.

X
|I’](Ej
y :T (21)

and

resulted in dmost exact results. y is fitted by a
quadratic polynomid, and the collocaion point

r,=05.

Conclusion

A spline collocation method is devdoped and
successfully gpplied to the simulation of adistillation
column. The keys for the success of this method are
the proper sdection of the intepolaing function
(Egs. (14) and (19)), the proper sdection of the
collocation point (Eg. (18)), and the proper sdection
of the criterion a the spline point (Eq. (20)). It can be
considered as an dternaive if Huss and Westerberg
transformation does not work.
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