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Abstract. The study presented in this paper investigates the dynamic behavior of a low earth orbit (LEO) 
satellite due to gravity gradient disturbances when the product of inertia terms of the spacecraft and the orbit 
eccentricity are considered. It is shown that the classical stable solution for the gravity gradient disturbance 
becomes unstable if at least one product of inertia term exceeds a critical value. Dimensional analysis 
technique is used to develop the significant dimensionless groups which were used to correlate the data 
generated from the response of the coupled roll, pitch and yaw dynamics. Based on the findings of these 
groups, stability maps are developed to predict the influence of the product of inertia terms on the long-term 
behavior of the spacecraft attitude dynamics. The developed stability maps are verified numerically and 
successful prediction of a spacecraft stability condition due to gravity gradient disturbance is achieved. 
 

Nomenclature 
 

r distance from the center of inertial coordinated X,Y,Z to an element of mass dm 
θi rotation about  i direction, i = x,y, or z   

iω  angular velocity component , i = x,y, or z  
iω& angular acceleration component , i = x,y, or z  

e orbit eccentricity 
a           semi-major axis 
Ii mass moment of inertia about the body axes i   ( x,y, or z )  
Itot     Ix+Iy+Iz 
Iij product of inertia, i and  j = x,y, or z 
G Newton's constant of gravitation 
m mass of satellite   
lir directional cosine , i = x, y, or z and r denotes radial direction 
H
→

 angular momentum vector 
f           true anomaly 
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Introduction 
 

The influence of the gravitational torques on satellite dynamics and stability has been 
treated intensively in the literature. However, the majority of the treatments considered 
in this area focused on spacecrafts with special shape and mass properties. For instance, 
Chen [1] combined the gravity gradient torque and aerodynamic torque in order to reach 
three axes stabilization. The analysis was based on a circular orbit and the cross products 
of inertia (off diagonal elements of the inertia tensor) were assumed to be zero.  
Ravindran [2] performed active control analysis based on gravity gradient and 
aerodynamic torques assuming a circular orbit and no variation in the moment of inertia 
of the satellite.  
 

Zanardi [3] made a comparison between two satellites to show the effect of the 
gravity gradient, solar radiation, aerodynamic and magnetic torques at specific altitude in 
a circular orbit and the cross product of moments of inertia were ignored. The analysis 
illustrates that gravity gradient torque is very sensitive to the geometry and dimensions 
of the satellite. 

 
Roach [4] referred to the failure of their implementation of three-axis gravity 

gradient stabilization on ATS-2 satellite due to improper modeling of the gravity 
gradient disturbance as well as the neglected orbit eccentricity factor. Frik [5] 
investigated the stability of a rigid body satellite in a circular orbit in the presence of 
aerodynamic and gravitational torques when both have the same order of magnitude. He 
concluded that lack of stability exists if non-conservative aerodynamic torques exist. 
Flanagan [6], shed more lights on passively stabilized spacecraft using Liapunov 
stability theory with the assumption of principle coordinates.  Ashneberg [7] and 
Shrivastava [8] analyzed the effect of elliptical orbit on the dynamics of the satellite and 
concluded that in the existence of elliptical orbit, the system could experience periodic 
excitation in yaw, row or pitch depending on the geometry of the spacecraft. 
 

Therefore, the current study investigates the influence of the products of inertia 
magnitude and orbit eccentricity on the attitude response and stability of a satellite (for a 
passive mode i.e. without actuators) due to gravity gradient moments.  To generalize the 
results, dimensional analysis technique is used to develop significant groups (groups 
which are formed by combination of the system parameters i.e. Ixz , Ix , etc.) which will 
contribute to the development of stability maps to aid in predicting the long-term 
dynamic behavior of the system. These maps can be utilized during the preliminary 
design stage of the spacecraft to investigate its passive instability behavior (due to 
gravity gradient disturbance)  for a given set of product of inertia terms.  
 

 It is noted that some satellite control engineers in the development stage of the 
control algorithms neglect the product of inertia terms when modeling the gravity 
gradient torques acting on the satellite. In some cases, where the pitch and roll inertias 
are very close, errors can be introduced in the modeling of the gravity gradient torque if 
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the product of inertia effects are ignored. 
 

Gravity Gradient Torque on an Orbiting Rigid Body 
 

The gravitational force acting on an element of  mass “dm” , as shown in Fig. 1-a, 
of a rigid body orbiting a spherically symmetrical primary body is given by; 

 

dmr
r

Fd c )(3 ρµ ρρρ
+=  

 
where ;   mG=µ        
 
 cr
ρ   position vector to the mass center of the rigid body and can be expressed as;   

 
)( kljlilrr zryrxrcc ++=

ρ
 

 ρ
ρ

    locates the element of mass dm relative to the satellite mass center which can be   
written as; 

ρ
ρ

  ρ
ρ

 = kzjyix ++  
 
The moment of the gravity force Fd

ρ
 about the mass center c is given by: 

dmr
r

Md cc )(3

ρρρ
×−= ρµ  

 
Integrating over the entire body; the total gravity gradient torque can be expressed as; 
 
 

∫
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−=
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for small 
cr
ρ

,   the term 0
2
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cr
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using the binomial expansion for the remaining terms yields; 
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(1-B) 

 

Substituting equation (1-b)  into (1-a)  and expressing  the vectors 
→

cr  and ρ
ρ

 in the 
body axes as defined above, the integral can be expanded as follows 
 
 

( ) ( ) ( ){ }
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c 2 cc m
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(2) 

 
for small angle approximations ( ))sin(,1)cos( θθθ ≈≈ ,   the direction cosines can be 
expressed as;  
 
 

xrl  =  1,       yrl = - zθ  , and         zrl  =  yθ  (3) 

                 
substituting equation (3) into (2) and evaluating the integral, the gravity gradient torque  
about each of the body axes can be expressed as follows (note: 

∫ ∫ ∫ === 0zdmydmxdm ); 
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Fig. 1-a. Satellite in orbit a round the earth (system geometry and coordinates). 
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Fig. 1-b.  Angles definition – (note: body coordinates aligned with orbital coordinates). 
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System Formulation 
 

Consider a rigid satellite with coordinates system illustrated in Fig. 1-a. If the axes 
origin is selected as the body center of mass, the rotational equations of motion can be 
written as ; 

 
 

czyxcc HkHjHiHHM
ρρ&&&&ρρ

×+++== ω  (5) 

          
or in component form along the body axes; 
 
 ( ) ( ) ( ) ( )2 2

x x x y z z y xy x z y xz x y z yz y zM I I I I I I= ω +ω ω − + ω ω −ω − ω ω +ω − ω −ω& & &  

( ) ( ) ( ) ( )2 2
y y y z x x z yz x y z xy y z x xz z xM I I I I I I= ω +ω ω − + ω ω −ω − ω ω +ω − ω −ω& & &  

( ) ( ) ( ) ( )2 2
z z z x y y x xz y z x yz z x y xy x yM I I I I I I= ω +ω ω − + ω ω −ω − ω ω +ω − ω −ω& & &  

 
 
 

(6) 

 
defining  xθ  , yθ  and zθ  as  shown in Fig. 1-b and using the rotation sequence ( yθ  ,  

zθ  , xθ  ), the component of the angular velocity vector, in body coordinates, can be 
expressed as;  
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for small angles approximation,  Eq.  (7)  can be simplified to; 
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  and the angular acceleration vector as, 
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 where    n     =           
3a

Gm  

 
Considering only the gravity gradient disturbance (for linear system the other 
disturbances like the solar and magnetic moments can be added separately) and 
substituting Eqs. (4), (8) and (9) into Eq. (6) yields the following equations of motion, 
 
 

( )
x x x y z y x z y y xy x xy y xy x xy y xz

2 2
xz z yz yz z s xy y xz z

I I n (I I )nf (I I )f I f I nf I n I I f

I I f 2I f 3n I I 0

θ − θ + − θ + − θ + θ − θ − θ − θ −

− θ + + θ − θ + θ =

& & & & &&&& & & & & &&

& &&& &
 

( )
y y y x x z x x z y yz z yz xy x xy y xy x xy y

2 2 2 2
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I I n (I I )f (I I )nf I I f I nf I f I nI
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(10) 

       

where ,    ns     =        3
cr

Gm
  

 
Numerical Solution and Results 

 
The equations of motion presented in (10) are strongly coupled linear time varying 

differential equations. The equations consider only the effect of eccentricity and gravity 
gradient torques as environmental disturbances. The equations contain all three product 
of inertia terms. It should be noted that stability analysis using analytical approach is 
outside the scope of this study and would be considered for publication separately.   

 
A Simulink model is developed, to integrate the equations of motion and obtain the 

time history of the roll, pitch and yaw. There are 5 cases considered in this study as 
follows;  

 
1- 0=== IyzIxyIxz            ( in this case  x,y, and z  are principle coordinates) 



K. Alsaif and K. Al-Dakkan 146 

2- 0,0 ==≠ IyzIxyIxz  
3- 0,0 ==≠ IxzIxyIyz  
4- 0,0 ==≠ IyzIxzIxy  
5- 0,0,0 ≠≠≠ IyzIxyIxz  

in all cases,  the eccentricity is varied from 0 to 0.3. In the first case , it can be shown 
analytically; Kaplan [9], that the attitude of the satellite( subjected to gravity gradient 
torque only)   in circular orbit is stable in roll, yaw and pitch  if; 
 Iz > Iy > Ix or Iy >Ix > Iz  (all product of inertia terms are zero)      (11) 

 
 In the other cases, where at least one product of inertia term is present, the solution    

may undergo instability even though the stability condition (11) is satisfied. The 
instability definition considered in this study is based on unbounded oscillations (slowly 
or fast growing response) of the satellite attitude. In other words, a solution with 
bounded oscillations within the small angles assupmtion is considered stable. 

  
Table 1 summarizes the numerical values for the inertial properties of a satellite 

selected as case study. It should be noted that the inertia values Ix,Iy  and Iz,  listed in the 
table satisfy the criteria indicated in (11). The table includes the corresponding critical 
values of the product of inertia  Ixz  and Iyz  that renders the attitude response unstable. 
Values of product of inertia below the critical limit would keep the system stable. It 
should be noted that, in practical designs, the magnitude of  the product of inertia terms 
is kept minimum. However, quantifying this minimum for stable attitude dynamics is 
considered the aim of this study. 

 
Intensive numerical experiments, for different inertia parameters and eccentricity 

values, have been conducted and only a sample results is summarized and listed in Table 
2.   

 
It was observed that the increase of orbit eccentricity would increase the amplitude 

of attitude oscillations as shown in Figs. 2 and 3, and the system response will be 
unstable if the spacecraft mass properties satisfy the relation; 

z

xy

I
II −

 ≈
3
1

      (  pitch resonance condition) 

Reference [9]  shows the derivation of this condition.  
 

It was also noticeable from the substantial amount of data generated from the 
numerical solution that by increasing the product of inertia terms beyond a critical value 
the attitude response will grow unstable as shown in Figs. 4 to 6. Figure 4 depicts the 
attitude response of the satellite with Ixz = 0.1 Kg/m2, Iyz =Ixy =0 ;  the response is stable 
in roll, pitch and yaw. Figure 5 shows the unstable response when the value of the 
product of inertia Ixz was increased to 15 kg/m2. 
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Furthermore, if at least two product of inertia terms are present (i.e. Ixz and Iyz)  in 
the equations of motion, the solution will be unstable and  the response grows fast for 
higher product of inertia values. Obviously, it will take longer time for the satellite 
response to diverge if very small product of inertia terms exist.  If   Iyz = Ixz =0, and Ixy 
≠ 0, the attitude response is always stable in pitch and unstable in roll and yaw as shown 
in Figs. 6-a and 6-b. By noting that the expression for the rate of change of the true 
anomaly is time varying, it can be readily seen from the equations of motion that 
parametric excitations (i.e. terms like θ&&f ) are the main source of instabilities and 
contribute significantly to the unstable behavior of the system for a given set of product 
of inertias. It can be shown analytically that for 0=f& , the solution is stable provided 
that the condtion of equation (11) is satisfied. 
 
Table 1.  Numerical values of the inertia parameters , Kg m2 

Ix
 Iy Iz Ixz ( critical ) X Iyz  ( critical) X 

30 75 130 10 65 
35 75 130 10.2 60 
40 75 130 10.3 55 
45 75 130 10.4 50 
50 75 130 10.5 44 
55 75 130 11.5 38 
60 75 130 12.5 32 
65 75 130 14.5 25 
50 70 130 15 39 
50 75 130 10.5 44 
50 80 130 6 48 
50 75 110 0.5 24 
50 75 115 2.5 40 
50 75 120 5 41 
50 75 125 8 43 
50 75 130 10.5 44 

 
Table 2.   Numerical experiments results 

Figure #                  System    parameters                           Response  
Figure 2    e=0,      Ixy = Iyz=Ixz=0 Attitude is stable in roll, yaw and pitch  
Figure 3    e=0.2,   Ixy = Iyz=Ixz=0 Stable solution, higher amplitude in pitch 
Figure 4    e=0.1   Ixz/ Itot  =1/255 
                              Ixy =Iyz = 0 

Stable, beat response in pitch with high amplitude 

Figure 5    e=0.1   Ixz/Itot = 15/255 
                              Ixy =Iyz = 0                              

Unstable solution in pitch, roll and yaw. 

Figure 6    e=0.1  Ixy/Itot = 15/255 
                             Ixz =Iyz = 0 

Stable in pitch, unstable in yaw and roll 

Figure 7    e=0.1  Ixy/Itot = 0.5/255 ,   
                             Iyz/Itot=0.7/255,   
                            Ixz/Itot=0.6/255 

Unstable in all attitude angles 
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Fig. 2. Attitude response of the satellite in degrees, Ixy=Ixz=Iyz=0, Ix=50,  Iy=75, Iz = 135,  e  = 0,     yaw……, 

roll _____ , pitch - - - - - - -. 
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Fig. 3. Attitude response of the satellite in degrees, Ixy = Ixz = Iyz = 0  ,  e  = 0.2,  yaw …… , roll _____ , 

pitch - - - - - - -. 
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Fig. 4. Attitude response of the satellite in degrees,  e = 0.1 and  Ixz/ Itot =1/255. yaw …… , 
 roll _____ , pitch - - - - - - -. 
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Fig. 5. Attitude response of the satellite in degrees,  e = 0.1 and  Ixz/ Itot = 15/255. yaw …… , roll _____ ,  

pitch - - - - - -. 
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Fig. 6-a. Roll-pitch response in degrees,  e = 0.1 and  Ixy/Itot =15/255 (stable pitch and unstable roll). 
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Fig. 6-b. Yaw response in degrees,  e = 0.1,   Ixy/Itot=15/255. 
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Fig. 7. Pitch response in degrees, e = 0.1 , Ixy/Itot= 0.5/255, Iyz/Itot= 0.6/255,  

Ixz /Itot = 0.7/255. 
 

   
After intensive numerical experiments of the normalized equations of motion and 

collecting substantial amount of data which was processed according to the dimensional 
analysis techniques (i.e. the detailed of which is not presented); the following significant 
dimensionless groups are obtained; 
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=3       ( by definition ) 
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2
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2

1 KKKKeq ++=  
 

(16) 
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theses groups are obtained according to the following procedure; 

1) define the basic dimensionless parameters of the system (i.e. 
tot

yz

tot

xz

I
I

I
I , , etc.). 

2) normalize the equations of motion and obtain the potential significant 
dimensionless groups. 

3) plot each group against the fundamental group, in this case D1
  and D2 , and 

calculate the correlation coefficient  of the relationship. If the coefficient is 
close to one then the selected groups can be considered significant.  

4) make intensive numerical runs of the equations of motion and use the 
significant dimensionless groups to present the data in 2D plot. If all data points 
lie along a specific relationship with error less than 5% , then the developed 
groups can be used to predict the dynamic behavior of the system as well be 
shown next. 

 

Now  plotting     
3D

Keq     and  3K   versus 1D  and 2D , respectively; Figs. 8 and 

9 show, approximately,  a straight line correlation between the proposed dimensionless 
groups. All data points obtained from the numerical experiments follow the trend line 
shown in the figures with a good correlation. The line indicates the border between 
stable and unstable solutions. It should be noted that the border line points represent a 
stable solution below which instabilities manifest. The upper region represents the 
unstable solution in roll, yaw and pitch and the lower region represents the stable 
solution. The stability charts shown in Figs. 8 and 9 can be used to predict the stability of 
the satellite attitude due to gravity gradient torques with the presence of product of 
inertia parameters Ixz and Iyz, respectively. For the case of Ixy,  any non-zero value of 
which would render the system stable in pitch, and unstable in roll and yaw as shown in 
Fig.  7.  
 

These stability maps are tested intensively and verified with numerical solution of 
the equations of motion and a sample results is summarized in Table 3. For instance, the 
first case in the table represents a satellite with a value of  .045 for Ixz/Itot ,  Ixy =Iyz =0,   
Itot =220 kg m2  and   0.3662  for Keq/D3 ,from the stability chart in Fig. 8 the solution is 
predicted to be stable. To confirm this prediction, the numerical solution for this case is 
shown in Fig. 10, which shows a bounded solution in pitch, roll and yaw.  Similarly, the 
dynamic response shown in Figs. 11 to 17 confirms the remaining cases listed in the 
table.  It should be noted that numerous experiments, to test the prediction results based 
on the stability maps proposed, have been conducted with successful results and no 
single case has proven otherwise.  These charts can be utilized during the development 
stage of the spacecraft to investigate its passive insatiability behavior for a given set of 
product of inertia terms. 
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Fig. 8.   Gravity gradient–stable and unstable regions as a function of Ixz (Ixy=Izy=0). 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 9.  Gravity gradient–stable and unstable regions as a function of Iyz 

(Ixy = Izx = 0). 
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Table 3.  Verification of the developed stability charts in figures (8),and (9) [stable : S , Unstable  :  U], 
Ixy = 0 

Ix , Iy ,Iz  Ixz/Itot Iyz/Itot Keq/D3 K3 Chart 
Fig. 8 

Chart  
Fig. 9 

Confirm with 
numerical 
solution 

40,60,120 10/220 = .045 0 0.3662 - S - S, Figure 10 

40,60,120 20/220 = .09 0 0.3662 - U - U, Figure 11 

15,20,45 5/80 = .0625 0 0.4209 - S - S, Figure 12 

15,20,45 10/80 = .125 0 0.4209 - U - U, Figure 13 

40,60,120 0 10/220 - 0.167 - S S, Figure 14 

40,60,120 0 20/220 - 0.167 - U U, Figure 15 

10,20,30 0 7/60 - 0.333 - S S, Figure 16 

10,20,30 0 17/60 - 0.333 - U U, Figure 17 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 10. Attiude response of the satellite in degrees ,  e = 0.1, Ix = 40, Iy = 60, Iz = 120.  

and  Ixz/Itot = 10/220.      yaw …… , roll _____ , pitch - - - - - - -. 
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Fig. 11. Attitude response of the satellite in degrees,  e = 0.1, Ix= 40, Iy = 60, Iz = 120  

and  Ixz/Itot = 20/220. yaw …… , roll _____ , pitch - - - - - - -. 
 
 

 
 

Fig. 12. Attitude response of the satellite in degrees, e = 0.1, Ix = 15, Iy=20, Iz = 45  
and  Ixz/Itot = 5/80.      yaw …… , roll _____ , pitch - - - - - - -. 
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Fig. 13. Attitude response in degrees,  e = 0.1, Ix = 15, Iy = 20, Iz = 45 and   
Ixz/Itot = 10/80.   yaw …… , roll _____ , pitch - - - - - - -. 

 

 
Fig. 14.   Attitude response,  e = 0.1, Ix = 40, Iy =60, Iz =120 and   

Iyz/Itot = 10/220. yaw …… , roll _____ , pitch - - - - - -. 
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Fig. 15. Attitude response,  e = 0.1, Ix = 40, Iy =60, Iz =120 and   

Iyz/Itot = 20/220.     yaw …… , roll _____ , pitch - - - - - -. 
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Fig. 16. Attitude response, e = 0.1, Ix = 10, Iy =20, Iz =30 and   

Iyz/Itot = 7/60. yaw …… , roll _____ , pitch - - - - - -. 
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Fig. 17.  Attitude response,  e = 0.1, Ix = 10, Iy =20, Iz =30 and   

Iyz /Itot  = 17/60. yaw …… , roll _____ , pitch - - - - - -. 

 
Closing Remarks 

 
   The influence of the mass properties of a satellite and specifically the product of 

inertia terms, on the attitude dynamics of a rigid satellite subjected to gravity gradient 
torque, is investigated. It is shown that the classical stable solution of the gravity 
gradient disturbance, assuming principle moment of inertia with the minimum inertia 
axis aligned along the local vertical, can become unstable if at least one product of 
inertia term exceeds a critical value.  Stability charts, based on dimensional analysis 
technique, are developed to predict the long-term behavior of the satellite attitude when 
the products of inertia terms are present. Numerical test results to verify the developed 
stability charts showed very successful prediction. These charts can be utilized during 
the preliminary design stage of the spacecraft to investigate its passive satiability 
behavior for a given set of product of inertia terms. Furthermore,  the influence of the 
eccentricity of the orbit is that the disturbing effect is more pronounced due to the 
presence of periodic forcing terms and hence would produce large response for the roll, 
yaw and pitch if resonance condition prevails. 
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  تأثير تدرج قوة الجاذبية على القمر الاصطناعي في مدار بيضاوي
  منخفض وبخواص كتلة غير متماثلة

  
  **و خالد بن عبدالرحمن الدكان* خالد بن عبداللطيف السيف
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