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Abstract. A new moving collocation method is introduced for solving the problem of time-dependent heat
conduction with source term in one dimension. The method is based on dividing the solution domain into
active and inactive zones. The numerical results show that the proposed method is able to simulate the sharp
profile at short time with very few collocation points as opposed to the global collocation method.

Notation

Shape factor

Biot number

Number of collocation points
Dimensionless distance

Dimensionless time

Dimensionless temperature or concentration
Surface temperature or concentration
Quadrature weights

Dimensionless distance of the inactive zone

=

Introduction

For the numerical solution of time-dependent partial differential equations, which
involve large solution variations, a variety of numerical methods have been presented to
gain significant improvement in accuracy over traditional fixed grid sizes. The problems
of transient heat conduction and material diffusion are examples of such problem. The
conduction problem has attracted the attention of many investigators. Finlayson [1]
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presents some of the numerical methods used for solving the transient conduction or
diffusion problems including finite difference, finite element and orthogonal collocation.
The collocation method has several important advantages over the other discretization
methods. It provides a high order of convergence, gives a continuous approximate
solutions, and easily handles general boundary conditions while still being simple to
program.

Significant improvement has been made by adapting the numerical method
discretization nodes so that they are concentrated about these areas of large gradients.
Villadsen and Michelsen [2] pointed the need of applying special techniques for short
time period since the steepness of profile necessitates the use of large number of
collocation points which in turn increases the stiffness of the differential equations. An
initial attempt for alleviating this problem was presented in part Il of this series by
Soliman and Ibrahim [3]. They divided the solution domain for short time into active and
inactive zones. The knowledge of the asymptotic solution was used to develop an
equation which determines the speed by which the solution in the active zone advances
with time. Yoshida et al. [4] used a similar approach to solid gas reactions in which a
moving front naturally exists.

In this work we apply the same concept of dividing the domain for short time into
active and an inactive zone in order to capture the steepness profile observed for
transient heat conduction and diffusion problems. However, the present method does not
require the knowledge of the asymptotic solution, which is not easy to obtain for a
general problem.

Moving Collocation Method Formulation

Consider the one-dimensional transient heat conduction problem with source term
represented in the form:

ou 1 O0( aou
a_1 Ol
ot e ar(r arj “ (1)

supplemented with the boundary conditions:

ou

a—rZO at r =0, t>0 (2)
aou .
EZBI(]-_US) atr=1, t>0 A3)

and the initial conditions:
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at t=0,u=0 for  re[0,] 4)

where u is the dimensionless temperature, us is the surface temperature, r is the
dimensionless distance, Bi is the Biot number, a, the shape factor, takes the value of 0,
1, 2 for a slab, cylinder and sphere respectively and f(u) is the non-linear source term.

A number of collocation methods have been developed to solve the conduction
problem for short times. Villadsen and Michelsen [2] have proposed two methods. In
the first, they relate the needed number of collocation points to the Biot number while
the second method relates the heat flux at the surface to the average temperature. Both
method suffer from inaccuracy at short time because of the steepness of the temperature
profile. In this work we use the second method of Villadsen and Michelsen [2] for long
time and develop a new adaptive method for short time.

Long Time Formulation
For long time, the temperature gradient at the external surface is given as follows:

1
o réudr .

__0 a —Ri(1— 5
T +£rf(u)dr Bi (1-ug) ®)

a_u
or

Using Radau quadrature, we can write the average temperature as:

1 N
U:Iraudr = > WU + WU, (6)
0 i=1

and the non-linear source term as:

1 N
[réfdr =Y wif; +wy 4fg @
0 i=1

where N is the number of collocation points and wi’s are the quadrature weights.

Now we can express the long time equations (5) in the form:

. N dui N
Bi(l-us) =2 wi ~ = 2wifi ~Waf (Us)
dus _ i O i ®)
dt WN 41
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The time derivatives of the temperature at the collocation points are obtained by
applying the collocation method to the original equation (Eq. 1) to obtain

du; N a a .
T Z (Bjj ""?Aij uj +(Bi N +?Ai,N s = (uj) 1=12,.,N (9

where A’s and B’s are the weights of the discretized first and second derivatives,
respectively.

The collocation points are chosen as the zeros of Jacobi orthogonal polynomials
P“#(x) satisfying the orthogonality conditions:

1
[@—x)*x PRePx)PSP(x)d =@ n<m (10)
0
with
a=1p=(@-1)/2 ad x =r?
Short Time Formulation
For short time, we divide the domain into two zones; a zone of temperature change

and a zone of no temperature change. In order to define the intermediate boundary zone
we make use of the following transformation:

2
zzzm for A<r<i1 (11)

[1-20)]
The zero temperature zone is given by:
u=0 for 0<r<a (12)

Consider the following definition for the temperature:

u=uyv (13)

S
such that the surface boundary condition becomes:

v], -1 (14)
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Substituting Egs. (11 and 13) in Egs. (1 and 5) we have:

N _ 1 | a-n) av_(lzav_vjd(lk)z C(1-% )
ot _(1_702 027 z(@-AN)+A oz 2 0z 2 dt Ug
v dug 1-2)] (15)
ug (1-2) dt

and
:t[(l—ﬂ)usi(z (1-2)+ A)vdz }+(1—/1)i(z @-A)+4)*f (uv)dz =Bi(1-u,) (16)

In addition to these equations, we need an extra equation to determine the boundary of
the active zone. In this work, we consider the following condition:

z=0 (r=2) v(O)@
0z

0 (17

The initial conditions needed to solve Eq. (15) is obtained as its limit as A goes to 1. This
leads to the equation:

d  A@-z)dv. (18)
dzz a 2 dz

subject to the same boundary conditions (2, 14, 17);

N2
where A is the initial condition for the moving front d@=4° .

The time derivatives of the temperature at the collocation points for short times are
obtained by applying the collocation method to Eq. 15 to obtain:

N at-4) 1-zd@-»° )&,
dvi 1 ElB'JVJ *B"N*H[Z(l—l)M 2 a ElAUVJ i
dt  @-2)>? vi d@-2)°%  @-2% ;)
2 dt Us
Vi dusd-4)]
ug(1-2)  dt (19)

i=12,..., N
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Numerical Algorithm
The algorithm for the solution of Egs. (1-4) can be summarized as follows:

1. Solve the system of N+1 algebraic equations obtained by substituting A=1 in Eq.
(19) and Eq. (17). This serves as initial conditions.

2. Solve the N+1 differential Egs. (16, 19) together with the algebraic Eq. (17) using
initial temperature profile obtained in step (1) for vj, us, and A until 2 =0. DASSL
code [5] for the solution of differential algebraic equations can be used for this
purpose.

3. When A becomes zero, switch to the solution of the N+1 differential Eqgs. (8-9) for
v;, and us.

Numerical Results

The developed method is applied to the case of a slab (a=0) with and without
source terms. The proposed moving collocation (MC) method is compared with the
global collocation method (GC) for three cases; transient heat conduction, transient
diffusion with linear source term (first order chemical reaction), and transient diffusion
with non-linear source term (second order chemical reaction). The performance of the
proposed method is examined by plotting the short time profile for time=0.001 and by
plotting the average temperature for the time period (0 to 0.2).

Case 1: Transient heat conduction

For this case the source term is set to zero. The exact solution can be obtained
analytically using the separation of variable method. The exact solution of the heat
conduction problem in a slab is:

u(t,r):lf4i sin(am )

2
— ML exp(-ajt)cos(am
= 20, +sin(2ay ) PC-amt)cos(am )

where o’s are the roots of the equation:

tan(a) = Bl
o

The roots can be found numerically or graphically. For the case of Bi=100, the first five
roots are:

oy =15552, @, =4.6658, a3=77764, a,=10.8871, a5=13.9981
We consider the high Biot number case since for low Biot numbers, the temperature
profiles are not very steep at initial time. For the case Bi=100, Figs. 1 and 2 show the
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temperature profile along the slab length at t=0.001. It can be seen that for one
collocation point the moving method is much better than the global collocation method
as shown in Fig. 1. Fig. 2 shows that when using four collocation points, the moving
collocation method becomes more accurate and approaches the exact solution while the
global method exhibits oscillatory behavior in the no temperature change zone. In Fig.
3, the average temperature profiles for both methods are plotted. The moving method
with one point is more accurate than the global method with one collocation point.

12 —
————— MC - N=1 '
— — — GC-N=1
0.8 — ——— Exact Solution
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Fig. 1. Comparison of temperature profiles along the slab at t=0.001.
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Fig. 2. Comparison of temperature profiles along the slab at t=0.001. Collocation methods with 4 points.

Case 2: Transient diffusion with a first-order chemical reaction

The source term for this case is represented by:

f =ku

with k=100 and Bi=100. Fig. 4 shows that the performance of moving collocation
method for one collocation point is much better than that of the global method for short
time solution t=0.01. For the case of four collocation points, both methods predictions
are very close to the exact solution. Fig. 5 shows the superiority of the moving method
over the traditions method for longer time period.
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GC-N=1
— —— MC-N-=1
77777 MC - N=4

Exact Solution
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Average Temperature
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Time

Fig. 3. Comparison of average temperature for different methods.
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Fig. 4. Comparison of temperature profiles along the slab at t=0.01.
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Exact Solution
— GC-N=1
MV - N=1

\ \ \ \ \
0.04 0.08 0.12 0.16 0.2
Time, t

Fig. 5. Comparison of average temperature for diffierent methods for the diffusion problem with 1%

order reaction.

Case 3: Transient diffusion with second-order chemical reaction

The source term for this case is represented by:

f =ku?

with k=100 and Bi=100.

In Fig. 6, we plot the transient temperature profiles along the slab at t=0.01. Similar to
the previous cases, the moving collocation method gives very close solution to the exact
solution with one collocation point in the active zone. Figure 7 shows that the moving
collocation predicts the average concentration much better than the global method.
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Fig. 6. Comparison of concentration profiles at t=0.01.

Conclusion

A moving collocation method is developed in this paper for transient heat
conduction and mass diffusion problems. The numerical results show that accurate
solutions can be obtained with very few collocation points as opposed to the global
collocation method, which requires more collocation points to be able to simulate sharp
profiles which occurs at short time.
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Fig. 7. Average concentration profile for the diffusion case with 2" order reaction.
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