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Abstract. Differential equations for which the zeros of Laguerre and Hermite polynomials are suitable
collocation points are identified. It is shown that the equations representing tubular reactors with axial
dispersion can be solved efficiently using the zeros of Laguerre polynomials to obtain the inlet concentration.

Nomenclature
c Constant
Da Damkohler number
H.(v) Hermite polynomial of nth order
La(y) Laguerre polynomials of nth order
Pe Peclet number
R{u) Dimensionless rate of reaction
X Dimensionless distance or independent variable
y Dimensionless distance or independent variable (y = Pe x)
u Dimensionless concentration or dependent variable
v Dependent variable

Introduction

The choice of collocation points for the solution of boundary value problems by the
collocation method is very crucial if it is desirable to solve the problem using a low order
polynomial. The zeros of orthogonal polynomials generally give better results
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than equally distributed collocation points. Villadsen and Michelsen [1] give the proper
Jacobi polynomial for certain boundary value problems representing diffusion with
chemical reaction in a slab, cylinder and sphere. Although, the zeros of Laguerre
polynomials and Hermite polynomials are suitable for use in collocation methods for
semi-finite and infinite domain differential equations [2] no attempt has been made to
identify the type of equations for which this choice is optimal.

Reference [3] indicated the type of equations for which Jacobi polynomials are
suitable for their solution by the orthogonal collocation method. Here we give the type
of equations that can be solved efficiently by Laguerre and Hermite polynomials. Itis
shown in this paper that tubular reactor equations are a special case of this general form
of equations solvable by Laguerre polynomials.

Orthogonal polynomials

Two classes of orthogonal polynomials will be of interest in this paper. The first
class is Laguerre polynomials L,(y) which satisfy the orthogonality condition,
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The second class is Hermite polynomials H,(y) which satisfy the orthogonality condition
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Laguerre orthogonal collocation method

In this section we give the general form of equation for which Laguerre
polynomials are most suitable. In addition we give formula for interpolation, first
order derivative, second order derivative and Laguerre quadrature weights for one
and two points collocation method. Laguerre polynomials satisfy the differential
equation
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and construct the differential equation
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where u(® = u,

This is the general form that can be solved efficiently using the collocation method
where the N collocation points are the zeros of Laguerre polynomials Ly(y). This is due
to the fact that the solution at the collocation points makes the left hand side and the
right hand side of the equation independent of ay when we substitute the polynomial
solution u(y) (equation (5)) on both sides. In addition the following integral

1= [ 7y utydy ®)

evaluated at the zeros of Laguerre polynomial Ly(y) will not depend on ay. Thus we
expect that this Laguerre quadrature will be accurate for u(y) given by equation (5).
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We give here the Lagrange interpolation formulae, first order and second order
weights and Laguerre quadrature weights for one and two points collocation method.

(i) One point collocation method

Liy) =(@+1) -y "
i=1l+o (zero of Li(y)) (10)
_ Ay—ypu, +yuy
u(y)= 1+ (11)
du Uy —u, "
=— (12)
dy y=y, 1+
2
du =0 (13)
dy Y=y
T yoany _ (ug o))
J. ey dy= 1+ (14)
(ii) Two points collocation method
Let b=2+a (13)
La(y) = y* - 2by + b(b-1) (16)
y1 = b- \/B )
) ( zeros of Lu(y)) Y]
yZ = b+ ‘JB )
w(yy =9 =IE=Y2) _Abytrmyau  A=dbymypuy g

b(b-1) ° 2b{b~1) 2b(b—-1)
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Programs are available for calculating zeros of Laguerre polynomials, derivative
weights and quadrature weights, see for example reference [4].

Another form of equation for which Laguerre polynomials are most suitable can be
obtained if we have the following boundary conditions,

i, =ufe), u—>0 asy e (23)

We replace u(y) by e’ u(y) in Eq. (7) to obtain

2 —i+ _ -
du, @M Yydu, 01y o og(ope?) 2N 2y (24)
dy? y ‘dy vy y2
with u(y) given by
uy)=u,e” +ye’ I aLi(y) (25)

The following integral
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1= [ y*uey)dy (26)

can be integrated accurately using Laguerre quadrature.
Hermite orthogonal collocation method

Hermite polynomials H,(y) satisfy the differential equation

2
e’ i{e_}'zg’-:|+2nv=0 27
dy dy
or
d?v dv
— Zyd—+2nv =1 (28)
dy y
where
v= Hyy) (29)
Define
N
b= ury > aH(y) (30)
i=0

and construct the differential equation;
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This is the general form for equations that can be solved efficiently using Hermite
polynomials.

The following integral will be evaluated by Hermite quadrature,
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1= J. e Y 2u(y)dy .

—oa

(33)

Since the zeros of odd order Hermite polynomial include y = 0, we need to obtain the

limit of equation (32) as y — 0. This is

3
1%, du_,2,

3 dy 3 dy
If in addition to the condition that
uw(0) = u,
we have

u—>0asy o + e

2
we canreplaceu by e¥ u inEq. (28) to obtain

1d2y+2(y2—1)du_lu+(2+(c+2)y2)
Ydy?  yrdy Y y?
with u given by

_2 N
u=e7 [w+y Y, aHmI
i=0

and as y — O, the differential Eq. (37) becomes

ldu

du
3dy3 (c+2) ¢ u

The following integral will be integrated using Hermite quadrature
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I= j udy
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The use of one point and two points collocation method for problems that will be
solved at the zeros of Hermite polynomials require the evaluation of the following

weights for derivatives and quadrature.

(1)  One point collecation method

Hiy) =y (41)
yi = 0 (zero of Hi{y) ) (42)
u(y) = u, +ay (a is a constant) (43)
2
Yly=y, dylyy,

(44)

T 2
J eV u(y)dy= J;uo (independent of a)

(ii) Two points collocation method

Holy) = 4y -2 (45)

i =—-‘2@ (46)

y2 =% “47)

uy) = (1-2y) u+y -y m+y ¢y -y we (48)
dl V2 _

dy - = (Buy +uy —4u,) (49)

g‘; =—-J2—-£(3u2 +up—4u,y) (50)

¥=y2
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Applications

In this section we give two examples for the application of the method developed in
this paper. In the first one, we show how Laguerre orthogonal collocation method can be
used to obtain the inlet concentration of tubular reactor with large axial dispersion
accurately. In the second example we apply Hermite orthogonal collocation method.

Example 1: Tubular reaction with axial dispersion:

The describing equations for an isothermal tubular reactors with axial dispersion is
given by;

1d%n du _
Poge? dx Da R(u) (53)
with the boundary conditions;
1 du
— = -1 5
Pedx! _, u(o) ©4)
and
da) g (55)
dx|,

We are mainly interested here for the case of large Pe (Pe — ). We use the
transformation

y = Pex (56}

Substituting Eq. (56) into Egs. (53-55), we obtain
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d?u du _Da
e 82 _Ydp
dy? dy Pe ()

with

oo

du = _ :B‘ -y o
E‘Fo u(o)-1 Pej ¢~ R(u)dy (Pe — oo).

o

and u is finite as y = oo,
If we substitute «=1,c=-1 inEq. (7) we obtain

d?u du_,2,
dy? dy

which is the equation of a tubular reactor with a first order reaction.

(37

(58)

(39)

Equation (57) is a non-linear version of Eq. (59) and thus we expect that
Laguerre quadrature will accurately determine the integral in Eq. (58) wherc uis
obtained by the solution of Eq. (57) using the zeros of Laguerre polynomials as

collocation points.

Applying the one-point collocation method for the linear case (R(u) = u) we will

have from Eq. (57)

Uy =0
17 1+2DP
where
Da
DP=—
Pe
T (u, +u;) (1+DP)u
— Y udy = 20 - )
I‘Ie udy="—"> (1+ 2DP)
0
From Eq. (58) we have
DP(1+DP)u,
U, 1=—————
0 (1+2DP)

Therefore

(60}

(61)

(62)

(63)



Studies on the Method of Orthogonal Collocation IV. ... 11

(1+2DP)

N —— (64)
(1+3DP+DP~)

For the case of Da=2, Pe=100,u,= 0.9808.

This is the exact analytical result for four significant figures. The exit concentration
(at y = Pe)is negative. We can however improve on the exit concentration if we use y =
Pe as extra collocation point or if we increase the number of coliocation points. It was
shown in reference [5] that if we use the zeros of the proper orthogonal polynomials as
collocation points an extra collocation point at any position will not affect the solution at
the other collocation points.

In Table 1, we give a comparison between the results of the exact analytical solution,
the two points standard collocation method using Legendre polynomials and the two
point Laguerre collocation method with the exit point as extra collocation point. The
zeros of Legendre polynomials are symmetric around the center of the reactor whereas
the zeros of Laguerre polynomials are close to the entrance of the reactor. Thus we
notice high accuracy of the concentration near the entrance of the reactor with Laguerre
method whereas the concentration is more accurately calculated with the Legendre
method near the reactor exit.

Table 1. Concentration profile (u) with different methods

Analytical Legendre Laguerre
X solution collocation collocation
a u u

0.0 0.9808 0.9833 0.9808
0.1 0.8061 0.8245 0.8063
02 0.6626 0.6825 0.6646
03 0.5444 0.5571 0.5513
0.4 0.4476 0.4485 0.4622
0.5 0.3677 0.3565 0.3927
0.6 0.3023 0.2813 0.3387
0.7 (.2484 02228 0.2957
08 0.2042 0.1811 0.2594
0.9 0.1679 0.1560 0.2254
1.0 0.1406 0.1476 0.1893

For the non-linear case R(u) = u?, also one point collocation gives accurate result for
1,(0.5814).
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Example 2.
We apply the one and two points collocation on Eq. (32) to obtain:

One point collocation

2
uy) = u, (14 Ly) € 20) (65)

I= J- e_y2 udy=\/;u0 (66)

—00

Two points collocation

2 4. 2

¢_y+b¢ y

u(y) = u, |1+ £ 3

a- 2

6
b = C(c3_2) (c #0,c# 2) 67)
1= ‘Eu‘: (68)
b
6

Due to the possibility of the the denominator becoming zero in value of the the
integral I in Eq. (68), itis probable that the Hermite method is more efficiently applied to
Eq. (32) with the value of ¢ = 1. In this case b = -3 and denominator will not be zero.

Conclusions
In this paper the differential equations that can be solved efficiently using a collocation

method where the collocation points are zeros of Laguerre and Hermite polynomials are
identified. Two examples were worked out to show the application of the method.



(1]

(21

(3]

(4]
[5]

Studies on the Method of Orthogonal Collocation V. . 13

References

Villadsen, J. and Michelsen, M.L. Solution of Differential Egquation Models by Polynomial
Approximation. Englewood Cliffs, NJ: Prentice-Hall, 1978.

Iranzo, V. and Falgues, A. “Some Spectral Approximations for Differential Equations in Unbounded
Domain.” Computer Methods in Applied Mechanics and Engineering, 98 (1992), 105- 112,

Soliman, M.A. and Ibrahim, A.A. “Studies on the Method of Orthogonal Collocation: IIl. The Use of
Jacobi Orthogonal Polynomials for the Solution of Boundary Value Problems.” Journal of King Saud
University. 11, No. 2 (1419H), in Press.

Zhang, S. and Jin, J. Computation of Special Functions. NY: John Wiley, 1996.

Soi'man, ni.A. “A Modified One-point Collecation Method for Diffusion-reaction Problems.” Chem.
[-g. Sci., 43 (199%), "198-1199.



14 M.A. Soliman

dotad! qoaadl Bk ¢ — dalall Rt 44 b Je il g3

Capay )N

e o _dlaons
AT e {J}hﬂgﬂﬂf&:l‘.?- (Wf{ff@éﬁﬂf@.ﬂrﬂr«ﬂ;
J;:J_}x.‘ffé;v.qﬂmf <) ?fr’ubyf

(CARLRVARVALIE JEC I PRV YL YAL I PR

33 il 38 g alaserly 5 LiSy Ll S ) Adlsladtt o ¥slal) Jdd ¢ At sl
S sV oM Ll 3 oMo lidl Ciwo s S o¥olall Jo S ot pmy W
el e e bl 58 5 e J sl g 3 pud 5,08 ) gl sl 3eliSy (g g2



	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

