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AbstrRd. At present there is no simple analytic expression for this scattering. Existing lengthy programs 
were used to study this kind of scattering. In this paper we developed some mathematical methods in 
which we hope to get a simple analytic form. 

Also we discovered that the non-leading terms are not important in the relative size of the cross-sec
tion for this scattering and these terms are ignored. 

We compared the analytic approximation form for the cross·section which we obtained with the exact 
form and we found that there is 96% agreement. We can use this analytic form to study the four jets. 

Introduction 

Present and future hadron colliders will generate many multi-jet events, It is impor
tant to model these theoretically so that the results may be used to test perturbative 
QCD, and also that one can estimate the conventional QCD background to new 
physics processes. 

Exact QCD matrix elements for 2 - > n parton - parton scattering are known 
for n:s; 4 [1-8). For four jet production the existing expressions are rather lengthy and 
require large amount of cpu time when used in computer Monte Carlo programs. 

By decomposing the n/gluon amplitude into sub-amplitudes weighted by Chan
paton like traces of color matrices, Mangano, Parke and Xu [6), and independently 
Berends and Giele [7), showed how the calculations could be simplified and how 
compact expressions could be obtained in terms of spinors for the unsquared sub-
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amplitudes. The purpose of this paper is to give a compact expression for the sub
amplitudes squared for the six-gluon scattering and also to reduce the number of the 
poles which are required in the gg - > gggg process. This expression has been 
evaluated in terms of kinematical invariants and it is useful when coded in a program; 
it leads to a moderate gain in computer time by a factor of 2. 

We shall check the accuracy ofthe result and confirm that the non-leading terms 
typically constitute less than 5% of the full result, making this compact expression, 
leading in the number of color, useful in simulating four jet events. 

We shall write the six-gluon scattering matrix element squared, !M612, as 

(1) 

IMr 12isthecontribution of( - - + + + + ), and permuted, helicityorderings which 
is given by the formula of Parke and Taylor [9]. 

IMf 12 = g8 N~ (N~ - 1) I (ij)4 I 
i<j p 

1 
(2) 

(12) (23) (34) (45) (56) (61) 

Here (ij) means the dot product of the four-momenta (Pi Pj). The matrix elements 
squared of the expression in (2) are summed over color and helicity averaging factor 
should be supplied to these expressions. P denotes a sum over the 60 distinct non-cyc
lic permutations of 1,2,3,4,5,6 up to cyclic and reverse reorderings. 

For the remaining helicity configurations we shall write following ref. [6]. 

HI' H2 and H3 in equation (3) are understood as contributions of the 
( + - + - + - ), ( + + - + - - ) and ( + + + - - - ) helicity combinations, 
respectively. P6 means a sum over all 720 permutations of the external gluon 
momenta, (1,2,3,4,5,6). The expressions for HI and H2 are summarized in Table 1. 



Calculation for Six-g1uon Scattering 101 

Table 1. The expressions for H, and H, in terms of kinematical invariants 

Poles H,(123456) H,(123456) 

T' 
3 

's' S' 
1 

bi Siz 5;6 - at t3 46 -, 
4 4 

T' 
1 

b' S2 S2 0 -2 2 2 24 56 

T, T, 3 [('4 + a,)' + 2 a, I;" S" S,. + a; 1 [(b4 + b,)' + 2 t;,4 b, S,. S" + b; 1 

T,T, 0 S;, [(b. + b7)' + b7 (3b7 + 2b.) 

+ I;,. (Vi, .. - 4 S" S4' S .. S",)1 

T,S 3tn.a, S" S .. (a. + 2a7) b,~, 1'34 S;, S,. 

T,S 0 b, S'4 S,. U~2 I", 5,. + ~, 11231 

8' [3834 8" «a. + a7) (a, + 39) + {812 S23 8,. [Il, 13, - t"4 b4 U~'64 

a70. + t;" S" S .. a HI) + - 21;'4 V "4. S" S34 5,.1 + 

3 1 , "2 1'34 134,5"S .. a, (a4 + 2a,) S"S34 S,.S'.["2 13,~, + I124 b,,]-

3 , I 
I;" b2 b, b5 + -"4 1123a,a,a,] -

4 

1 
- 1234 1'45 S" S,. b, 13, + 
2 

I 
- 1234 b, b7 (S" 1'34 h, + 21m II,)} 
2 

The poles in Table 1 are defined by the following: 

(4) 

(5) 

(6) 
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where we assume a convention in which all the particles are on mass - shell_ 

(7) 

:rt+ and :rt_ in equation (5) denote permutations of the external momenta according 
to the following rules 

:rt+ :(123456) -+ (234561) 

:rt+ :(123456) -+ (345612) 

Our experience suggested the use of the following kinematical quantities: 

(8) 

(9) 

(10) 

For HI there are ten kinematical quantities grouped into three triplets which trans
form cyclically under the permutation :rt+. (al' a2• a3) ; (a4• a6• as) ; (a5• a7'~) and a 
quantity aw which is invariant under :n:+_ 

1 
a w = - "2 (t1526 t2345 + t l524 t2563 + t23\5 t 2465 + t23\5 S26 S45 

+ t 2465 S12 S35 + t 2614 S52 S53 + t4563 S12 S25 $12 S35 S24 S56) 
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For H2 there are ten bi " They can be grouped into pairs which are related to each 
other by permutation n r " 

1 
b12 = 2" (t2346 S14 S35 + t 1345 S24 S36 + t 1634 S23 S45 

+ t l463 S34 S52 + t l643 S35 S24 + t 2615 S~4 - S23 SIS S46 S34 

nj , n l , nr and n L are permutations acting on the external momenta according to the 
fo!lowing rules: 

nj : (123456) ..... (132546) 

ni : (123456) ..... (241356) 

nr: (123456) ..... (654321) 

n L : (123456) ..... (154326) 

The expression for H3 is also in a compact form, 

(t123 S34 S16 + 21z34 S45 S12) 

t234 t345 S12 S23 S34 S45 S56 S61 
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+ 
(t123 t 234 t345 - 2t234 S45 S12)2 

(11) 
2 2 S2 S2 

t 234 t 345 34 16 

We have compared our compact expressions to the FORTRAN Code supplied 
by the authors of ref. [6] and found complete agreement. One detail should be men
tioned. Our results for HI and H2 in equation (3) are not identical to the squared mat
rix element for these helicity combinations. We have exploited the summation over 
all permutations in equation (3), and permutation invariance of various parts of the 
expressions, to reduce the number of terms. 

It is of interest to compare the compact leading Nc expression with the exact 
squared matrix element for six - gluon scattering. For this purpose we generated 2 -
....... 4 events using the phase space generator RAMBO [10], and applied cuts in the 
parton - parton C.M. to select hard, well- separated jets. The cuts applied were as 

follows V S = HlOGe V , P ~ > 15Ge V , Er > 70Ge V, for each pair of jet Cos6ij < 
.643 and I 1] I <. 80 with ET denoting the transverse energy ofthe four final jets. These 
are the cuts used in ref. [11]. We find that the compact leading Nc expression (using 
equation (3) and Table 1 for HI and H2, and equation (11) for H3) is within 20% of 
the exact result for all of the generated events, 93% of generated events are within 
10% of the exact result and 47% of generated events with 5%. The ratio of leading 
Nc to the exact cross-section is .960 i. e. 

°approx 
= 0.960 , where 

Oapprox is our result (short expression), 

0exacl is the result of ref. [4] (lengthy expression). 
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