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In this paper some types of boundary value problems in three points for the 
solutions of the differential equation of the third order 

(a) (p(x)y')" + q(x,A)y =0 

will be solved . For the coefficients of (a) it is assumed that p(x) > 0 and 
q (x,A)~O are continuous functions of xE( - co,co) and .l.e(&"&2); and q =0 
does not hold in any interval. The boundary value problems will be solved 
by means of the properties of the so-called bands of solutions of the first, 
second and third kind of the differential equation (a), and the oscillation 
theorem for the corresponding band of solutions. 

We consider the differential equation of the third order of the form 

(a) (p(x)y')" + q(x).)y = 0, 

where p(x) > 0 is a continuous function of xE( - 00 ,(0 ) and q(x).) ~ 0 is a continuous 
function of xE( - 00 ,(0) and AE(Al>A2); and q(x).) does not vanish identically in any 
arbitrary interval. 

In a previous paper the author (1976) proved the existence , under certain 
conditions, of non-trivial solutions of the differential equation (a) satisfying the 
boundary conditions in three points 
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(1) j 
y(a,A.) = 0 

rJ. (,1,)y(b,A) - fJ(,1,)y'(b,A.) = 0 

'd (,1,)y(c,A) - b(,1,)y'(c,A.) = 0 

where a ~ b < c E( - co,co) are given numbers. 

In this paper 8 types of boundary value problems for the solutions of (a) with 
boundary conditions similar to (1) will be solved. Further 18 types of boundary value 

problems with the preceding boundary conditions, but in which its first condition 

y(a,A.) = 0 is replaced either by y'(a,A.) = 0 (' = ~), or by (py')'(a,A.) = 0 will be also 
dx 

studied. For this purpose the properties of the solutions of the differential equation (a) and 

also of the bands of solutions of the first, second and third kind of (a) will be derived, and 
the oscillation theorem for these bands of solutions will be establised. 

Let Yl and Y2 be two arbitrary linearly independent solutions of the differential 
equation (a). Then 

is a solution of the differential equation 

(b) (p(x)z")' - q(x,A.}z = 0 

On the other hand, if Zl and Z2 are two arbitrary linearly independent solutions of the 
differential equ~tion (b), then the function 

is a solution of the differential equation (a). (Ggregu~, 1965). 

It will be assumed that the coefficients p and q in the differential equation (b) have the 
same properties as stated for the differential equation (a). 

Ify l' Y2' Y 3 form a fundamental set of solutions of the differential equation (a), then 
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form a fundamental set of solutions of (b). Moreover, if ZI' Z2' Z3 form a fundamental set 
of solutions of (b), then 

form a fundamental set of solutions of (a). (Sansone, 1948; Gregu~, 1963). 

Theorem 1 

If Z is the solution of the differential equa tion (b) with the alternative initial values 

z(a) = z'(a) = 0, z"(a,l) =1= 0, 

or 

z(a) = z"(a) = 0, z'(a) =F 0, 

or 

z'(a) = z"(a) = 0, z(a))=I= 0, 

- 00 < a < 00, then neither z nor its derivatives z; z" have zero points to the right side of 
a. 

For the proof see (Abdel Karim, 1976). 

The Bands of Solutions 

Definition 

Let Y I' Y 2' Y 3 be a fundamental set of solutions of the differential equation (a) with 
the properties 

Y 1 (a,l) = Y 1 '(a) = 0, (PY 1 ')'(a))=#: 0, . 

(4) Y2(a)= (PY2')'(a)=0, Y2'(a))=#:0, 

The set of solutions of the differential equation (a) 
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(cl' c2 are arbitrary constants) with the property that y(a,i.) = ° or y'(a.i.) = 0, or 
(py')'(a,i.) = ° is said to be the band of solutions of the first , or second , or third kind of t he 
differential equation (a) at the point a. 

l£mma 1 

Every band of solutions of the differential equation (a) fulfils the differential 
equation of the second order 

(c) w(py')' - pw'y' + pw"y =0, 

where w is the solution of the differential equation (b) and is equal to WI = ZI' or W 2 = Z2' 

or w] = Z] (see (2)) in the case of the band of the first, or second, or third kind 
respectively. (Gregus and Abdel Karim, 1969; Abdel Karim, 1973). 

Referring to (2) and (4), we see that WI' w2, w] have the following properties 

WI (a,i.) = WI '(a,i.) = 0, WI "(a,i.) + 0, 

Hence, applying theorem I, it follows that w, (for r = 1,2,3) and its derivatives w:. 
w," have no zero point for x> a. 

Remark 

The zero points of every band of solutions are simple in (a, Xi ) and separate (if there 
exist) each other, since every band satisfies a differential equation of the form (c). 

We state the following two theorems (Abdel Karim, 1976): 

Theorem 2 (Separation theorem) 

If y 1 and y 2 are two linearly independent solutions of the differential equation (a) 
with the alternative properties 

Y 1 (a.i.) = y 2(a.i.) = 0, 

or 

y t'(a,l) = y; (a, A ) = 0, 

or 

(py I ')'(a.i.) = (py 2 ')'(a,i.) = 0, 
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- 00 < a < 00, then the zero points of y 1 and y 2 separate each other in (a, (0). 

Theorem 3 

If one solution of the differential equation (a) is oscillatory in some interval ( J. ,(0), 

- 00 < < 00, and y is any solution of the differential equation (a) with the alternative 
properties that y(a)) = 0, or y'(a).) = 0, or (py')'(a).) = 0, - 00 < a < 00, then y is also 
oscillatory in ( J. ,(0). 

Referring to the definition of the band of solutions and using theorem 3 (see also 
theorem 2), it follows 

Theorem 4 

If the solutions of the band of the first kind of the differential equation (a) at the 
point a are oscillatory for x > a, then the solutions of the band of the second and third 
kind of the differential equation (a) are also oscillatory for x> a. 

By means of theorem 4 and the oscillation theorem for the band of solutions of the 
first kind (Abdel Karim, 1973), we can generalize the oscillation theorem for the band of 
solutions of the second and third kind. 

Hence we obtain 

Theorem 5 (Oscillation theorem) 

Let lim q(x)) = + 00 hold uniformly for all xE ( - 00,(0). Let a < b E ( - 00,(0) 
A -+ A2 

be given numbers, and let y(x).) be the solution of the differential equation (a) with the 
alternative properties that y(a)) = 0, or y'(a).) =0, or (py')'(a)) = O. 

Then for every arbitrary natural number N > 0 there exists a parameter AN E(A 1,A2), so 
that for A> A N the solution y(x)) has in (a,b) at least N zero points, where with 
increasing A-+ A2 the number of zeros of the solution y(x).) in the interval (a,b) tends to 
infinity, and at the same time the distance between two neighbouring zero points tends 
to zero. 

Boundary Value Problem in Three Points 

First we state the following 

I.emma2 

Let y(x).) be a non-trivial solution of the differential equation (a) with the 
alternative properties that y(a)) = 0, or y'(a)) = 0, or (py')'(a)) = 0, - 00 < a < 00 . Then 
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the zero points of y(x)) , y'(x)), (py')'(x)) to the right of a (if there exist) are continuous 
functions of the p~rameter 2E(A, ,A2) for x> a. (Gregu~, 1963). . 

We are going to prove now the following main theorem: 

Theorem 6 (Boundary value problems in three points) 

Let lim q(x,2) = + 00 hold uniformly for all xE( - 00,(0). Let a, b, c be given 
2-+A2 

numbers,where -oo<a<b<c<oo. Furtherletcc(2),P(2), ~ (2),b(2) be continuous 
functions of the parameter2E(A"A2), for which I cc 1+ IPI =0, I ~ 1+ Ibl =0, where either 
b(2)=0 or b(2)4:0 for any 2E(A"A2). 

Then there exists a natural number N and a sequence of parameters (eigenvalues): 

A. " ,2 N .. I , ... ) N~p , ... , 

to which belongs the s~quence of functions (eigenfunctions): 

with the property that y N.. = y(x) N t P ) is the solution of the differential equation 
(a), which fulfils the following alternative boundary conditions: 

(6) 

or 

(7) 

1 
or 

(8) 

y(a))=0 

cc (2) y(b))- P(2) y'(b))=O 

~ (2) y(c)) - b(2) (py')'(c)) = 0, 

y(a)) = ° 
cc(2) y(b)) - P(2) y'(b)) =0 

~ (2) y'(c)) - b(2) (py')'(c)) = ° 

y(a))=0 
cc(2) y(b)) - P(2) (py')'(b)) = ° 
~ (2) y(c))-b(2) y'(c)) =0, 



or 

(9) 

or 

(10) I 
or 

(11) 

or 

(12) 1 
or 

(13) ! 
Proof 
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y(a,A.)=0 
a(l) y(b,A.) - P(l) (py')'(b,A.) = 0 
8 (l) y(c,A.)-b{l) (py')'(c,A.)=O 

y(a,l)=0 
a(l) y(b,l) - P(l) (py')'(b) = 0 
'-'(l) y'(c,l)-b(l) (Py')'(c,A.)=O, 

y(a,A.) = 0 
a(l) y'(b,A.) - P(l) (py')'(b,A.) = 0 

8 (l) y(c,A.} - b(l) y'(c,l) = 0, 

y(a,A.)=0 

a(l) y'(b,A.) - P(l) (py')'(b) = 0 
'-I (l) y(c,A.) - b(l) (py')'(c,l) = 0, 

y(a,A.) =0 
a(l) y'(b,A.) - P(l) (py')'(b,A.) =0 
\-< (l) y'(c,A.) - b(l) (Py')'(c,A.) = O. 
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We prove the boundary value problem e.g. with the boundary condition (10). 
Let y = C1 Y 1 + c2y 2 be the band of solutions of the first kind of the differential equation 
(a) at the point a, where y 1 and Y2 satisfy the firsland second relations of(4) respectively. 
Evidently the first boundary condition of (10) is satisfied for every solution of this band. 
We choose c1 and C2 such that the second boundary condition of (10) is satisfied for 
every le(Al,A2)' This is possible, since it is sufficient to choose c1 and C2 so that the 
relations 

c1 (py 1 ')'(b) + c2(pY2')'(b,A.) = cx(l) 
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hold. The coefficient determinant of this system is equal to 

Y 1 (b,A.) 

(py l')'(b,A.) (py 2'~b,A.) 

(see theorem 1), and at least one of the numbers 

,te(Al,A2)' 

tX(,t), P(,t) is different from zero for 

For ,t = ie(Al ,Az} let y'(x) have in (a,c) exactly N zero points. For the N-th and 
(N+ 1)-th zero points of y'(x,1) there holds the inequality 

From the oscillation theorem for the band of solutions of the first kind, it follows that 
there exists such a p~eter i> 1e(/\ ,A2)' for which XN+l (l) c, where XN+l (A.) = c does 
not hold for any ,t> l. 

From the continuity of XN+l (A.) in the parameter ,tE(A 1.A2) (see lemma 2), it follows 
the existence of a largest parameter i~ E[l,i) , for which y'(c);)= 0; and therefore 
y'(x)~ ) has in (a, c) exactly N zero points. For A. = l ~ there holds 

* * 
x N,l (i" )=c<x NH (IN). 

Further, it follows again from the oscillation theorem the existence of such a 
parameter,t* >l~E(Al,A2)' so that XN<2 (l)<c, andxN+2(A.)=c does not hold for any 

A.> A.*. 

Since XN+2 (,t) is a continuous function of the parameter ,te(A 1,A2), then there 
* 

exists in the interval (j N ,A. *) a smallest parameter l N < 1 and a largest parameter 

* * XN +1 forwhichy'(c)N+1 )=y'(C)N+l )=O;andhencey'(x):N+l )andy'(x)N+1 ) 

have in (a,c) exactly N + 1 zero points. 

Continuing in the same way, we find a sequence or parameters ,te(A 1,A2): 

* * * * XN,XN+l,X N+],XN+2,XN+2, ... ,IN+p,XN+p, ... , 

to which belongs the sequence of functions: 

* * * * YN, YN+], YN+l, YN+2, YN+2, . .. , YN+p, YN+p, ... , 
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so that YN+p = y(x) N+p), Y~+p = y(x, ~ ~+p) are solutions of the differential equation (a), 
which fulfil the fIrSt two of the boundary conditions (10) and the condition y' (c,~ N+p) - 0, 

y' (c,; ~+p) = 0, Therefore Y'N+p and Y~+p have in (a, c) exactly N+p zero points. 

If b(J.) == 0, then the theorem is proved. 

Assuming now that b(J.) i= 0 for any J.E(ApAz), then 

AEU*N+P )N.P+~) values from + 00 to-oo, because 

(py')'(c) 

y'(c) 
assumes for 

I
. (py')'(c) + 
1m • , = 00, 

), ->J. N+
P 

+ Y (c,).) 

(py')'(c,A) 
lim - 00 

1-> i' _ y'(c,).) - - . 
A A N+p+l 

Consequently there exists a parameter A. N+p E (~·N"P .J. N+p+l ) for which the 

relation 

(Py')'(c,A N' P ) 8 (I, N+p ) 

y'(C,AN+p) b(l.N+P) 

is valid; and hence y'(x.A !"+p ) has in (a,c) exactly N + P zero points. This complete the 
proof. 

The other cases can be similarly proved. 
We note here that the boundary value problem with the boundary conditions (1) is 

treated in a previous paper (Abdel Karim, 1976). 

Further Types of Boundary Value Problems 

In this paragraph further types or boundary value problems with analogical 
boundary conditions in three points will be investigated. 

The following theorem is established: 

Theorem 7 
Let the hypotheses of theorem 6 hold. Theorem 6 is still true, if the first condition 

y(a,).) = 0 in the boundary conditions (1) and (6)-(13) is replaced either by y'(a,).) = 0, or 
by (py')'(a,).) = O. 

Proof 

Let us consider the boundary value problem e.g. with the boundary conditions 
(compare with (13» 



192 R.1.1. Abdel Karim 

y'(a).) = 0 
(14) a(,l.) y'(b).) - P(,l.) (py')'(b).) = 0 

(A) Y'(C)-(j(A) (py')'(c).) =0. 

Let y=C1Yl +C2Y3 be the band of solutions of the second kind of the differential 
equation (a) at the point a, where y 1 and y 3 satisfy the first and third relations of (4) 
respectively. Then the first boundary condition of (14) is satisfied. Choose c1 and C2 
such that the second condition of (14) is satisfied. For this purpose it is enough to 
choose C1 and C2 such that the system 

C 1 Y 1 '(b).) + c2y 3'(b).) = P(A) 

C1(PY1')'(b)+C2(PY3')'(b).) = 11 (A.) 

is satisfied. The coefficient determinant of this system is (see theorem 1) 

Y 1 '(b).) y 3'(b).) 

(py l')'(b,).) (pY3')'(b).) 

Then the proof proceeds likewise to the proof of theorem 6, but we have-here to use the 
oscillation theorem for the band of solutions of the second kind. 

With the help of the band of solutions of the second and third kind, and the 
oscillation theorem for the considered band, the other types of boundary value 
problems can be analogously proved. 

By virtue of this theorem, 18 types of boundary value problems in three points are 
solved. 

Corollary 

Setting for 11, p, g , 0 special values in the preceding boundary conditions, we get 
different types of special boundary conditions, for example 

or 

or 

or 

or 

and so on. 

y(a) = y(b,).) = y(c) = 0, 

y'(a) = y'(b,l) = y'(c).) = 0, 

(py')'(a) = (py')'(b) = (py')'(c) = 0, 

y(a,).) = y'(a) = (py')'(c).) = 0, 

(py')'(a) = y'(b) = Y'(C,A.) = 0 
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