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Some Boundary Value Problems of The Third
Order in Three Points
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In this paper some types of boundary value problems in three points for the
solutions of the differential equation of the third order

(a) (P(x)y")" +q(x,4)y =0

will be solved. For the coefficients of (a) it is assumed that p(x) >0 and
q (x,4)20 are continuous functions of x&( —0,0) and A€(A|,A,); and g =0
does not hold in any interval. The boundary value problems will be solved
by means of the properties of the so-called bands of solutions of the first,
second and third kind of the differential equation (a), and the oscillation
theorem for the corresponding band of solutions.

We consider the differential equation of the third order of the form

(a) (p(x)y")” +q(x,4)y =0,

where p(x) >0 is a continuous function of x&(— c0,00) and q(x,4)=0 is a continuous
function of x&(— 00,00) and 4€(A,A,); and q(x,4) does not vanish identically in any

arbitrary interval.

In a previous paper the author (1976) proved the existence, under certain
conditions, of non-trivial solutions of the differential equation (a) satisfying the

boundary conditions in three points
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y(a,)=0
(1) a (Ay(b,A)—B(Dy'(b,A)=0

8 (Aylc,A)—d(A)y'(c,A)=0

where a<b<c € — 00,00) are given numbers.

In this paper 8 types of boundary value problems for the solutions of (a) with
boundary conditions similar to (1) will be solved. Further 18 types of boundary value
problems with the preceding boundary conditions, but in which its first condition

y(a,A) =0is replaced either by y'(a,A)=0 (' =di), or by (py’)(a,A)=0 will be also
X

studied. For this purpose the properties of the solutions of the differential equation (a) and
also of the bands of solutions of the first, second and third kind of (a) will be derived, and
the oscillation theorem for these bands of solutions will be establised.

Let y, and y, be two arbitrary linearly independent solutions of the differential
equation (a). Then

z=p(x) (y;¥2'—¥,'Y2)
is a solution of the diﬂerential- equation
(b) (p(x)2"Y - q(x,A)z =0

On the other hand, if z, and z, are two arbitrary linearly independent solutions of the
differential equation (b), then the function

y=2,7,'—2,'2,
is a solution of the differential equation (a). (Ggregus, 1965).

It will be assumed that the coefficients p and q in the differential equation (b) have the
same properties as stated for the differential equation (a).

Ify,,y,, ¥; form a fundamental set of solutions of the differential equation (a), then
(2) z,=ply,y2' —y1'Y2: Z=py,ys —¥.¥3)

3= P(Yz)’s/ —-y.'ys)
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form a fundamental set of solutions of (b). Moreover, if z,, z,, z, form a fundamental set
of solutions of (b), then

(3) V1=212,—22,  y,=212y -2z, ,
Y3=2,23' —2,z,
form a fundamental set of solutions of (a). (Sansone, 1948; Gregus, 1963).
Theorem 1
If z is the solution of the differential equation (b) with the alternative initial values

dah)=72(a,A)=0, 2z(a,A)#0,
or

dal)=2"@a,4)=0, Z(aA)+0,
or
Z@A)=2"@a4)=0, 2zad)#0,

— 00 <a < 00, then neither z nor its derivatives z, z" have zero points to the right side of
a.

For the proof see (Abdel Karim, 1976).

The Bands of Solutions
Definition
Lety,,y,, y; be a fundamental set of solutions of the differential equation (a) with
the properties
yl(aa'l] = yl'(a"l) = 0’ (pyl ’)I(a"l) =+ 0’ '
4) y2(a,4)=(py,)(a,4)=0, y,'(a,1) +0,
¥3'(@,A)=(py;Y(a,A)=0, y;(a,A)#0;— 0 <a< o0,

The set of solutions of the differential equation (a)

Yy=C,Y; +C3¥5, OF y=C;y; +C3¥3, OF y=Cy, +C3Y3
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(c,, ¢, are arbitrary constants) with the property that y(a,2)=0 or y'(a.2)=0, or
(py)(a,~)=01is said to be the band of solutions of the first, or second, or third kind of the
differential equation (a) at the point a.

Lemma 1

Every band of solutions of the differential equation (a) fulfils the differential
equation of the second order

(c) wipy) —pw'y +pw'y =0,
where w is the solution of the differential equation (b) and isequaltow, =z,,or w, =z,,
or wy=z; (see (2)) in the case of the band of the first, or second, or third kind
respectively. (Gregu§ and Abdel Karim, 1969; Abdel Karim, 1973).
Referring to (2) and (4), we see that w,, w,, w; have the following properties
w,(a,2)=w, (a,2)=0, w,"(a,2) 0,
(5) w,(a,4)=w,"(a,2)=0, w,'(a,2)+0,

wy'(a,2)=w;3"(a,2) =0, wy(a,/)¥0;— x<a<x.

Hence, applying theorem 1, it follows that w, (for r =1, 2, 3) and its derivatives w,".
w,” have no zero point for x >a.

Remark

The zero points of every band of solutionsare simple in (a,20) and separate (if there
exist) each other, since every band satisfies a differential equation of the form (c).

We state the following two theorems (Abdel Karim, 1976):

Theorem 2 (Separation theorem)

If y, and y, are two linearly independent solutions of the differential equation (a)
with the alternative properties

yi(a.r)=y,(a.2)=0,
or

y,(a,d)=y;(a, 1 )=0,
or

(py,)(a.2)=(py,)(a,2) =0,
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— 00 <a <0, then the zero points of y, and y, separate each other in (a,c0).

Theorem 3

If one solution of the differential equation (a)is oscillatory in some interval ( 7 ,00),
—00 < <oo,and yisany solution of the differential equation (a) with the alternative
properties that y(a,A)=0, or y'(a,A)=0, or (py)(a,A)=0,— c0 <a< oo, then y is also
oscillatory in ( % ,00).

Referring to the definition of the band of solutions and using theorem 3 (see also
theorem 2), it follows

Theorem 4

If the solutions of the band of the first kind of the differential equation (a) at the
point a are oscillatory for x > a, then the solutions of the band of the second and third
kind of the differential equation (a) are also oscillatory for x >a.

By means of theorem 4 and the oscillation theorem for the band of solutions of the
first kind (Abdel Karim, 1973), we can generalize the oscillation theorem for the band of
solutions of the second and third kind.

Hence we obtain
Theorem 5 (Oscillation theorem)

Let Alin}\ q(x,4) = + oo hold uniformly for all xe (— c0,00). Leta <b € (— 00,00)
—
2
be given numbers, and let y(x,4) be the solution of the differential equation (a) with the
alternative properties that y(a,4)=0, or y'(a,4)=0, or (py)(a,4)=0.

Then for every arbitrary natural number N > 0 there exists a parameter 4, €(A},A,), so
that for A>4, the solution y(x,4) has in (a,b) at least N zero points, where with
increasing A— A, the number of zeros of the solution y(x,4) in the interval (a,b) tends to
infinity, and at the same time the distance between two neighbouring zero points tends
to zero.

Boundary Value Problem in Three Points
First we state the following

Lemma 2

Let y(x,4) be a non-trivial solution of the differential equation (a) with the
alternative properties that y(a,4)=0, or y'(a,A) =0, or (py’)(a,A) =0, — 00 <a < c0. Then
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the zero points of y(x,4) , y'(x,4), (py’Y (x,4) to the right of a (if there exist) are continuous
functions of the parameter A€(A,A,) for x> a. (Gregus§, 1963).

We are going to prove now the following main theorem:

Theorem 6 (Boundary value problems in three points)

ut}%cﬁﬁ=+whWNMMMyMMHq—QwHﬂ@hcmgwn
=Ny

numbers, where — o0 <a<b<c<0. Further leta (1), f(4), 8 (1), (4) be continuous
functions of the parameterA€(A,A,), for which | « | +|8]=0, | 3 |+ |6| =0, where either
3(4)=0 or 6(4)#0 for any 1€(A,A,).

Then there exists a natural number N and a sequence of parameters (eigenvalues):

Ao, A

PR N
to which belongs the sequence of functions (eigenfunctions):

yN’ YN+19 rey yN7p, SR

with the property thaty n., = y(x,Ax,, )is the solution of the differential equation
(a), which fulfils the following alternative boundary conditions:

y(a,4)=0
(6) a (A) y(bA)—B(A) y(bA)=0

8 (2) y(c,A)—-d(4) (py)(c,A)=0,

or
y(a,A)=0
(7 a(4) y(b,A)—B(4) y'(b,4)=0
8 (4) y'(c,A)—4) (py)(c,/)=0
or
y(a,4)=0
(8) «(4) y(b,4)—B(4) (py')(b,4)=0

8 (4) ylcA)—6(4) y(c,)=0,
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or
y(a,A)=0
© [ «4) y(b,A)—pB(4) (py)(b,A)=0
(A ylc,AH—&4) (py)(c,A)=0
or
y(a,4)=0
(10) «(4) y(b,A)—B(4) (py)(b,4)=0
~(4) y'c,A) =D (py)(c,A)=0,
or
y(a,4)=0
(11) «4) y'(b,A)—B(4) (py’Y(b,4)=0
8 () yleH—4) y(ch)=0,
or
y(a,A)=0
(12) a(4) y'(b,A)—B(A) (py)(b,4)=0
R4 ylc,A)=d4) (py)(c,A)=0,
or
y(a,A)=0
(13) a(4) y'(b,A)—B(A (py)(b,4)=0
% (4 y(c,A)—-4(4) (py)(c,h)=0.
Proof

We prove the boundary value problem e.g. with the boundary condition (10).
Let y=c,y, +c,y, be the band of solutions of the first kind of the differential equation
(a)at the point a, where y, and y, satisfy the first and second relations of (4) respectively.
Evidently the first boundary condition of (10) is satisfied for every solution of this band.
We choose ¢, and ¢, such that the second boundary condition of (10) is satisfied for
every A6(A,A,). This is possible, since it is sufficient to choose ¢, and ¢, so that the
relations

¢,¥,(b,A) +c,y,(b,4) = B(4)

¢,(py,")(b,4) +c,(py,’)(b,A) = (1)
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hold. The coefficient determinant of this system is equal to

y1(b,4) Y2(b,l)
—w,(bA) %0
(py,)(b,4) (py,Xb,4)

(see theorem 1), and at least one of the numbers oA), B(A)  is different from zero for
A=A LA,). i )

For 1=1¢(A,A,) let y'(x,4) have in (a,c) exactly N zero points. For the N-th and
(N+1)-th zero points of y'(x,4) there holds the inequality

xN(i)<c§xN,l ).

From the oscillation theorem for the band of solutions of the first kind, it follows that
there exists such a parameter 1> le(Al,Az) for which xy (/1) ¢, where xy,; (A)=c does
not hold for any A> 4.

From the continuity of xy,; (4) inthe parameter A6(A,A;) (see lemma 2), it follows
the existence of a largest parameter A% €e[A,A) , for which y’(c,i: )=0; and therefore
y’(x,l: ) has in (a, c) exactly N zero points. For A=1% there holds

_* _*
Xno1 (Ay )=c<Xn;2, (An)

 Further, it follows again from the oscﬂlanon theorem the existence of such a
parameter A* >3 €(A,,A,), so that Xy, (A)<c, and xy,, (4)=c does not hold for any
A>2*

Since xn,2(4) is a continuous function of the parameter A€(A,A,), then there

*

exists in the interval (4, ,4*) a smallest parameter /_1,,,, and a largest parameter

* *

Ansi for which y(¢,Ans: )=Y(cAns: )=0;and hence y'(X,A n 41 )and y'(x AN“ )

have in (a,c) exactly N +1 zero points.
Continuing in the same way, we find a sequence of parameters A€(A,A,):
_x _ % o _ % s _*
A N> AN+1> AN+1s AN+2> AN#2> -1 5 lN+pnlN+p’ sy

to which belongs the sequence of functions:

* % * *
YN YNa1s YN#1s YN425 YN425 o0 s YN+ps» YN4ps -+ »
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so that Yy, = y(x,4 y il ?;Hp = y(x, L:ﬂ,) are solutions of the differential equation (a),
whlch fulfil the first two of the boundary conditions (10) and the condition y’ (c, 1 Nap) =0,
y(c, 4 Nﬂ,) 0. Therefore §'x,, and yN,,p have in (a, c) exactly N+p zero points.

If () =0, then the theorem is proved.

AV )L
Assuming now that §(4)#0 for any A&(A,A,), then -(Q)(c’ ) assumes for

o _ yl(ca;“)
26(X™4p sAneps: ) values from+ oo to— 00, because
Y j- 3
lim » (__py’)(c, )= + 00, lim (py)(c ,)
A=y, Y(EA) 17 wapar- Y YA

Consequently there exists a parameter An,, € (e A nep+1 ) for which the
relation

(py)(c,A na»p )= B{Ansr )
y'(C,l Nep ) I/ n4p )

is valid; and hence y'(x,A x4, ) has in (a,c) exactly N + p zero points. This complete the
proof.

The other cases can be similarly proved.
We note here that the boundary value problem with the boundary conditions(1)is
treated in a previous paper (Abdel Karim, 1976).

Further Types of Boundary Value Problems

In this paragraph further types of boundary value problems with analogical
boundary conditions in three points will be investigated.

The following theorem is established:

Theorem 7

Let the hypotheses of theorem 6 hold. Theorem 6 is still true, if the first condition
y(a,4) =0 in the boundary conditions (1) and (6)-(13) is replaced either by y'(a,A)=0, or
by (pyY(a,A)=

Proof

Let us consider the boundary value problem e.g. with the boundary conditions
(compare with (13))
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y'(a,4)=0
(14) a(4) y'(b,A)—B(A) (pyY(b,A)=0
(4 y(c,A)—d4) (py)(c,A)=0.

Let y=c,y, +c¢,y; be the band of solutions of the second kind of the differential
equation (a) at the point a, where y, and y, satisfy the first and third relations of (4)
respectively. Then the first boundary condition of (14) is satisfied. Choose ¢, and c,
such that the second conditionof (14) is satisfied. For this purpose it is enough to
choose ¢, and ¢, such that the system

¢,y '(b,A) +c,y;5'(b,A)= B(4)
¢, (py,Y(b,A) +c,(pys)(b,A)= a (4)

is satisfied. The coefficient determinant of this system is (see theorem 1)

y/(bAd)  yi(bA)
(py,Y(b,A) (py;)(b,A)

=w,"(b,4) #0.

Then the proof proceeds likewise to the proof of theorem 6, but we have here to use the
oscillation theorem for the band of solutions of the second kind.

With the help of the band of solutions of the second and third kind, and the
oscillation theorem for the considered band, the other types of boundary value
problems can be analogously proved.

By virtue of this theorem, 18 types of boundary value problems in three points are
solved.

Corollary

Setting for a, B, 8 , 6 special values in the preceding boundary conditions, we get
different types of special boundary conditions, for example

y(a,4) =y(b,4)=y(c,A) =0,

or
y'(@aA)=y'(b,A)=y'(c,4)=0,
or
(py')(a,2)=(pyY(b,4)=(pyY(c,4) =0,
or
y(@,4)=y'(@,4)=(py)(c,4) =0,
or

(pyY(a,4)=y'(b,A)=y'(c,/)=0
and so on.
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