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GENERATION OF A MODIFYING LAGRANGIAN

Saleh A. Athel*

The aim of this note is to generate a L.agrangian function which can be added to the
Lagrangian of any dynamical system to get rid of certain terms or to modify its form.
This modifying Lagrangian plays the same role with respect to the Lagrangian as the
generating function associated with the Hamiltonian but it is easier to generate.

1. INTRODUCTION

The Lagrangian formulation of the equations of
motion of a dynamical system are used quite often in
the analysis of these systems. For conservative systems,
the Hamiltonian formulation is used with the Hami-
Itonian derived from the Lagrangian. In some cases,
the Lagrangian contains some terms which have no
effect whatsoever on the equations of motion and can
therefore be discarded from the outset. In other cases,
it is preferable to modify the Lagrangian before
deriving the Hamiltonian. The purpose of this note
is to show how to spot these superfluous terms in
the Lagrangian or to modify it by adding certain
terms to it. This modifying Lagrangian is analagous
to the generating function for canonical transforma-
tions but it simplifies the generation of this function
in some cases while in other cases it may replace it
and as we shall see it is easy to generate.

2. ANALYSIS

The equations of motion of any dynamical system
are given by [l1]
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where q, k=1,..., n are the generalized coordinates,

Q, is the generalized non-potential active force
associated with q, and L = L (q;,-.., Qp, Qjs--- Qnot)
is the Lagrangian of the system.

The aim of this note is to answer the following
question: is it possible to modify L, i.e., deleting some
terms or adding new ones, apriori, i.e., before solving
Eq. (1) for q, and q,, k = 1, ..., nsuch that Eq. (1)
will still be satisfied ? The answer to this question
is yes and the purpose of this note is to show how
to generate a modifying Lagrangian L* to be added
to L without affecting Eq. (1), i.e., such that
do(L +L* a(L+1L*)
dt  9q, - 0y
from which it follows that

=Q k=1,..,n ()

d JL* aL*
dt éq, ~ da,
we want to generate a function L* such that Eq. (3)
is satisfied identically regardless of the values of g,
and q,, k = I,...,n

=0 k=1,..,0 (3

Noting that L* (q,, ..., 9., 955 ----90 t)» Eq (3) can

be rewritten as follows:
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Since L* does not depend explicitlyonq,, k = 1, ...,n
and we want Eq. (4) to be satisfied identically, then
we must have
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9* L*
The only possible solution to Eq. (5) is
G @y - 9w ¥ @ + F (@y5qt) (6)

Lk = 1,...,n (5)

L* =2
1=1

Substitution from Eq. (6) into Eq. (4) yields

2 0G, 0G,, 2 9G; oF
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Eq. (7) can be satisfied identically if
0G, _ 0G; D
7a, ~ da, Lk =1,..,n 8)
0G,. OF
e _E k =1,..,n C)]

Eqgs. (8) and (9) can always be satisfied if there exists
a function ¢ (qy..., qp» t) and Gy, k = 1,...,n and F

are chosen such that

G, = 2% k =1,

o e D (10)
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3. SUMMARY

The function

L* = iél Gi (ql) «+3 Qpy t) qJ + F(qh -++5 Qps t)

can be added or subtracted from any Lagrangian
provided that

3G, oG, L
W = 'E' I,k = 1, 11
and
3G,  OF
—_— s ————— ] 1
at £ k ool

The function L* (q;, ..., 9y 4> ---» 4 t) can be
generated as follows:

1. Choose any suitable function ¢ (qy, -.-, Qy» t)

2. Form G, (q, .-, Qs 1), k=1,...,n and
F (qlv'") qnv t) as

0
G@p s G 1) = Ed’ (Qus -+ Qar t)
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and
0 .
F (ql""’ Qn» ) = at ¢ (QD ooy Qpys t)
3. Form L (q), ..., Qp Qs +--s Qns 1) 28
L* (ql) ey qni c.lll s dm t) =

n
izzl Gi (ql’ b qn’ t) ql + F (ql,..., qn, t)

It is worth noting that

L* =jgl G,q,+F

Do . 3
-5 %

iz, %" a
_.d¢
Tdt

That is, the addition to the Lagrangian of any
complete derivative with respect to time does not

change the equations of motion.
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