MOTION OF RIGID BODIES HAVING AN
INERTIA ELLIPSOID OF REVOLUTION
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Abstract

i (L‘J!

This paper presents a complete solution to the FEuler dynamical
equations governing the motion of a rigid body having an inertia ellip-
soid of revolution and acted on by body-fixed moments which are
general functions of time. As an example, the solution for the case of
constant body-fixed moments is presented and it is worthwhile to note
that even for this simple case the solution involves Fresnal sine and

cosine integrals.

1. Introduction

The Euler dynamical equations governing
the rotational motion of rigid bodies have
not, as yet, been solved in general form.
Many special cases have been discussed in
literature. The simple case of moment-free
rigid body has been solved [1], and the same
procedure has been shown [2] to apply for
the case when the applied couple is propor-
tional to the angular momentum. A procedure
Is suggested [3,4] for solution when the ap-
plied moment is along one of the principal
axes, and for the general case of a symmetri-
cal rigid body. The purpose of this paper is
to present o vomplete solution for the case of
a rigid body having an inertia ellipsoid of
revolution under the influence of body-fixed
moments which are general functions of time.

2. Analysis

The Euler dynamical equations governing the
motion of a rigid body having an inertia ellipsoid of
revolution arc
[O)—(T—)w,n; =T (1)
lo,— (] —hHhos;o, =T, (2)

Jaz=T; (3)
where 1 and ] denote the principal moments of
inertia. o 1, 7, and o 3 are the components of the
angular velocity along the principal body-fixed axes,
and Ty, T,, and T3 are the components of the
external moments along the same axes.

Equations (1), (2), and (3) can be rewritten as

0]+ ko> w3 = M (4)

(bz—k(o3 W] = M2 (5)

w3 = M; (6)

where M1, M;. M3, and k are defined as

T

My = (7)
T

My = (8)
T3

My = =2 9

3 ] (9)

k =1t (10)

The solution of Eq. (6) is

t
(!)3=Q)30+S M3z(M) dn
0
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Trnasforming the dependent and independent
variables as follows:

o =5
0
t
w2 = Uuj +jM2(n)dn (12)
: 0
and t
S f 03 (M)d N S 13)

(o)

Equations (4) and (5) are transformed into

u; + ku; = —k G, (14)
u; — ku; = k G; (15)
where
t(T) _
Gy (1) =L My (M) dn (16)
Sk 17
Gz(w):L M> (M) dn (17)
() = d%( ) (18)

Differentiating Eq. (14). multiplying Eq. (15) by (—
k) and adding them, one arrives at

G, + k*uy = kG -k* G,
whose solution is

u; = Asink T + Bcos kT

-
_§ [kGiM)+ G2 (M) Jsink (T—N)dNn (19)

0
Observing that
T
j Gy ( M)sink( T— M) d M

(o]

=[G, ( M)sink( 1 - n)]'f)
T
+k§ Gy (M)cos k ( T-M)dn

T o]
= kj Gy( M)cosk( T— M)d M (21)
o
one finds that

u; = Asink T + Bcosk =

: :
u +§M1(n)dn (11)

—kj Gy ( M)sink( T-M)d 1M

o

=
— kj Ga( M)cos k (T—M) dN(22)

(0]

Substituting from Eq. (22) into Eq. (14), one gets
u, = —Acosk T +Bsink =

.
+ k§ Gy M)cosk (T—MN)dn

0o

_krcz( Nysin k (— M)dN23)

(6]
The constants A and B can be evaluated by
observing that from Equations (11) and (12)

M1y = Uy (24)

W) = uyq (25)
from which it follows from Equations (22) and (23)
that

A = — ) (26)
B = M1 (27)

Therefore the final expressions for @ 1, w5, and © 3
are

W) = —ysin kT +ocos kT

t
+j Mip(M)dn

(0]

<
—ijl(n)sink(n
-N)d M o

-
——kj Gy ( M)cosk(T-N)dn (28)

o]

M) =micoskT+w®igsinkT
t
+j M( M)d N
(o]
1
+k§ Gi( M)cosk (T—"1) dn
o

:
—kf Gy( M)sink( T-M)dn (29)
and 0

t
©3 = w30+§ Mi( M)d M (30)
o
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where 7, as defined by Eq. (13). is given by

i _
= w3pt +j j M3 (€)de dn (31)
0o o]

3. Example
For the special case when the external moments
consist of constant body-fixed moments only, then
T4. T, and T3 are all constants. Therefore

T = 030 t+ —5>t2 (32)

2
Solving Eq. (32) for t, one gets

b(\/T + a’—a (33)
where
\/;/[_3 (34)
_ ©30 (35)
J2 M;
The functions Gi(t ) and G2(t ) are then
Git)= Mt = Mib (/T +a*—a) (36)

Gy(1)= Myt = Myb (/1 +a?—a)37)

Therefore
®1=—w28nkT + wijpgcoskt +Mit
Al T %
—k S M 1 b( n + az' —
0
a)sink (r—m) dn

n +a2——a)cosk —N) dn

_kj M2

= — wysink T + wygcos kt+ Mgt

+abMi(l—cosk T) +aszsink~E

— kb (M;sinkm +

T

\/mcoskﬂ dn

0

M> cos kT) S

+kb (M coskt —

%
M, sinkT j YN +a’sin kndn (38)
0

M1 = ®)ycosk

T
o

= i jTMzh( V1 +a—a)sink (1—N) d7

[¢]

T+ Ogsinkn + M)t

+a2 —a)cosk (7—n) dn

= w0cos km +£;)1()sin kn +M)t
—abMisinkt + abMy(1—coskT)
+ kb (M cos kn —

, _
M, sin kT ) j J M +a2coskn dM

+ kb (M] sin kT

T ,
+ M, cosk 1) § JN +a2sinknNdn (39)
0
and
w3 = (1)3()+ M}t l40)

The integrals appearing in equations (38) and
(39) will now be evaluated.

Let
.
Ic=_[ JM +a?cos k1 d (41)
(o]
and
T _
L zf UM a2 sin k1 d (42)

0

Then

sin k7N
1 -~ T 1| "= a1
= [+~ /M +a? sin k1 ] ~~§

k\/ 0 2k o\/T]+a2
=1 T +a?sink T

s‘ T sin kn dn ) (43)
2k

V1 +a?

Using
Y =1M + a?
one gets

c = k*/T +a? sinkt —
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+a?
2]—k ‘ L sink (y—a?) dy

G

1 ——
=—k\/“c+a2sin kvt —

(coska?sinky-sinka? cosky)dy

1 j‘"c+a
2k a2 \/Y_

= — /1 +a?sin kT

1+a A4
— 5 €08 ka"—j‘ \/y’ sin ky dy
al

1 (T +al 1
+ = sin ka? j ——cos ky dy

2k ol \/Y_

]
= T +4a?sin k ¢

\/z‘[s «/~<”f+fl )]

—3 ? a)] COSkaz-

Zk\/27[c m)]
_C(\/Z%(:)]sin ka? | (44)

-where S(x) and C(x) are thec Fresnal sine and cosine
integrals which arc defined as

X 2
S(x) = j sin ”; dt (45)
(o]
and
X t2
Clx) = f cos “2 dt (46)
Q
Also
=[—% M +a3coskn]g

© cos kM

3
2k O\/'ﬂ +a

a ] >
" /7 +a%cos kT

4 i T -—c] os k(y—a?) dy

2k a2 \/\7

a 1

- k

+2_k\/2‘[s( /= ‘t+a2)
~S(\/'{a)] sin kav2

1 [o(/2 (740
2k ( R(‘t-l—a))

—€ ( /=2 a) Jcos ka? (47)
T

Therefore the final expression for ¢y 1 and o  are

T +atcos kT

M
2

: 3
Wy = — mzosxnk(w30t+'—2— t%)

Mg
+ wlOCOSk(w30t+7 t2)

+\/—_/le \/é;_+a)]

d]} sin k(—b + a)?

/T oM {C[\/Z—F(1+a)]

—d], cos k (— + a)?

— s

.3

2Kk
o M (o [ ra)

—cl —-a]}cosk(—+a)
T = b, .
7k oM2 {C[\/verbJ””
ki ; t 2
1 a]} sin k (E + a) (48)

and
M3 9
w2:w20cosk(w30t+2 t)

+ wiosink(wsot + %3t2)
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_S[\/%(a]j~cosk(5+a)-

+\/2£?bM1{c[\/ij(—

—c[ —a]} smk{—b + a)?

fsz {S[\/n

[V—z—k—a] sin k{—t+a)2

b

7 oMo { C[\/Elft +a)]

—cl *a];cosk{—bﬁ—a)l
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