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Abstract 
This paper presents a complete solution to the Euler dynamical 

equations governing the motion of a rigid body having an inertia ellip
soid of revolution and acted on by body-fixed moments which are 
general functions of time. As an example, the solution for the case of 
constant body-fixed moments is presented and it is worthwhile to note 
that even for this simple case the solution involves Fresnal sine and 
cosine in tegrals. 

1. Introduction (3) 
The Euler dynamical equations governing 

the rotational motion of rigid bodies have 
not, as yet, been solved in general form. 
Many special cases have been discussed in 
literature. The simple case of moment-free 
rigid body has been solved [1], and the same 
procedure has been shown (2) to apply for 
the case when the applied couple is propor
tional to the angular momentum. A procedure 
is suggested [3,4] for solution when the ap
plied moment is along one of the principal 
axes, and hI' the general case of a symmetri
cal rigid bocly . The purpose of this paper is 
to present [I ,nmplete solution for the case of 
a rigid body having an inertia ellipsoid of 
revolution under the influence of body-fixed 
moments which are general functions of time . 

where I and I denote the principal moments of 
inertia, w 1. (Ll 2. and (L) 3 are the components of the 
angular velocity along the principal body-fixed axes, 
and T}, T2. and T3 are the components of the 
external moments along the same axes. 

2. Analysis 

The I~ ul e r dYlwnlical equations governing the 
motion or a rigid body having an inertia ellipsoid of 
revolution a rc 
1(:) 1- (I - J) (!) 2 (I) l = T I 

I 0) 2 - U - I) (I) 3 (I) I = T 2 

( 1 ) 
(2) 

Equations (1), (2). and (3) can be rewritten as 

6)1 + kCLl2 {L)3 M} (4) 
W2-kw3 w} = M2 (5) 

cU3 = M3 (6) 
where M}. M2. M3. and k are defined as 

k 

T} 
I 

T2 
I 

T3 
J 

I-I 
I 

The solution ofEq. (6) is 

t 

0) 3 = W30 + L M3 (TJ ) d TJ 

( 7) 

(8) 

(9) 

(10) 
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Trnasforming the dependent and independent 
variables as follows: 

W 1 + f Ml(TJ)dTJ 

° 
u ) 

co 2 u 2 

and 

Equations (4) and (5) are transformed into 

u'! + k u2 -k G2 

U'2 - k u 1 k GI 
where 

r t (,) 
G I (-r) = J 0 M I (11 ) d 11 

( )' = ~ ( ) 
d-r 

(I 1) 

(12) 

(1 3) 

(14) 

(15 ) 

(16) 

(17) 

( 18) 

Differentiating Eq . (14). multiplying Eq. (15) by (-
k) and adding them. one arrives at 

til + k2 u) = -k G'2 -k.2 G1 

whose solution is 

u 1 = A sin k -r + B cos k-r 

_ I' [kG l(TJ)+ G2(11)Jsink(-r-11)dTJ (19) 

° 
Observing that 

J' G 2 ( 11) sin k ( -r - TJ) d TJ 
o 

[G 2 ( 11) sin k( -r TJ ) J' o 

+ k J' G 2 ( 11) cos k ( -r - TJ ) d TJ 

= k J' G 2

0

( TJ) cos k ( -r - 11) d 11 ( 2 1 ) 
o 

one finds that 

ul = Asink "1 + Bcosk "1 

- kS'G 1 (TJ)sink( -r-TJ)d TJ 
o 

- k S'G 2( TJ )cos k (-r - TJ) dTJ(22) 

° 
Substituting from Eq. (22) into Eq. (14). one gets 

U2 = -A cos k -r + B sin k -r 

+ k J' G 1 ( 11) cos k (-r - TJ ) d TJ 

° 
-k J' G2( 11) sin k (-r - TJ) d TJ(23) 

o 

The conslants A and B can be evaluated by 
observing that from Equations (11) and (12) 

(24) 

(I) 20 = lI20 (25) 

from whkh it follows from Equations (22) and (23) 
that 

A = - co 20 

B = colO 

(26) 

(27) 

Therefore the final expressions for co 1. ()) 2. and co 3 

are 

co] - (,) 20 sin k-r + col"O cos k-r 

M 1 ( TJ) d TJ 

-11 ) d 11 
k J' Gd TJ ) sin k ( 

o 
IT 

- k S' G 2 ( TJ) cos k ( -r - TJ ) dTJ (28) 

° 
co 2 = W 20 cos k -r + (ll ] () sin k-r 

+ J tM2 ( TJ) d 11 

° 
+ k J' G1 ( 11) cos k ("1 - 11 ) d 11 

° 
- kJ'G2( 11)sink( "1-11)dTJ (29) 

and ° 

W3 = W 30+ f M3 ( 11)d 11 (30) 

° 
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where '1 . as defined by Eq. (13). is given by 

Jt IT] . 
'1 = W 30 t + M3 (e ) de d 11 

o 0 

(31)-

3. Example 
For the special case when the external moments 

consist of constant body-fixed moments only. then 
T 1. T 2. and T 3 are all constants. Therefore 

M3 
'1 = (t) 30 t + -2- t 2 (32) 

Solving Eq. (32) for t. one gets 

(33) 

(34) 

a = 
( I) 30 (35) 

JTM3 
The functions G}h) and G2h) are then 

Gj('1)= M jt = M}b (J'1 +a 2- a) (36) 

G 2 ( '1 ) = M 2 t= M 2 b (J '1 + a 2 - aH 3 7) 

Therefore 
WI = - w2osin k'1 + (t) lOCOS k'1 +MI t 

a) sin k ( IT -11 ) d 11 

- k I' M 2 b ( J 11 + a 2 - a) cos k ('1-'t] ) d 11 
o 

= 

+ a b M I (I-cos k '1) + a b M2 sin k -: 

- kb (M 1 sin kIT + 

M 2 cos h) ~: J 11 + a 2 cos k 11 d 11 

+ k b (M 1 cos k '1 -

M2 sink'1 S'~2sink't]d11 
o 

(38) 

(0) 2 = (0) 2() cos k IT + (!) I() sin kn + M2 t 

+k S'T Mrb ( ~ - a)cosk 1'1-11) d 11 
o 

- k f' M
2

h( J11 + a 2-a)sink('1-11) d 11 

o 

= Ctuocos kn +(1) lOsin kn +M2 t 

- a b M I sin k'1 + a b M2 (] -cos k L ) 

+ kb (M] cos kn -

M2 sinkL) 1" J 11 +a 2 cosk 11 d 11 
o 

+ kb(M}sinkL 

+M2 coskL) f' J11 +a 2 sin k 11 d 11 
o 

and 

W 3 = (() 30 + M 3 t 

. (39) 

(40) 

The integrals appearing in equations (38) and 
(39) will now be evaluated. 

Let 

Ie = f' .j't] + a 2 cos k 11 d 11 
o 

and 

Is = J' J11 +a 2 sin k11 d 11 
o 

Then 

(41 ) 

(42) 

L 1 J t: sin k 11 d r 
Ie = [k

1 J11 +a 2 sin k 11 ] --
o 2k O~2 

= ~J'1 +a 2 sink '1 

Using 

sin k11 

J 11 +a 2 

y = 11 + a 2 

one gets 

d 11 

I c = ~ J'1 + a 2 sin k L -

(43) 

4 
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~ _1_ sin k (y-a 2 ) dy S
' +a' 

2k (I' JY 
] ,,---

=k..) L +a 2 sin k L -

~ - -(coska 2sinky-sinka 2 cosky)dy S
,+a' 1 

2k a ' jY 

=J:.JL+a 2 sin k-r 
k 

-~ cos ka 2 

2k I
' +a ' 

a 2 

1 

.jY sin ky dy 

1 'S' +a
2 

] + -k sin ka 2 -cos ky dy 
2 . a' ft 

=-lzJ-r+a2sin k-r 

- dkff [S(J~k~L +a
2

)] 

-S(~J coska 2 

+ 21kff [c (J~k( L +a
2

)] 

_c(~J sin kCl 2 (44) 

·where SIx) and ((x) are the Fresnal sine and cosine 
integrals which arc defined as 

S 
x TC t 2 

SIx) = sin - 2- dt (45) 
o 

and 

I
x 

TC t 2 

C(x) = cos - 2- dt (46) 
o 

Also 

1 I -: cos k 11 d 11 
+ 2k ..)11 +a 2 

o 

= ~ ---iz J-c +a 2 cos k-r 

1 J' +0' ~os k(y-a 2
) dy +- h, 

2k a 2 V Y 

- C (Ink a) J cos ka 2 (47) 

Therefore the final expression for (I) 1 aild (I) 2 are 

and 

M3 
WI = - W 20 sin k (w 30 t +2 t

2
) 

M3 
+ W 10 cos k ( W30 t + 2 t 2) 

+ AbMl S [J2k(~ + a)] 
11" 

_ S [ffi J} sin k( ~ + a)2 

+ Jfi: bM2 {S[ f( f;- + a) 

_ c[~ a J] cos k-(~ + a)2 

-~bM2 {C [~~ + a) 

- C [~aJ} sin k (i + af 

M3 
W 2 = w 20 cos k ( W 30 t +""2" t

2
) 

(48) 
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~ bMJ {S[ ~ -bb
t 

+ a)J ~y 2k Y IT ~ 

_ S [~ a J} . lOS k (~ + a) 2 

+jfbMl {C [ft ~ + a)J 

- C [~ aJ} sin k+5 + a)2 

~ { 12k(~ + ad +y 21(bM2 S [.J rr b 

- S [J 2k a] sin k +5 + a)2 
rr 

+4 bM2 { c[~ +-5 + a) J 

_ C [~ a J} cos k +5 + a) 2 
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(49) 
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